INTERNATIONAL SERIES IN PHYSICS 

LEE A. DuBRIDGE, Consulting Editor 



THE MODERN 
THEORY OF SOLIDS 


The quality of the materials used in the manufacture 
of this book is governed by continued postwar shortages . 



THE MODERN 
THEORY OF SOLIDS 


BY 

FREDERICK SEITZ, Ph.D. 

Assistant Professor of Physics 
University of Pennsylvania 


First Edition- 
Sixth Impression 


McGRAW-HELL BOOK COMPANY. Iso.. 

HEW YORK AND LONDON 



INTERNATIONAL SERIES IN PHYSICS 

LEE A DuBBIDGE, Consulting Editor 


Bacher and Goudsmit — Atomic Energy States 

Bitter — Introduction to Ferromagnetism 

Clark — Applied X-rays 

Condon and Morse — Quantum Mechanics 

Curtis — Electrical Measurements 

Davey — Crystal Structure and Its applications 

Edwards — Analytic and Vector Mechanics 

Eldridge — The Physical Basis of Things 

Hardy and Perrin — The Principles of Optics 

Barnwell — Principles of Electricity and Electro- 
magnetism 

Barnwell and Livingood — Experimental Atomic Physics 
Houston — Principles of Mathematical Physics 
Hughes and DuBridge — Photoelectric Phenomena 
Bund — High-frequency Measurements 
Bund — Phenomena in High-frequency Systems 

Kemble — The Fundamental Principles of Quantum 
Mechanics 

Kennard — Kinetic Theory of Gases 
KoUer — Tecs Physics of Electron Tubes 
Morse — V ib ration and Sound- 

Muskat — The Flow of Homogeneous Fluids through 
Porous Media 

Pauling and Goudsmit — The Structure of Line Spectra 

Richtmyer and Kennard — Introduction to Modern 
Physics 

RuarJc and Urey — Atoms, Molecules and Quanta 
Seitz — The Modern Theory of Solids 
Slater — Introduction to Chemical Physics 
Slater — Microwave Transmission 

Slater and Frank — Introduction to Theoretical 
Physics 

Smythe — Static and Dynamic Electricity 
Straiten — Electromagnetic Theory 
White — Introduction to Atomic Spectra 
Williams — Magnetic Phenomena 


Dr. F. K. Bichtmyer was consulting editor of the series from its 
inception in 1929 until his death in 1939. 



Copyright, 1940, by the 
McGraw-Hill Book Company, Inc. 


PRINTED IN THE UNITED STATES OF AMERICA 

All rights reserved. This book, or 
parts thereof, may not be reproduced 
in any form without permission of 
the publishers. 


THE MAPLE PRESS COMPANY, YORK, PA. 



PREFACE 


The present volume was written with a desire to satisfy the require- 
ments of three types of possible reader: First, of course, students of 
physics and chemistry who desire to learn some details of a particular 
branch of physics that has general use; second, experimental physicists 
and chemists, and engineers and metallurgists with mathematical lean- 
ings who are interested in keeping an eye on a field of physics that is of 
possible value to them; and third, theoretical physicists at various stages 
of development who are interested in the present status of that phase of 
solid bodies that deals with electronic structure. The author fully 
realizes that the first two groups of reader do not wish to be concerned 
with all the intricacies of the theory, and for this reason he has attempted 
to edit the text by marking the more mathematical sections with an 
asterisk. It is recommended that readers not desiring to go through all 
this material read over it with an eye for the qualitative arguments and 
conclusions. 

The author believes that an investigation of the table of contents will 
tell more concerning the scope of the book than a paragraph or two at 
this place. Although the book is a large one, it must be admitted that a 
number of very important topics are not treated. For example, the 
plastic properties of solids are only touched upon. The reason for this 
omission is, of course, that the theory involved in this field is not one that 
grows naturally out of modern quantum theory, and hence might better 
be treated under separate cover with some of the other structure-sensitive 
properties of solids. In addition, it was felt necessary to curtail the dis- 
cussion of many interesting topics simply to avoid making the book much 
too long. In all such cases, which usually involve rather specialized 
subjects, an attempt has been made to give the reader reference material 
from which he may draw further information. 

The author started to write this book in 1936 when he was at the 
University of Rochester and gratefully acknowledges the cooperation he 
received from Professor L. A. DuBridge in connection with it. The book 
was continued in spare time during the author’s stay at the Research 
Laboratories of the General Electric Company in Schenectady from 1937 
to 1939. He would like to say that the atmosphere of this organization 
proved very stimulating for writing, as well as for many other forms of 
research, and would like to express his gratitude to the directors for their 
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interest and support. The book was completed at the University 
Pennsylvania with the encouragement of Professor G. P. Hamv 
In addition, the author is obligated to the directors of the Westinghc 
Research Laboratories for the privilege of spending a stimulating sum: 
in East Pittsburgh in 1939. 

The author also wishes to express his gratitude to the many frie 
and colleagues to whom he has turned for advice and discussions. Am 
these he particularly desires to mention Dr. R. P. Johnson, Dr. 
Shockley, Professor L. N. Ridenour, Dr. S. Dushman, Dr. E. U.' Cond 
Professor E. P. Wigner, and Professor J. H. Van Vleck. 

Finally, he should like to acknowledge, though in a very inadeqn 
manner, the constant help and encouragement furnished by his w 
Elizabeth Marshall Seitz, without whose aid this book probably ne 
would have been written. 

„ Frederick Seitz 

Philadelphia, 

June , 1940 . 
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THE MODERN THEORY 
OF SOLIDS 


CHAPTER I 

EMPIRICAL CLASSIFICATION OF SOLID TYPES 

1 . The Five Solid Types. — When using the term “ solid ” in this book, 
we shall refer to crystalline aggregates of atoms and molecules ; that is, we 
shall have little to do with substances such as glasses that do not have 
definite lattice structure. In addition, we usually shall deal with crystals 
having relatively simple structures because they are most amenable to 
theoretical treatment. This limitation is not very important so long 
as we are interested only in general properties of solids, for substances 
with complicated structures can be classified in the same general way as 
simple ones. On the other hand, the restriction is very serious if the 
theory is looked upon as a tool for aid in making practical use of solids. 
There seems to be no way of removing this restriction other than to 
continue work along the lines that are developed here. 

Although there is no unique way of classifying all the solids found in 
nature, the division that will be used here has enough natural advantages 
to make a discussion of alternatives unnecessary. It is based upon a 
survey of chemical, thermal, electrical, and magnetic characteristics. 
Briefly, the classification is as follows: 

а. Metals. 

б. Ionic crystals. 

c. Valence crystals. 

d. Semi-conductors. 

e. Molecular crystals. 

Metals, which are distinguished primarily by their good electrical 
and thermal conductivity, are formed by the combination of the atoms 
of electropositive elements. 

Ionic crystals are distinguished by good ionic conductivity at high 
temperatures, strong infrared absorption spectra, and good cleavage. 
They are formed by a combination of highly electropositive and highly 
electronegative elements, the salts, sodium chloride, magnesium oxide, 
etc., being the best examples. 
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Valence crystals, of which diamond and carborundum are examp] 
have poor electronic and ionic conductivity, great hardness, and p< 
cleavage. They are formed by combination of the lighter elements 
the middle columns of the periodic chart. 

Semi-conductors, of which zinc oxide and cuprous oxide are gc 
examples, show a feeble electronic conductivity which increases w 
increasing temperature. It should be added that there is evidence tl 
these substances are electronic conductors only when impure or wl 
their composition is slightly different from that characteristic of id 
stoichiometric proportions, such as when there is an excess of zinc 
zinc oxide. For this reason, semi-conductors are characterized by a t< 
dency to favor addition of impurities and to disobey simple valence rul 

Finally, molecular crystals are the solids formed by inactive ato 
such as the rare gases, and saturated molecules such as hydrogen a 
methane. They are characterized by low melting and boiling poin 
and they generally evaporate in the form of stable molecules. 

As will be shown below, a large number of solids have properties tl 
overlap those of two or more of these ideal groups. For this reason, 1 
divisions should not be regarded as being clean-cut in the sense tha 
given solid belongs to only one of them. 

We shall now give a more detailed discussion 1 of each of the f 
solid types. 

2. Monatomic Metals. — Metals may be divided conveniently ii 
two major classes, namely, monatomic metals and alloys. The literati 
relating to alloys naturally is much larger than that for monator 
metals. Since we shall not be interested in developing the theory 
alloys beyond an elementary stage, we shall not give them a proportion 
amount of space. 

We may recognize a further subdivision of metals into two groi 
depending upon whether the d shells 2 of the constituent atoms are fil 
or not. If the d shells are completely filled or completely empty, i 
properties of the metal usually are simpler than if they are not. The t 
cases will be discussed separately, the designation “ simple meta! 
being used if the d shells are completely filled or completely empty, a 
“transition metals” in the alternative case. 

1 Since the methods used in obtaining most of this experimental material can 
found in other places, they usually will not be discussed here; however, a few let 
known experiments concerning semi-conductors and ionic crystals are discussed 
Secs. 4 and 6. 

2 Throughout this book, we shall use the conventional notation for the electrc 
orbital momentum quantum numbers (cf., for example, H. E. White, Introductiv 
Atomic Spectra, (McGraw-Hill Book Company, Inc., Hew York, 1934). In i 
notation the letters a, p, d, /, g, etc., designate the states having orbital angi 
momentum quantum numbers 0, 1, 2, 3, 4, etc., respectively. 
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<z. Cohesion of Monatomic Metals , — The heat of sublimation, which 
is the energy required to dissociate a mol of substance into free atoms, 
is a convenient measure of the cohesion of a metal. Numerical values 
of the heats of sublimation that have been taken from the compilation 
by Bichowsky and Rossini 1 are given in Table I. The few values that 
appear in parenthesis do not occur in these tables and have been esti- 
mated by use of Trouton's rule, namely, 

L = 0.0235 

Table I. — The Heats op Sublimation op Monatomic Metals 
(In kg cal /mol at room temperature) 


Monovalent Metals 



Li 

39.0 


Cu 81.2 


Na 25.9 


Ag 68.0 


K 

19.8 


Au 92.0 


Rb 

18.9 




Cs 

18.8 

Divalent Metals 



Be 

75 


Zn 27.4 


Mg 36.3 


Cd 26.8 


Ca 

47.8 


Hg 14.6 


Sr 

47 




Ba 

49 




Ra 

(72.7) 

Trivalent Metals 



A1 

55 


Ga 52 


Sc 

70 


In 52 


Yt 

90 


Tl 40 


La 

90 

Tetravalent Metals 



Ti 

100 


Ge-85 


Zr 

110 


Sn 78 


Hf 

072) 


Pb 47.5 


Th 

177 

Pentavalent Metals 



As 

30.3 




Sb 

40. 




Bi 

47.8 






Transition Element Metals 

Y 

85 

Nb (>68) 

Ta (>97) 

Cr 

88 

Mo 160 

W 210 

Mn 

74 

Ma 

Re 

Fe 

94.0 

Ru 120 

Os 125 

Co 

85.0 

Rb. 115 

Ir 120 

Ni 

85.0 

Pd 110 

Pt 127 




TJ 220 



1 F. R. Bichowsky and F. D. Rossini, The Thermochemistry of the Chemical Sub- 
stances, Reinhold Publishing Corporation, New York, 1936. 



4 


THE MODERN THEORY OF SOLIDS 


[Chai 


where L is the heat of sublimation in kilogram calories per mol at t 
boiling point and T& is the boiling temperature in degrees Kelvin. Th< 
are many interesting relationships among these values. One of the m< 



Fig. 1. — The face-centered cubic 
lattice. 



tered cubic lattice. 


striking ones is the fact that the atoms of transition metals on the wh 
are more tightly bound together than those of simple metals. 

h. Crystal Structures . — Most of the monatomic metals crystallize 
simple cubic or hexagonal structures. The three common types ; 
shown in Figs. 1 to 3. More complex 
structures, which occur mainly among the 
atoms having higher valence, are shown in 
Figs. 4 to 11. Table II is a tabulation of 
the crystal parameter values for different 




Fig. 3. — The close- 
packed hexagonal lattice 
showing two prominent crys- 
tallographic planes. 


Fig. 4. — The diamond and gray 
lattice. 


metals, including various allotropic modifications. These values h; 
been taken from the three editions of Strukturberichte. 1 


* Struhturbmehte^ Leipzig (1931), Three supplements have, appeared since 
first volume, 
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Hume-Rothery 1 has pointed out that many complex structures, such 
as those of bismuth (Fig. 9), tin (Figs. 4 and 8), mercury (Fig. 6), and 



Fig. 5. — The indium lat- Fig. 6. — The mercury lattice, 

tice. The parameter values 
are given for indium. 


intermediate between ideal metal and valence types, as we shall see below. 
This view is supported by observations on the conductivity and magnetic 

properties of these metals. 

c. Allotropy . — Table II shows that at 
ordinary pressures the transition metals exhib- 
it allotropy more commonly than do simple 
metals. Bridgman 2 has found, however, that 
many of the simpler metals change their struc- 
ture at high pressures. Cesium, for example, 
has a close-packed modification which appears 
at 22,000 kg/cm 2 of pressure; similar changes 



OGa 

0 12 3 4 5 

Fig. 7 . — xhe gallium lat- Fig. 8 . — The white tin lattice, 

tice, showing the layer structure 
in which each atom is sur- 
rounded by three neighbors. 

occur in magnesium. For this reason, it is doubtful whether poly- 
morphism is a particular characteristic of any one group of metals. 


1 W. Hume-Rothery, The Structure of Metals and Alloys (Institute of Metals 
Monograph, London, 1936). 

2 p. W. Bridgman, Phys. Rev ., 48, 893 (1935); Nat. Acad. Sci.Proc 23, 202 (1937). 
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Table II. — Tabulation op Crystal Structures and Parameters op Monatom 

Metals 

(d is the nearest interatomic distance in angstroms and a is the edge length of t 
fundamental cube for cubic lattices. The parameters a and c for hexagonal clos 
packed lattices are shown in Fig. 3.) 

The alkali metals form body-centered cubic lattices with the following paramet 
values. 



a \ 

d 

Li 

3.46 

3.00 

Na 

4.24 

3.67 

K 

5.25 

4.54 

Rb 

5.62 

4.87 

Cs 

6.05 

5.24 


The monovalent noble metals have face-centered cubic lattices with the followb 
parameter values. 



a 

d 

Cu 

3.609 

2.55 

Ag 

4.078 

2.88 

Au 

4.070 

2.87 


Bivalent Metals 



Type 

a 

c 

d 

Be 

h.e.p. 

2.28 

3.59 

a 

Mg 

h.c.p. 

3.20 

5.20 

a 

<x. Ca 

f.c.c. 

5.56 



3.93 

/3 Ca 

h.c.p. 

3.98 

6.52 

a 

Sr 

f.c.c. 

6.06 


4.28 

Ba 

b.c.c. 

5.01 


4.34 

Zn 

h.c.p. 

2.65 

4.930 

a 

Cd 

h.c.p. 

2.97 

5.61 

a 

Eg 

(see Fig. 6) 





Trivalent Metals 


i 

Type 

a 

c 

d 

A1 

f.c.c. 

4.04 


2.86 

Sc 





Yt 

h.c.p. 

3.66 

5.81 

a 

a La 

h.c.p. 

3.72 

6.06 

a 

j3 La 

f.c.c. 

5.30 


3.74 

Ga 

(see Fig. 7) 




In 

tet.f.c. 

4.59 

4.94 

(see Fig. 5 

a T1 

h.c.p. 

3.45 

5.52 

a 

/3 T1 

f.c.c. 

4.84 

.... 

3.42 
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Table II. — Tabulation of Crystal Structures and Parameters of Monatomic 

Metals. — ( Continued ) 

Tetravalent Metals 



Type 

a 

c 

d 

Ti 

h.c.p. 

2.953 

4.73 

2.892 

a. Zr 

h.c.p. 

3.23 

5.14 

a 

0 Zr 

b.c.c. 

3.61 


3.13 

Hf 

h.c.p. 

3.20 


! 3.14 

Ge 

diam. str. 

5.62 


2.43 

<X Sr (gray) 

diam. str. 

6.46 



0 Sr (white) 

Pb 

(see Fig. 8) 
f.c.c. 

4.93 


3.48 


Pentavalent Metals 
As (see Fig. 9) 

Sb As type; (see Fig. 9) 
Bi As type; (see Fig. 9) 


Transition Metals 



Type 

a 

c 

d 

V 

b.c.c. 

3.01 


2.61 

a Cr 

b.c.c. 

2.87 


2.49 

jS Cr 

h.c.p. 

2.72 

4.42 

a 

a. Mn 

(see Fig. 11) 




0 Mn 


12.58 



y Mn 

tet.f.c. 

3.77 

3.53 

2.08 

ctj p, 5 Fe (a is low-tem- 





perature magnetic 





form) 

b.c.c. 

2.86 


2.58 

7 Fe 

f.c.c. 

3.56 


2.57 

a Co 

h.c.p. 

2.51 

4.11 

a 

0 Co 

f.c.c. 

3.55 


2.51 

Ni 

f.c.c. 

3.51 


2.48 

Nb 

b.c.c. 

3.30 


2.86 

Mo 

b.c.c. 

3.14 


2.96 

Ma 





Eu 

h.c.p. 

2.765 

4.470 


Eh 

f.c.c. 

3.78 


2.67 

Pd 

f.c.c. 

3.88 


2.74 

Ta 

b.c.c. 

3.29 

.... 

2.72 

a W 

b.c.c. 

3.16 

.... 

2.73 

0 W 

(see Fig. 11) 




Ee 

h.c.p. 

2.76 

4.45 

a 

Ob 

h.c.p. 

2.71 

4.32 

a 

Ir 

f.c.c. 

3.83 


2.71 

Pt 

f.c.c. 

3.92 


2,71 
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There is, however, one type of allotropic change that is characteris 
of transition metals. This may be illustrated by comparing the ca£ 
of tin and iron. The a, or gray, modification of tin is stable at very 1< 
temperatures, whereas the 0, or white, modification is stable at hi 



Fig. 9. — The bismuth lattice, show- Fig. 10. — The a manganese lattice, 

mg the layer structure in which each 
atom is surrounded by three nearest 
neighbors. 


temperatures ( cf . Table II). The transition temperature, which is 18° 
was determined by Cohen and van Eijk 1 from measurements on t 
emf of an electrolytic cell that had one gray-tin electrode and one whi' 
tin electrode. The case of tin is typical of the simple metals inasmu 



as the a modification is not again stal 
in any range from 18°C to the melti 
point of the phase. On the other har 
the body-centered modification of iron 
stable 2 in two temperature rang 
namely, from 0° to 1179°K and frc 
1674°K to the melting point 1803° 
The face-centered, or y, modification 
stable in the intermediate range frc 
1179° to 1674°K. This “intrusion” 
one phase into the range of another a' 


occurs in cobalt. 3 In this case a fa< 


centered cubic phase splits the stable range of a close-packed hexagor 
phase into two parts. 


X E. Cohen- and C. van Eijk, Z. physik. Chem 30, 601 (1899). 
a Cf. Strukturberichte. 

’S. B. Hendricks, M. E. Jefferson, and J. F. Shultz, Z. Krist., 73 , 376 (193 
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d. Atomic Radii . — It is often convenient to ascribe to each atom or 
ion a radius that is determined by the volume which the atom or ion 
occupies in a given compound. In monatomic metals the radius r is 
defined as half the distance between the centers of nearest neighbors, 
this definition being based upon the rigid-sphere concept of atoms, accord- 
ing to which the observed interatomic distance should be the distance 
for which neighboring spherical atoms come into contact, or twice the 
atomic radius. Since the nearest-neighbor distance is seldom precisely 
the same for two allotropic metal phases, it is clear that the rigid-sphere 
picture cannot be accurate. Nevertheless, the concept can be very 
valuable for semiquantitative work as will be seen when we discuss the 



Fio. 12. — The radii of the motallio atoms as determined from the interatomic distance. 

Hume-Rothery 'rules for alloys (cf. Sec. 3). Figure 12 shows' the atomic 
radii as determined from the interatomic distances of Table II. 

e. Electrical Conductivity . — The electrical resistivity p of a substance 
is a tensor quantity that is defined in terms of the electrostatic field 
intensity E and the current per unit area J by the relation 

E = p* J. 

p is a constant tensor for cubic crystals and may be represented by a 
single number in these cases. It has two independent values for hexag- 
onal and tetragonal crystals. These may be determined by using fields 
parallel and perpendicular to the principal axes, since E and J are parallel 
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to one another in these two cases. The two components of q are resp 
tively designated as the |[ and JL components. 


Table III. — The Resistivities of Metals at Room Temperature 
(The resistivity p is expressed in units of 10“ 6 ohm-cm. || and _L designate, res] 
tively, values in. directions parallel and perpendicular to the principal axis in hexag< 
and tetragonal crystals.) 


Li 8.75 
Na 4.35 
K 6.62 
Rb 12.0 
Cs 19.0 


Monovalent Metals 

Cu 1.56 
Ag 1.49 
Au 2 . 04 


Be 

5.5 

Mg 

113.50: 

Ca 

9.80 

Sr 

32 

Ba 

60 

Ra 


A1 

2.50 

Sc 


Yt 


La 

57.6 

Ti 

47.5 

Zr 

41.0 

Hf 

32.1 

Th 

18 


V 58.8 

Cr 2.6 

(« 710(?) 
Mn</3 91(?) 

h 23 
« Fe 8.71 

a Co 6.2 

Ni 12.0 


Divalent Metals 

Zn ||6.0; ±5.8 
Cd ||8.4; ±6.9 
Hg (— 45.5°C) ||17.8; ±23.5 


Trivalent Metals 


Ga 52.6 

In 8.4 

Tl 17.2 



Tetravalent Metals 



Ge 89,000 
Sn |[13.1; 
Pb 19.8 

±9.1 


Pentavalent Metals 

As ±28 

Sb 39 

Bi ||143; ±109 
Transition Metals 



Nb 21 

Ta 

14 

Mo 5.03 

W 

4.9 

Ma 

Re 

18.9 

Ru 7.64 

Os 

8.9 

Rh 4.58 

Ir 

5.0 

Pd 10.2 

Pt 

9.81 


Table III and Fig. 13 contain tabulations of the electrical resistivity 
of monatomic metals at temperatures near 0°C. The lowest resistivit 
are those of the monovalent noble metals copper, silver and gold, 
comparison, the alkali metals are only moderately good conducto 

1 See, for example, the compilations of Landolt-Bornstein and the Internatio: 
Critical Tables. 
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"Usually the resistivity decreases with increasing valence for the lighter 
elements and increases with increasing valence for the heavier elements, 
as may be seen by comparing the following two sequences: 

Resistivity • 10 6 ohm-cm Resistivity • 10* ohm-cm 

Na 4.35 Cu 1.56 

Mg 3.50 Zn 5.8 

A1 2.50 Ga 52.6 


One of the most striking periodic properties of the resistivity is the 
large decrease that follows the completion of a d shell. The change in 



0 10 20 30 40 50 60 70 80 90 

A+omic Number 

Fig. 13. — The resistivity* of monatomic metals. The ordinates are expressed in ohm-cm. 


resistance from 12 * 10“ 6 ohm-cm for nickel to 1.56 * 10~ 6 for copper is 
the most prominent illustration of this. 

The metals with the highest resistivities are those such as arsenic, 
antimony, bismuth, tin, mercury, and gallium which have complex 
structures, a fact lending additional support to Hume-Rothery's view 
that these are intermediate between ideal metals and insulating crystals. 

The ratio of the resistance at temperature T to the resistance at zero 
degrees centigrade is shown in Fig. 14 for a number of metals. 1 The 
fact that the curves are closely alike justifies our comparison, in the pre- 
ceding paragraphs, of the room-temperature values. The high-tempera- 
ture resistivity of most metals varies linearly with temperature, whereas 
the low-temperature resistance varies with a higher power of T. The 
1 Ibid. 
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most reliable measurements seem to show that the low-temperati 
variation is as T 6 for metals that are not superconducting. We sh 
discuss this topic more fully in Chap. XY. 



Fig. 14. Temperature dependence of the relative resistivities of several metals. 1 
ordinate is the ratio of the resistivity at temperature T to that at 0°C. 


A large number of metals become superconducting below a tempe: 
ture characteristic of the substance. These metals and their transiti 


Table IV. The Superconducting Metals and Their Transition Temperattji 


Metal 

• T h °K 

Metal 

Tty °K 

Zn 

7.86 

Ti 

1.13 

Cd 

0.6 

Zr 

0.7 

Hg 

4.16 

Hf 

0.3 



Th 

1.33 

A1 

1.14 

Sn 

3.72 

Ga 

1.07 

Pb 

7.2 

In 

3.38 



T1 

2.47 

V 

4.20 



Nb 

9.22 



Ta 

4.27 
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temperatures are listed in Table IV. There seems to be no striking 
regularity beyond the fact that none of the monovalent metals is super- 
conducting. The resistances of nonsuperconducting metals at very low 
temperatures and the normal resistance of superconducting metals just 
above the transition temperature usually are dependent upon the pre- 
vious history of the specimen on which measurements are made. It is 
believed 1 that, at least in principle, one can divide the resistance into 
two parts, namely, a part that is characteristic of the pure substance and 
that extrapolates to zero at the absolute zero, and a part p r , generally 
termed the residual resistance, that arises from imperfections and that 
presumably would be zero for a perfectly pure undistorted crystal. 



Fig. 15. The atomic-heat curves of silver and aluminum. The ordinates are cal/mol. 


Since p r does not seem to vary reversibly during temperature changes, 
it usually cannot be separated from a set of measured resistances in a 
precisely quantitative way. It is known from fluctuations in resistance, 
however, that the residual resistance is of the same order of magnitude 
as the total resistance at 5°K. Since the room-temperature value is 
about a thousand times larger than this, the fluctuations caused by resid- 
ual resistance are of the order of 0.1 per cent at ordinary temperatures. 

jf. Specific Heats . Figure 15 shows the temperature dependence of 
the atomic heats at constant volume C v of silver and aluminum. 2 These 
curves aie typical of most of the simpler metals. They are characterized 
by a monotonic rise from zero at absolute zero to a nearly constant 

1 Cf. E. GrUneisen, Handbuck der Physik, Vol. XIII (1928). More recent work, 
such as that of W. J. de Haas and G. J. van den Berg, Physica , 4, 683 ff. (1937), 
seems to show that the residual resistance increases with decreasing temperature in 
the case of gold. 

2 Silver: A.. Euckbn, K. Clusius, and H. Woltinbk, Z. anorg. Chem,, 203, 47 
(1931). Aluminum: C. G. Maier and C. T. Anderson, Jour . Chem . Phy$. t 2, 513 
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value at high temperatures 

according to the law of Dulong a ° e higher and rise with increasir 
Actually, the measured values are often be appro, 
temperature. The par o e is a constant, knov 

mated closely by the expression R(T/9d) , w 



Ag 210 

Ca 219 

Zn 200 

T1 94 

Sn 140 

Bi 107 


•SS& ~ 

1 S. Cristbsctt and F. Simon, 2. physik. Chem., 26B, 273 (1934). 


at 
; a 
es. 
ter 
for 
lies 
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of the extreme type generally have lattices in which more than one atom 
is contained in the unit cell. 1 For example, hafnium forms a close- 
packed hexagonal crystal, and germanium has the diamond lattice; both 
these types contain two atoms per unit cell. 

The atomic-heat curves of the transition metals generally rise well 
above the Dulong and Petit value of 3 R at high temperatures and increase 
linearly in this region. Figure 17 shows the behavior 2 for y iron, which 
is a typical case. The ferromagnetic metals a iron and nickel show the 
same behavior but have additional peaks that accompany the decrease 
in their permanent magnetization. Figures 17 and 18 illustrate 3 these 
two cases. 



0 100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 17001800 

T°K *• 

Fig. 17. — The atomic-heat curves of a and y iron. The ordinates are cal/mol. {After 

Austin.) 

The specific heat of nickel does not follow the T z law in the region 
below 10°K but becomes linear in accordance with the equation 4 

C v = 0.001744T cal/deg-mol (see Fig. 19). (1) 

If the values given by this function are subtracted from the observed 
values, the residue is found to follow the T 3 law. This fact indicates 

1 If ti, Ta, r 3 are the primitive translation vectors of the lattice, the unit cell is the 
unit of the lattice from which the entire lattice may be generated by translations 
of the type 

T =* UlTi -j- ^2*^2 4" W 3 T 3 

in which m, n 2 , and n 8 range over all integer values. The volume of the unit cell 
is equal to the volume of the parallelepiped the edges of which are equal to n, ra, r«, 
namely, n . r 2 X r*. 

2 Cf. the compilation of J. B. Austin, Industrial Eng. Chem 24, 1225 (1932); 
24, 1388 (1932). 

3 See ibid, for iron and Landolt-Bomstein for a survey of the specific heats of 
nickel. 

4 W. H. Keesom and O. W. Clark, Physica , 2, 513 (1935). 



Jg the modern THEORY OF SOLIDS [Ce I 

that the total specific heat of nickel is composed of two parts, one .t 
has the same source as the specific heats of the nontransition metals d 
one that has another origin. The first part is believed to arise : n 
thermal excitation of lattice vibrations ; there is fairly conclusive evid( 2 , 



Fig is —The atomic-heat curve of nickel. The ordinates are oal/mol. (After . ».) 

which will be presented in Chap. IV, that the second is related t no 
excitation of the electrons in the unfilled d shells. In this connect! it 
is worth pointing out that at 1000°K the value of C v in Eq. (1) is c lie 
same order of magnitude as the difference between C v and 3 R,. 



Fig. 19- — The atomic heat of nickel noar absolute zero. The ordinates arc c: 10 I. 

( After Keesom and Clark.) 

g. Magnetic Properties .— The magnetic susceptibility per unit v< no 
2 C, like the resistivity, is a tensor quantity. It is defined in terms he 
magnetic field intensity H and the magnetization per unit volui M 
by the relation 


M = 2C*H. 
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shall ordinarily use cgs units for these quantities, expressing H in 
;s and M in terms of the cgs unit of dipole moment per unit volume, 
ther important magnetic quantity is the permeability y which is 
led in terms of H and the magnetic induction B, by the equation 

B = tf H. 

Ld 2C & ro related by the equation 

V = 1 + 47T2C- 

* is practically independent of both temperature and field strength 
a large number of nontransition metals; however, it varies with 
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20. — The specific susceptibilities of the monatomic metals at room temperature. 


perature in some cases. The room-temperature values for the simple 
als are given 1 in Table VI and in Fig. 20. For convenience, the 
ific susceptibilities x/A, where A is the density, rather than the 
cptibilities are listed. It may be seen that the metals in the short 
3ds and those which precede the transition elements are paramag- 
3, that is, have positive susceptibilities, whereas the metals which 
w the transition metals are diamagnetic. The susceptibilities usually 
so small that traces of ferromagnetic impurity affect the measured 
es considerably and cause them to vary from specimen to specimen. 

See, for example, the compilations of Landolt-Bomstein and the International 
3al Tables. As in the case of the resistivity, the scalar components of the sua- 
bility are listed. 
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In addition, the susceptibility of a given specimen depends mnrke 
on the mechanical treatment it receives. For example, Bitter 1 foi 
that the susceptibility of a piece of copper wire could be varied by 
much as 40 per cent by stretching. Similarly, Honda and Shi mi, 
found that cold working changed the susceptibility of a sample of cop] 


Table VI. — Room-temperature Specific Magnetic 

tomic Substances 
(In cgs units) 
Monovalent Metals 


Susceptibilities of Mo; 


X 

•10« 



x* 10« 

Li 

3.6 


Cs 

0.2 

Na 

0.6 


Cu 

-0.08 

K 

0.6 


Ag 

-0.19 

Rb 

0.2 


Au 

-0.14 



Divalent Metals 



Be 

-1.0 


Ba 

0.15 

Mg 

0.5 


Zn 

-0.15 

a Ca 

1.1 


Cd 

-0.18 

Sr 

-0.2 


Hg 

-0.12 



Trivalent Metals 



A1 

0.6 


Ga 

-0.24 

Se 



In 

-0.10 

Yt 



a Tl 

-0.22 

0 La 

20 






Tetravalent Metals 



Ti 

1.2 


Ge 

-0.12 

Zr 

-0.45 


a Sll 

-0.03 

Hf 



fi Sn 

0.03 

Tb. 

1.0 


Pb 

-0.12 



Pentavalent Metals 



As 

-0.25 




Sb 

11-0.497; 

OO 

CO 

iH 

1 

-I 



Bi 

1-1.0; ± 

-1.5 





Transition Metals 



V 

a Cr 

1.5 

3.0 


Pd 

5.2 

a Mn 

10 


Ta 

0.9 

Nb 

2.3 


ot W 

0.28 

Mo 

1.0 


Rc 

0.4 

Ru 

0.4 


Os 

0.05 

Rh 

1.0 


Ir 

0.13 




Pt 

1.0 


Z P0S1 ? Ie * nd «*»»• work restorrt 

tte onpnal diamagnetism. It is probably true that measurement, m 

P«rieetly pure, unstrained specimens of the same metal wo^bTdo,° 

akke. However, ordmary materials do not conform to these oondittas 

32, 015 (1633), ^ 3iIi n:to, .Sciencr &pf*. / mp T6hahu Univ., 20, 400 (193 L j , 
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Figure 21 shows the temperature dependence of the measured 1 sus- 
ceptibilities of a few nontransition elements. 



0 200 400 GOO 800 1000 t200 

T°K * 


Fig. 21. — The temperature dependence of the specific susceptibilities of several metals. 

The susceptibilities of the nonferromagnetic transition, elements are 
all positive and are generally larger than those of the paramagnetic 



Fig. 22. The temperature dependence of l/x for several specimens of platinum. ( After 

Collet and FoQx.) 

simple metals. The temperature dependence 2 is shown in Fig. 22 for 
several specimens of platinum. 

1 See footnote 1, p. 17. 

2 P. Collet and G. Fofix, Compt. rend., 192, 1213 (1931). 
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The susceptibilities of ferromagnetic solids are so strongly depend' 
upon field strength that the magnetic properties are described m 
conveniently by giving M as a function of H. Figure 23 shows 1 
versus H curves at room temperature for three directions in a sin 
crystal of nickel. M and H are parallel in each of the three cases, 
may be observed that M is small when no field is present and thal 
rises very rapidly at first as H increases. It approaches a saturat: 
value Mb in the [111] direction 2 at about fifty gauss and then rema 
practically constant. The intensity curves for the [110] and [1 


500 

400 

t 300 

M 

200 

100 

Oj- 1 1 1 l i i 

0 100 20 0 300 400 500 600 

i? b >- 

Fiq. 23— The magnetization curves of a single crystal of nickel. The abscissa is expres: 

m gauss. (After Kaya.) 

directions bend over sharply at values of about M„ cos 30° and M, cos 6( 
respectively. They then rise relatively slowly and approach the value l\ 
This behavior may be interpreted in terms of the domain concept 
ferromagnetic materials which was first proposed by Weiss.* Accordi: 


[m] 



1 S. Kata, Science Repts. Imp. Tdhoku Univ 17, 639 (1928). 

* We shall commonly use this notation in which a crystallographic direction 
specified by a set of integers (Miller indices) that are proportional to the directi 
cosines. In cubic crystals, the coordinate axes are usually taken as an online 
Cartesian system; m a hexagonal crystal such as cobalt, however, one coordinate a 
is taken in the direction of the hexagonal axis of the crystal, and three others, separat 
by 120 deg, are taken m the plane normal to the hexagonal axis. In the second ca 
directions are specified by four integers, the last being proportional to the directi 
cosine between the given direction and the hexagonal axis. We shall specify plai 

m a similar way by giving the integers that are proportional to the direction cosir 
oi tne normals to the planes. 

' f J? I8S ’. J T phys - 6 > 661 < 1907 )- An excellent discussion of the press 

d ™ , 0ry m Y be f0Und in the b00k edited R - Becker, Probleme t 
techmschen Magnetmerungskurve (Julius Springer, Berlin, 1938). See also the me 
recent review article by W. P. Brown, Jour. App. Phys., 11, 160 (1940), and the bo 
by R. Becker and W. Diking, Ferromagnetismus (Julius Springer, Berlin, 1939). 
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to this concept, ferromagnetic substances contain a large number of 
small domains that have an intrinsic value of magnetic intensity equal to 
M 8 even in the absence of an external field. It is assumed that the 
direction of this intensity lies along one member of a prominent set of 
equivalent crystallographic directions, this set being the eight directions 
equivalent to [111] in the case of nickel, for example. The resultant 
magnetization of the entire crystal is zero when H is zero, for the domains 
have their magnetization distributed uniformly among the eight [111] 
directions. If a weak field is applied in the [111] direction, all the 
domains have their magnetization changed to this orientation and the 
crystal becomes magnetized to the saturation value M s . This process 
of rotation is demonstrated very convincingly by the Barkhausen 1 



Fig. 24. — The magnetization curves of iron. The abscissa is expressed in gauss. {After 

Honda and Kaya.) 

effect, which shows that magnetization takes place in very small discrete 
stages. The size of the domains may be estimated from the size of these 
steps if it is assumed that each jump represents the effect of one domain 
changing its direction. In this way, Bozorth and Dillinger 2 estimated 
that there are 10° domains per cubic centimeter. 

It should be emphasized that the domains are not identical with 
crystalline units of the lattice, such as the grains in polycrystals. It now 
seems well established that the domain size, which may be larger or 
smaller than the grain size, is determined primarily by the magnetic 
interaction of different parts of a specimen and by variations in its 
internal stress. In addition, it should be mentioned that magnetization 
may take place by more or less continuous growth of properly oriented 
domains at their boundaries, much as crystals grow from nuclei. 

1 H. Barkhausen, Physik. Z 20, 401 (1919). 

2 R. Bozorth and J. Dillinger, Phys. Rev. t 36, 733 (1930). 
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If a weak field is applied in the [100] direction instead of the [1 
direction, the domains are reoriented as nearly parallel to the [1 
direction as possible without leaving the eight [111] directions. Sii 
the angle between the [100] direction and the four nearest [111] axes 
55°, it follows that the largest value of |M| that can be obtained in t 
way is M fi cos 55°. This actually is the value at the bend in the [1< 
curve of Fig. 23. Since M increases beyond this value as H is increas< 
it follows that the intensities of the domains can be bent away from t 
normal directions of magnetization and eventually become parallel 
the direction of the applied field. The curve for the [110] directi 
supports the same picture. 



Fig. 25. The magnetization curve of cobalt. The abscissa is expressed in gauss. (Aj 

Kay a.) 

Figures 24 and 25 give corresponding curves for iron 1 and cobal 
The [100] direction is the easy direction of magnetization in the first cas 
whereas the hexagonal axis is in the second. The [1010] and [112 
direction curves for cobalt show no sharply rising portions because thi 
are orthogonal to the easy direction of magnetization. 

Akulov 8 has shown that one may account for the form of the magnei 
zation curves of iron by assuming that the energy E m of the crystal vari 
with the direction of magnetization of the domain in the ™ armor 

E m = Kt(S\Sl + SISl + SISf). (: 

Ki is a constant which ordinarily is determined experimentally, and <5 
o 2 , S 3 are the direction cosines of the magnetic intensity. The tot 
energy E t of the crystal in the presence of a field H is then 

E t = E m — HM cos <p 

a ?'^ ONDA 0 and S- Kata ’ Science Repts. Imp. Tdhoku Univ., 15 , 721 (1926). 

to. .Kata, Science Repts. Imp. Tdhoku Univ., 17 , 1157 (1928). 

* N. S. Akulov, Z. Physik, 67, 794 (1931). 
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Table VII. — Magnetic Data op the Ferromagnetic Monatomic Metals 
(The values of M« and <r 8 correspond to 0°K.) 



where <p is the angle between H and M. The value of <p corresponding 
to equilibrium for a given field intensity is determined by the condition 


dip 

This leads to a relationship between 
ip and H, from which the component 
of intensity in the field direction 
may be determined as a function of 
H that involves the constant K i. 
Figure 26 shows the calculated and 
observed values of M for the [111] 
and [110] directions of iron; these 
were obtained by using 

Ki = 2.14 * 10 6 ergs. 

This method of correlating experi- 
mental measurements with energy 
expressions of the type of Eq. (2) has 
been extended by Gans, 1 Bozorth, 2 
and others. 

The magnetization curves vary 
with temperature in two striking 
ways: (1) The value of M decreases 
with increasing temperature and 
eventually approaches zero at the 
ferromagnetic * Curie point 0 C . (2) 

The relative values of the magneti- 
zation curves for different directions 



100 200 300 400 500 600 700 
H ►- 


Fig. 26. — Calculated and observed 
magnetization curves for iron. (After 
Akulov .) 


change with temperature. Figure 27 shows the ratio of, M,(T) to M,(0), 
the value of M a at 0°K, as a function of T/Q c for iron, cobalt, and nickel. 


1 R. Gans, Physik. Z., 33, 924 (1932). 

* R. M. Bozorth, Phys. Rev., 50, 1076 (1936). 
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Table VII contains 1 values of 0 C for each of these substances as well 
values of M s (0) and cr 8 , the saturation moment per atom. 

Above the Curie temperature, ferromagnetic crystals exhibit 
paramagnetism that is the same order of magnitude as the paramagn 



s™™, “ Sd„„, m 4 t’ R 
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where C and 0 P are constants. Some values of 0 P , which is called the 
paramagnetic Curie point, are given in Table VII. 

We have remarked in/ that the specific heat of a ferromagnetic metal 
has a sharp peak in the neighborhood of the Curie point. Peaks of this 
type appear in Figs. 17 and 18. Figure 29 gives a more detailed plot 
of measured values for nickel. This curve, 1 which is characteristic, also, 
of iron and cobalt, shows that the specific heat does not return to the 
normal 322 value above the Curie point. 

It should be mentioned in passing that Urbain, Weiss, and Trombc 2 
have found that metallic gadolinium is ferromagnetic, its ferromagnetic 
Curie point being 16°C. 



T” Deg. C ► 

Fig. 29. — The specific heat of nickel in the vicinity of the Curie temperature, (After 

Moser.) 


We shall not discuss the many intricate facts about the properties of 
polycrystalline ferromagnetic materials. 

3. Metal Alloys. — The metallurgist defines a metal alloy as a com- 
bination of two or more monatomic metals that has metallic properties. 
This definition does not require that the material should be a homo- 
geneous phase, and, indeed, many useful alloys are not. For simplicity, 
however, we shall restrict practically all of our discussion to single 
phases. 

Alloys generally may be divided into two distinct classes, namely, 
substitutional alloys and interstitial alloys. In the first type the different 
constituent atoms occupy the same type of lattice position. Gold and 
silver form an alloy of this type in which both atoms occupy at random 
face-centered lattice positions. As we shall see, one general requisite 

1 H. Moser, Physik. Z 37, 737 (1936). 

a G. Urbain, P. Weiss, and F. Trombe, Compt. rend., 200, 2132 (1935). 
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for the formation of an alloy of this type is that the radii of the cc 
stituent atoms be nearly equal. 

, , * n “^ rstl * ial all °y s > one or more kinds of atom fit into the interstic 
of the lattice formed by another kind. Low-concentration carbon ste, 
are alloys of this type. In these, carbon atoms probably occupy sor 
of the face-centered positions of the ordinary body-centered structure 
iron. The interstitial atom usually is much smaller than the atoms of t 
lattice into which it fits. 

• T ? 6 pr ° perties °. f a lar § e number of substitutional alloys have be< 

investigated extensively, whereas information concerning interstiti 
alloys seems to be fragmentary. The main reason for this deficiency 



40 50 60 70 

Composition g 

^ T ^ in whic 

region a + B. The a chase F f m lw| P ,*T “ and P coexlst a * a point such as X in th 
quenched to temperature Tt where it is unstahl em ?^ at “ Te Ti y. in certain cases, b 
mixture of a and | * unstable ' actually reverting to the stab] 

illvf at0mS ’ SUch 88 ^ogen, car bon, and nitrogen, of clear-cu 

+h :f ial CaS6S + T g °° d X ' ray scatterers > s » that structures o 
® aUoy f C ^ not +1 be determined with certainty. We shall be concern* 
lmost entirely with substitutional alloys in the following discussion, 
c. The Phase Diagrams of Binary Alloys.- It is most convenient t< 
discuss binary-alloy systems in terms of the conventional phase diagram 
In this diagram the temperature-composition boundaries of the phasei 
of the system are plotted as functions of composition. Figure 30 show! 
a typical case, the areas a, ft and y marking regions in which three 
different phases emst. The composition and temperature may be varied 
within the limits of any one of these regions without changing the homo- 
geneous structure of the material. If, however, one attempts to make ar 
ahoy corresponding to a point, such as Z, that is not contained in one 
of these regions, the result is a mechanical mixture of two phases— the 
phases « and |S in the case corresponding to the point X . It should be 
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added that this statement is rigorously true only if we imply thermo- 
dynamically stable phases, for it is possible to prepare an unstable phase 
that corresponds to the temperature and composition of a point such as 
X. For example, it is possible that the a. phase, formed at temperature 
and composition corresponding to the point at the temperature T h 
where the a phase is thermodynamically stable, could be cooled to the 
temperature 5T 2 , where it no longer is stable, without breaking into two 
phases in a measurable time. This procedure, known as quenching, has 
great practical importance and depends upon the fact that the time 
required to attain thermodynamical equilibrium may be very long at 
sufficiently low temperatures. 

It may be proved by means of thermodynamics 1 that the boundaries 
of different phases usually are not continuous but are separated as in 
Fig. 30 ( cf . Sec. 123). 

The liquidus curve shown in the figure marks the temperature at 
which a solid phase begins to separate from the molten solution of two 
metals. This curve has significance only over a range of composition in 
which the molten metals are miscible. The solidus curve, on the other 
hand, marks the temperature at which a solid phase of given composition 
begins to melt. The two curves coincide only at special points such as 
at the ends of the diagram. At temperature T 3 , the liquid and solid 
phases that may be in equilibrium with one another are given respectively 
by the two intercepts that the temperature line makes with the liquidus 
and solidus curves. Consider, for example, the case of Fig. 30 again. 
Starting with the solid of composition U, we find that this begins to melt 
at temperature T 3 and that the composition of the first sample of molten 
metal corresponds to the point (7,T 3 ). Conversely, if we start with the 
liquid of composition V and cool it to temperature T z , the solid that 
forms has the composition U. It follows that the composition of the 
solid and melt changes as the process of melting or freezing proceeds in 
either of these two cases. 

It is possible to derive a number of important and interesting rela- 
tionships among liquidus, solidus, and solubility-limit curves by use of 
thermodynamics. We refer the reader to other sources 1 for the develop- 
ment of these topics. 

b. Rules of Combination of Binary Substitutional Alloys of Simple 
Metals . — A systematic investigation of the phase diagrams of metal 
alloys has led to the formulation of a number of simple rules that corre- 
late many facts. We shall include a brief summary of these rules for 

1 See, for example, G. Tammann, The States of Aggregation (translation by R. F. 
Mehl, D. Van Nostrand Company, Inc., New York, 1925); R. Vogel, Handbuch. der 
MetaUphysik, Vol. II (Akademische Verlagsgesellschaft. Leipzig, 1937), 
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reference in later work. They should not be accepted as though rigoroi 
for many exceptions exist. 

1. The rule of atomic size . — This rule attempts to make more proci 
the qualitative notion that atoms must be nearly the same size; if tin 
form substitutional alloys over a wide range of composition. It has !»>< 
developed by many workers, but the most nearly quantitative formul; 
tion has been given by Hume-Rothery, Mabbott, and Channel-Kvnm- 
These workers find that atoms the radii of which differ by more tha 
about 15 per cent do not form extensive solid solutions. . If the different 
is less than this, they are soluble over a wide range. Tins rule is rest riet e 
by the condition that the radii must be derived from monatomic phase 
that have similar structures and that it should not be applied to system 
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ig. 31.-The phase diagram . of the silver-gold system. ' This is an example of a w i, 


Atom Per Cent Ag Ag 

' °^ ver "Sold system. This is an 

which the components are completely miscible. 

£*** the at0ms has a tendenc y to exhibit valence character- 
f)finrH ; aS d °, the a ?° mS ° f arsenic > antimony, and bismuth. These t\v< 

aetSo S ° bV1 n US u y interrelated sin ce atoms that have valence char- 
actenstms usually have complex lattice structures. In Table VIII the 

of Tpper inthe^ ^ “ C ° Pper and the ~“S0 of Holnbilit y 

copper m these metals are compared with the atomic radii. 

TABLE VIIL ~ SoLTO1LITT Limits p„ A8ES op Sevkral Comsu 

ALLOYS 

— solubilities are expressed in atom percentage of the solute.) 


Cu-Be 

Cu-Mg 

Cu-Zn 

Cu-Cd 

Cu-Ga 

Cu-Tl 

Cu-Ge 


Favorable 
Unfavorable 
Favorable 
Unfavorable 
Favorable 
Unfavorable 
Favorable 


16.5 Be 
6.5 Mg 
38.4 Zn 
1.7 Cd 
20.3 Ga 
Small 
12.0 Ge 


2.0 Cu 
0.01 Cu 
2.3 Cu 
0.12 Cu 
Very small 
Small 
Small 
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The silver-gold system is one of the most favorable cases for high 
solubility, according to this rule, for the lattice of both constituents is 
face-centered cubic, the valences are the same, and the atomic radii are 



Cu Atom Peri Cent Ag Ag 


Fig. 32. — The phase diagram of the copper-silver aystom. 



Fig. 33. — The phase diagram of the copper-gold system. Thcao metals arc completely 
miscible at all temperatures. The low-temperature curves correspond to ordered phases. 

equal to within 2 per cent. Figure 31, which is the phase diagram of tins 
system, shows that these metals form a single phase for the entire range 
of composition. 
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The radius of copper is about 13 per cent less than that of either go 
or silver, and therefore the copper-gold and copper-silver systems shou 
e borderline eases. The phase diagrams are shown 1 in Figs. 32 and 3 
Whereas copper and silver do not mix, copper and gold are complete 
miscible except at low temperatures where more complex structur 

occur "These cases indicate that the rule of atomic sizes does not te 
the entire story. 

At the opposite extreme are lead and copper the radii of which diff. 
by about 30 per cent and which do not mix in any proportion. 
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FlG - 34 *“ The braSS ( C-Zn) phase^di a ^£ This is typical of substitutional alloys o 
atoms having different valences. ys 0 

2. The Hume-Rothery electron-atom ratio rules.— The copper-rich anc 

Cu-Cd, Cu-Al, Cu-In, Cu-Sn, Ag-Zn, Ag-Sn, in which the rule of favorable 
atomic sizes is satisfied, are strikingly similar. Figures 34 and 35 show 
. a . Se ® 0 Cu-Zn and Cu-Al which are typical examples The £ 

SHlIt C " bi 5 “ l0tl1 CMes “P^" 8 bmedi.tet fc 

tne right of the pnmary face-centered phase of pure Conner. The 
7 p ase, which has a complex cubic structure, occurs next The struc 

resUiStv lH ^! + - yS; moreover - r Phase generally has a high 

esistivity and a negative magnetic susceptibility and is brittle. The 

ssxr* ^ i8 »> 
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« phase of the brass system, which is close-packed hexagonal, also occurs 
in the copper-tin system. 

Although these similar phases usually occur for different atomic 



0 ,10 20 ,30 40 

Atom Per Cent At 


Fig. 35. — The coppor-aluminum 
system. 


concentrations, Hume-Rothery 1 has pointed 
out that they occur for about the same 
value of the ratio of valence electrons to 
atoms . In computing the number of valence 
electrons, he used the usual chemical va- 
lences, namely, one for copper, two for zinc, 



Cu 5 Zn 8 ,Ags Zn 8 
Au. 5 Zn 8 


Cu,Ag,Au 


0 Zn 

Fig. 36. — The y brass structure. 


three for aluminum, and so on. Table IX gives a compilation of metals 
that form one or more of the three alloy phases mentioned above and 



.Ag Electron Per Cent *• 

Fig. 37. — The liquidus curves of silver solutions. 

that satisfy the Hume-Rothery rule. The electron-atom ratio characv 
teristic of each structure is given at the head of each col umn . 

X W. Humh-Rothery, Jour. Inst. Metals , 36, 309 (1926). See also Hitme- 
Rothbry, op. cit. 




Structure . 

Non transition cases. 


Transition cases. 


P brass (b.c.c.) 


CuZn 

CuBe 

AgZn 

AgCd 

AuZn 

AuCd 

Cu 3 A1 

Cu 3 Ga 

Cu 6 Sn 


CoAl 

NiAl 

FeAl 


1.61 

1.75 

brass type 

h.c.p. 

Cu 6 Zn 8 

CuZn 3 

Cu 6 Cd 8 

CuCd 3 

Ag 6 Zn 8 

AgZn 3 


AgCd 3 

Au B Zn 8 

AuZn s 


AuCd 3 

Cu d A1 4 

Cu 3 Sn 

Cu 9 Ga 4 

Cu 3 Go 

Cu 9 In 4 

Ag 3 Sn 

Cu3iSn 8 

AUfiAla 

CoZn 3 



substitutional alloys instead f ° 
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38 -~’ rhe solidus curves of silver solutions. 

d ntfet-The liquids 
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percentage is used as abscissa. In cases in which the solvent is mono- 
valent, the electron percentage is obtained by multiplying the atom 
percentage with the valence of the solute. The liquidus curves of silver 
are given in Fig. 37 in order to show the extent to which the rule is valid- 
Figure 38 shows that the solidus curves obey the same principle. 

c. Alloys Involving Metals with Strong Valence Characteristics . — The 
phase diagrams of systems in which one of the constituents is a metal of 
low valence, such as copper, silver, zinc, or magnesium, and the other is 
a less electropositive atom, such as arsenic, antimony, or bismuth, show 
that these substances do not combine to form extensive solid solutions, 
even when the size factors are favorable. Consider, for example, the 
phase diagram 1 of the magnesium-antimony system shown in Fig. 39. 



Fig. 39. Tho magnesium-antimony system. These atoms aro completely immiscible 
except for the compound MguSh^. 


The fact that the primary phases are narrow shows that neither atom is 
appreciably soluble in the lattice of the other. The intermediate phases 
occur over narrow regions of composition and for atomic ratios that are 
characteristic of ionic or valence compounds rather than of ideal metal 
alloys; moreover, the structures of these phases are often similar to those 
of ionic crystals. For example, the only intermediate phase in the 
magnesium-antimony system is the compound Mg^Sb 2 in which the 
constituents are exhibiting their normal electropositive and electro- 
negative valences. This compound exists in two phases, both of which 
have the structures of rare earth metal oxides. 

We may conclude from evidence such as this that these alloys form 
part of a bridge between ideal metals and ionic crystals. 


1 See footnote 1, p, 30. 
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shows the phase diagram of the iron-cobalt system which is a typical 
example. 

Transition, metals form an interesting sequence of interstitial alloys 
that has been studied extensively by Hagg. 1 He has found that the 
“metalloid” atoms hydrogen, nitrogen, carbon, and boron enter into the 
interstices of transition metals forming alloys of composition M4X, M2X, 
MX, and MX 2 , where M is the metal atom and X is the metalloid, if 
the ratio of the radius of the metalloid atom to that of the metal is less 
than 0.59. This family of alloys usually forms lattices in which the 
metal atoms are arranged in cubic or hexagonal close-packed struc- 
tures, although there are a few notable exceptions, such as tungsten 
carbide, WC, in which the tungsten atoms possess a simple hexagonal 



Cu-.O Zn:# 

Ordered Phase 
(a) 

Fig. 41. — The ordered and 



£ Cu. ^Zn 

Disordered Phase 

(/>) 

Led phases of |6 brass. 


arrangement. The iron-carbon system lies just outside the domain of 
applicability of Hagg’s rules, for the radius ratio is about 0.63 in this 
case; however, the iron-nitrogen system is a typical one for which they 
are valid. The nontransition metals do not usually form genuinely 
metallic interstitial alloys when combined with the metalloid atoms, but 
rather tend to form more nearly ionic crystals, such as calcium carbide, 
presumably because they are more electropositive than the transition 
metals. 

e. Ordered and Disordered Phases . — In an ideal substitutional alloy, 
different kinds of atom occupy a given set of lattice positions at random. 
Many alloys in which the atoms have this property at high temperatures 
change as the temperature is lowered. Consider, for example, the case 
of 0 brass, 2 which has the composition CuZn and the structure shown in 
Fig. 415. At high temperatures, each site is occupied with equal prob- 

1 G. HIgg, Z. phys. Chem. B, 6, 221 (1929); 7, 339 (1930); 8, 455 (1930). 

* The possibility of order and disorder was first suggested by G. Tammann, Z. anorg. 
Chem., 107, 1 (1919). The structures of ordered and disordered 0 brass were first 
established by X-ray methods by F, W. Jones and G. Sykes. Proc. Roy. Soc., 161 , 440 
(1937). 
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ability by either type of atom. Below 480°C, however the cor. 

comeL Pr TL S e°D d ref Centered P ° Siti ° nS the ZinC atoms ’ P refer C1 

corners. These preferences increase as the temperature is lowered < 
the structure becomes that of Fig. 41a at very low temperatures ' 1 

in thfc* Pr0CeS i - takeS place continuousl y with decreasing temperati 
equihbrium “g i T***. if the ^em is mltaS 

position mav bl , ht . P ° ades ^ n&t& the probability that a body-cento, 
position may be occupied by a copper atom and p 2n the probability tl 

“ be MCUpled ™ we may SUS ly dete 

order parameter S by the equation 

S = Pcu — Pzu. 

This parameter varies from 0 to 1 as t 
lattice passes from the relatively d: 
ordered high-temperature phase to ti 
ordered structure. Figure 42 sho\ 
schematically the way in which S depen. 
upon temperature in 0 brass. This cun 
resembles closely the curve that shov 
the dependence of saturation magnetiz: 
perature (cf Fte 271 Th» *““! ° f f °™ a £ netic materials upon ten 

- 2*r. io ,rr u 

m ab^tVT" wben 

appearance of a latenS ^ ^ «>' 

Fig 0 ^ SUbStituti0nal P hases t^t exhibit ordering are shown i, 

Metalt— Se^emTd^tricll Sub f itutiona } All °y s °f N ontransitiot 
are, on the wholeTuch Properties of metal alloy, 
are, however a few striking Tft* “ th °? ° f monatomic metals. There 
worth while/ In this section wTsJTir* at “ ak e ^additional discussion 
metals. 0n> We ShaI1 consider all oys of nontraiisitibn 

thi S I cI h e eb0dy ‘° entered and ° Ube - COrner P^iona are completely interchangeable in 
2 Moser, op. tit. ' J ■ - 
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1. Thermal properties . — The difference between the heats of forma- 
tion of alloys and of the metallic phases of their constituents has been 



0 IOO 20 0 300 400 500 600 700 
T° C. » 

Fi:g. 43. The specific heat of (3 brass during the transition from the ordered to a disordered 

structure. ( After Moser.) 






Order 



Disorder Order 

Fig. 44. — The upper pair of figures respectively represent the disordered and ordered 
arrangements of FeaAl. o = Fo; • = Al; Q — JFo^Al. The lower pair represent the 
disordered and ordered structures of CuPd. O — Cu; • = Pd. 


determined in a number of cases. Three methods are commonly used: 
(1) comparative measurements of the heat evolved when monatomic 
metals and alloys are dissolved in acids; (2) direct calorimetric measure- 
ments of the heats of reaction of monatomic metals ; and (3) measurement 
of emfs of cells in which one of the electrodes is the alloy under investiga- 
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tioa. The room-temperature values 1 of some results of this w 
expressed in terms of kilogram calories per gram-atom, appear in Tnbl( 
The experimental errors are usually of the order of magnitude of 1 kg 

Table X.— Room-temperature Values op the Heats op Formation op Ai-i 

(In kg cal /gram-atom) 

Cu-Zn System 
£ brass (unordered) 
y brass 
CuZn 3 

Ag-Cd System 
£ phase (unordered) 
y phase 
AgCda 

Au-Zn System 
Au 8 Zn 6.0 
AuZn 5 . 5 
AuZn 3 5 . 6 
Miscellaneous Cases 
20 Mgla 

13 CdSb 

3 AuSb 2 

7 TI,Bi 

r T _0 T 5 ; 4 Hg 6 Tl 2 u.O 

Cases Involving Transition Elements 
Ni 3 Sn 5.8 
'Ni 3 Sn 2 7.5 
NiSn 7.5 
A1 jCo 2 12 
Al 3 Fe 6.3 

The nearly ideal substitutional alloys like the r„ n , . _ 

systems, are not bound so tic-htlv „ y ’ Ute “ he Cu ' Zn and Ag-C< 

evidently are transition cases. 0^ the wST^ SUCh M MgaSn tha 
to be possible to draw any striking l. J ’ does not seen 

The specific heat, T7 7 g concIusions from this table. 

those of monatomic metalT^approacF 6t&1 aI1 ° 7S UsuaIly resemble 
Dulong and Petit’s law at hieh W> Z&1 ° at 0 ° K ’ in obeying 

tonicaUy in the intervening region P mJ ture ’ and in “creasing mono- 
winch undergo allotropic changed or with ® XCeptl0ns are th ose pluses 

m part «■ la the first case thereTs T df T™ 0rdered 35 Scribed 
onrve and a latent heat, just as for ! ^ s, ; 0Iltin “ty in the specific boat 
of the specific heat ^ The behavior 

Early investigation of the T dlscussed In Part e. 

tion of the Kopp-Neumann law wV°v, G + tS a ^ oys led to the formula- 
any alloy is equa l to the sum’ of the atom^f ^ molecular h ^at of 

1 These are taken from the com *1 r 10 ^ ° f ltS 

W ‘ "* ^ °* »»>■ 


2.2 

2.6 

1.8 

1.31 

1.42 

1.23 


Mg 2 Sn 

CaAl 3 

Ca 2 Zn 3 

Ka2Sn 

NaHg 


2.9 

1.8 

1.2 

0.7 

0.06 


k. 
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Table XI. — The Molecular Heat op Ag 3 Au 


Tempera- 
ture, °C 

Observed molar 
heat, cal 

Sum of atomic 
heats, cal 

100 

24.926 

24.942 

200 

25.415 

25.475 

300 

26.005 

26.000 

400 

26.599 

26.513 

500 

27.195 

27.012 

600 

27.789 

27.500 

700 

28.384 

27.979 

800 

28.937 

28.463 


monatomic metals. More modern work has shown that this law is never 
precisely correct, although it is often correct to within 10 per cent. Table 



Fig. 45. — The resistivity versus temperature curves of a number of copper alloys in the 
range in which the resistivity of copper varies linearly with temperature. It should be 
observed that the resistivities of the alloys are much higher at low temperatures, implying 
very large residual resistivities. The resistivities are expressed in ohms-cm. The numbers 
indicate the atomic per cent of the alloying metal. ( After Linde.) 

XI gives a comparison 1 of the molecular specific heat of Ag 3 Au and the 
sum of the atomic heats of the constituents over a 700° temperature 

1 J. A. Bottbma and F. M. Jaeger, Proc. Roy. Soc. Amsterdam , 36, 928 (1932). 
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range. The dose agreement in this case is partly a consequence , 

cwiv 8 “f, ,> H T' ( ?"°\ both the pure “‘•k Mi the alloy obey 
y. s evident that the Kopp-Neumann rule will fail badly i 
any temperature range in which the alloy becomes ordered. J 
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Fig. 47._Th e r0 7 Atom Per Cent Aj Au 

copper-gold alloys. The quencheYsp'ecimen^wh di 16110118 ' 1 * 111 '^ 0111168 ' 18 ' 1 apecilneria of 
resistivity versus composition curve not ordered . have the .typical 

resistance minima at L commons aTw^htderi^oT^ 

very large. This fact is shown by the curves 1 of Win ap: . • , 

** ** a nLt/^pp,? ^ 45 ot°« f s 

1 J. 0. Lindb, Ann. Physik, 15, 219 (1932). 
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natural consequences of this large residual resistance is the fact that the 
low-temperature resistance of dilute primary solid solutions rises with 
increasing concentration of the solute. This behavior 1 is shown in 



residual resistivity of the ordered alloy is much lower than that of the disordered phase. 

Fig. 46 by the curve of resistance versus concentration for the Au-Ag 
system. 

The resistance of an ordered phase invariably is lower than that of the 
disordered one, and there usually is a sharp kink in the curve of resistivity 



Pig. 49. — The increase in resistivity of copper and silver alloys per atom per cent of 
solute. The abscissa is the number of valence electrons of the solute atom relative to the 
closed d shell. 


versus temperature at the temperature where ordering begins. These 
facts are illustrated 2 in Figs. 47 and 48, which show the dependence of 


1 See, for example, the references in Landolt-Bornstein. 

2 C. H. Johansson and J. 0. Linde, Ann. Physik, 6, 762 (1930); 26, 1 (1936). 
G. Borelius, Proc. Phys. Soc . (Sup.), 49, 77 (1937). 
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1 See footnote 1, p. 40. 
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g. Additional Properties of Transitiorirmetal Alloys. 1. Thermal 
properties . — The heats of formation of only a few alloys that contain 
transition metals have been measured. Several of these values are 
contained in Table X. Generally speaking, they are of the same order 
of magnitude as those of phases of nontransition metals. 

The specific heats of the transition-metal alloys generally show the 
same types of behavior as the specific heats of monatomic transition 
metals. Thus, they do not obey Dulong and Petit’s law at high tem- 
peratures, if they are strongly paramagnetic or ferromagnetic; and if 
ferromagnetic, they exhibit “anomalous” peaks near the Curie point. 
There is a close correlation between the height of such peaks and the 
saturation moment of the ferromagnetic substance. For example, the 
addition of copper to nickel quenches the magnetization of the latter, 



0 10 20 30 40 50 60 70 80 90 100 
Cu ^tom Per Cent Zn Zn 

Fig. 52. The magnetic susceptibility of the brass system, showing the largo peak asso- 
ciated with the y phase. {After Endo.) 

and Fig. 53 shows 1 that the peak in the specific-heat curve disappears 
as the percentage of copper increases. Similar behavior has been 
observed in the chromium-nickel system. 

2. Electrical conductivity . — The effect of temperature upon the elec- 
trical conductivity of alloys that contain transition metals has not been 
investigated so widely as has that upon the electrical conductivity of 
simpler alloys. The general facts, however, probably are about the 
same. 2 In disordered alloys, for example, there is a large residual 
resistance that decreases with increasing order. Typical composition- 

1 K E. Grew, Proc. Roy. Soc., 145, 509 (1934)'. 

2 The resistance of several transition-metal alloys, such as constantan (Cu60 Ni40) 
and manganin (Cu84 Mnl2 Ni4), are nearly temperature-independent over a tem- 
perature range of several hundred degrees. 
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Fig. 54 shows the decrease in the saturation magnetization of a number 
of nickel alloys as their composition is varied. These curves show the 
customary behavior, namely, the magnetization decreases uniformly as 
the concentration of solute is in- 



creased. The manganese-nickel 
system is an exception to this 
rule, for the magnetization passes 
through two peaks when manga- 
nese is added to nickel in gradually 
increasing amounts 1 (cf. Fig. 55). 

The alloys of ferromagnetic 
elements are all ferromagnetic. 

Figure 56 shows the behavior 2 of 
the saturation moment and the 
Curie point in the iron-cobalt 
system. 

The alloys of copper and man- 
ganese 3 have the susceptibility 
curves shown in Fig. 57 at room 
and liquid-air temperatures. The susceptibility of the phase that con- 
tains about 23 per cent of manganese is very high, indicating a strong 


Fig. 55. — Dependence of the saturation 
magnetization of nickel-manganese alloys 
upon composition. ( After Kaya and 
Kussmann.) 



Fig. 56. — The saturation moment and the Curie temperature in the iron-cobalt system. 

tendency toward ferromagnetism. By adding aluminum or tin to this 
system, one obtains the Heusler alloys, of which some, such as the phase 4 
of composition Cu 2 AlMn, are ferromagnetic. Ferromagnetic alloys also 

1 S. Kaya and A. Kussmann, Z. Physik , 72, 293 (1931). 

2 Magnetization: A. Kussmann, B. Scharnow, and A. Schulze, Z. tech. Physik, 
13, 449 (1932); P. Weiss and R. Forrer, Compt. rend., 189, 663 (1929). 

3 S. Valentiner and G. Becker, Z. Physik, 80, 735 (1933). 

4 F. Heusler, Verb. deut. physik. Ges ., 5, 219 (1903). 
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density of atomic ions in heated alkali halide vapor. From this quantity, 
it is possible to determine the heat of the reaction 

MX (molecule) ^ M + (atom) + X~ (atom) 

where M is the metal atom and X is the halogen atom. By subtracting 
from this the heat of the reaction 

MX (molecule) M (atom) + X (atom) 

and the ionization energy of the metal atom, one obtains the energy of 
the process 


Electron + X *=± X - . 

Table XII. — Cohesive Energies op Ionic Crystals Relative to the Monatomic 
Gases of the Constituents 
(In kg cal/moi at room temperature) 




Alkali Hydrides 





LiH 

112.5 





NaH 

91.8 





KH 

81.7 





RbH 

82.8 





CsH 

82.7 





Alkali Halides 



LiF 

216.4 



LiCl 

162.6 

NaF 

193.7 



NaCl 

153.1 

KF 

186.1 



KC1 

153.1 

RbF 

183.9 



RbCl 

152.9 

CsF 

182.2 



CsCl 

154.0 

LiBr 

149.7 



Lil 

129.7 

NaBr 

139.5 



Nal 

120.8 

KBr 

140.8 



KI 

124.3 

RbBr 

141.6 


* 

Rbl 

125.5 

CsBr 

143.4 



Csl 

128.3 


Other Monovalent Metal Halides 






CuCl 

144.4 





CuCl 2 

192.4 

AgF 

148.5 



AgCl 

127.2 




Au Cl 

129.2 





T1C1 

117.5 

CuBr 

134.8 



Cul 

124.6 

CuBr 2 

169.0 



Cul 2 

137.2 

AgBr 

118.7 



Agl 

108.5 

AuBr 

122.3 



Aul 

117.4 


Alkaline Earth Halides 






BeCla 

245.4 

MgF 2 

363.7 



MgCl 2 

247.4 

CaF 3 

401.6 



CaCl 2 

296.2 

SrF 2 

399.6 



SrCl 2 

302.7 

BaFa 

400.5 



BaCl 2 

312.1 
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) _ T 


BeBrj 

MgBr 2 

CaBr s 

SrBr 2 

BaBr 2 

ZnCl 2 

CdCl 2 

HgCU 

PbCl 2 

Znl 2 
Cdl 2 
Hgl 2 
Pbl 2 

AlFj 
SbP 3 


208.2 

214.0 

263.8 

271.8 
283.2 


Bel 2 

Mgl 2 

Cal 2 

Srlj 

Bal 2 


Other Divalent Metal Halides 
„' 8 Z*Br 2 

125 8 CdBrs 

191 0 HgBrs 

91 -° PbBr a 

128.4 

126.4 
91.1 

140.5 


165.6 

174.3 

227.5 

234.3 
244.8 

159.6 

156.4 
109.1 

167.6 


510 

352 


Miscellaneous Cases 


AlBr„ 262 
SbBr 3 180 
SnBr 2 193 


A1C1 8 

T1C1 S 

SbCl 8 

SbCl 5 

SnCl 2 

FeCl 2 

FeCl, 

All, 

Sbl, 

Snl 2 


209 

218 

292 

217 

234 

277 

209 

140 

168 


Md -. SuMde,. a”d M 

Na 2 S 208 


Na s O 210 
E2O 185 
Cs 2 0 179 

Li 2 Se 224 
Na s Se 172 
K s Se 175 


K 2 S 227 
Pb 2 S 192 
Cs 2 S 191 


BeO 

MgO 

CaO 

SrO 

BaO 

A1j0 3 

Ti 0 2 


269 

242 

258 

247 

241 

667 

436 


Other Cases 


MgS 

CaS 

SrS 

BaS 

Al s S s 


185 

228 

226 

226 

449 


CaSe 191 
SrSe 191 
BaSe 191 
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Another scheme of the same type, also devised by Mayer, involves the 
use of halogen vapor instead of alkali halide vapor. Table XIII con- 
tains some values of the electron affinities of the halogens that were 
determined by Mayer, Helmholz, and Sutton, using these methods. 

Table XIII. — Electron Affinity of Halogen Atoms as Determined Directly 

by Mayer's Methods 
(In kg cal/mol) 

Cl 88.3 
Br 84.2 
I 72.4 

The electron affinities of the doubly charged negative ions 0 — , S — , 
and Se , etc. probably are negative; hence, these ions are unstable, and 
therefore their affinities cannot be determined by direct methods. 



Fig. 58. — The sodium chloride Fig. 59. — The cesium chlo- 

lattice. ride lattice. 


b. Crystal Structure . — Ideal ionic compounds usually crystallize in 
one of several simple structures. 1 The sodium chloride structure of 
Fig. 58 is characteristic of all the alkali halides 2 except the low-temperature 
modifications of cesium chloride, bromide, and iodide, which have the 
simple cubic structure of Fig. 59. Many divalent metal oxides, sulfides, 
selenides, and tellurides also have the sodium chloride lattice, although 
many others crystallize in the zincblende and wurtzite structures of 
Figs. 60 and 61. On the whole, it may be said that all four of these 
structures are characteristic of ionic crystals in which the constituent 
atoms have equal positive and negative valences. An interesting feature 
of these lattices is that they remain the same when metal and electro- 
negative atoms are interchanged. 

The fluorite lattice of Fig. 62 is typical of ionic compounds that have 
the formula M 2 X or MX 2 . This structure occurs among the alkaline 
earth halides such as calcium fluoride and barium fluoride and among the 

1 See Strukturberichte. 

2 Many of the alkali halides possess the cesium chloride structure at high pres- 
sures. See R. B. Jacobs, Phys. Rev., 54, 468 (1938). 


50 


THE MODERN THEORY OF SOLIDS 


[Chap. I 


alkali metal oxides and sulfides such as lithium oxide and sulfide. Many 
other compounds that have these formulae possess structures in which 
the chemical molecule shows a tendency to form an “ island ” in the lattice. 
This is evident, for example, in the rutile or titanium oxide lattice of 
Fig. 63 which may be regarded as being built of a body-centered arrange- 
ment of Ti0 2 molecules. Since this behavior is typical of molecular 
crystals, it may be said that ionic crystals such as titanium oxide are 
mild transition cases between ionic and molecular types. Another 




simple lattice that shows the same behavior is the pyrites or FeS 2 struc- 
ture of Fig. 64. This is equivalent to a face-centered cubic arrangement 
of FeS 2 molecules. Carbon dioxide, which is a typical molecular com- 
pound, has a similar lattice. 

The a-corundum structure of Fig. 65 is formed by several ionic 
compounds that have the form A 2 B 3 , such as AI2O3 and Fe 2 Os. 

The structures of a number of ionic crystals are listed in Table XIV , 
This collection 1 also contains a few substances such as AIN and GaP 


1 See Strukturberichte . 
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which are transition cases but which are of interest because they have 
typical ionic structures. Several ammonium salts also have been 
included in order to show that a radical may play the same role as an 
atomic ion. 


#Fe OS #Al O 0 

Fia. 64. — The pyrites lat- Fig. 65 — The a-conmdum lattice, 

tice. Both ferric sulfide and 
carbon, dioxide possess this 
structure. 


The interatomic distances d of the alkali halides, show a regularity, 
namely, that the differences between the d values of NaF and KF, 
NaCl and KC1, NaBr and KBr, and Nal and KI are equal to within a 


few hundredths of an angstrom unit: 

NaF-KF 

NaCl-KCl 

NaBr-KBr 

Nal-KI 

0.36 A 

0.33 1 

0.31 1 

0.30 1 


The same type of relationship is valid for the differences between the d 
values of the halides of other pairs of alkali metals and the d values of 
the alkali metal salts of pairs of halogens. It follows from this rule 
that we may associate with each ion a definite radius, the interatomic 
distance of each substance being given closely by the sum of the radii 
of the constituent ions. Thus, the crystals behave as though they were 
composed of rigid spherical ions that are in contact with one another. 
It obviously is not possible to determine the absolute values of the ionic 
radii from the d values alone, although it is possible to determine the 
differences of all the alkali metal ion radii and all the halogen-ion 
radii. Thus, it is necessary to know the absolute value of only one radius 
in order to determine all radii. 

• This additivity principle also is roughly valid for many other classes 
of ionic crystal, such as the copper and silver halides and the alkaline 
earth oxides, sulfides, and selenides. 
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Table XIV. — Some Crystal Constants of Ionic Solids 
Monovalent Metal Halides 
(See Table II, for notation) 

The alkali metal hydrides probably have the NaCl type of lattice. 
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Table XIV. — Some Crystal Constants of Ionic Solids. ( Continued ) 
Alkaline Earth Halides 
(Many of these have complex structures which we shall not discuss. The follow- 
ing are a few simple cases.) . _ 



Type 

Parameters, A 


a 

c 

d 

MgF 2 

CaF 2 

BaF 2 

Rutile (see Fig. 63) 
Fluorite 

Fluorite 

4.64 

5.45 

6.19 

3.06 

2.05 

2.36 

2.68 

ZnF 2 

CdF 2 

Rutile 

Fluorite 

4.72 

1 5.40 

3.14 

2.10 

2.34 

Alkali Metal Oxides, Sulfides , and Selenides 


LUO 

Li 2 S 

Na 2 S 

Fluorite 

Fluorite 

Fluorite 

4.61 

5.70 

6.53 


2.00 

2.47 

2.83 


Monovalent Metal Oxides , Sulfides, Selenides 


Cu 2 0 

Cu 2 S 

Cu 2 Se 

Complex cubic lattice 
Fluorite 

Fluorite 

2.46 

5.59 

5.75 


1.84 

2.42 

2.49 

Ag 2 0 

Same as Cu 2 0 

4.70 


2.05 


Bivalent Metal Oxides, Sulfides, Selenides 


BeO 

Wurtzite 

2.69 

4.37 

1.64 

MgO 

CaO 

f.c.c. 

f.c.c. 

4.21 

4.80 


2.10 

2.40 

SrO 

f.c.c. 

5.15 


2 . 58 

BaO 

f.c.c. 

5.53 


2.77 

ZnO 

Wurtzite 

3.24 

5.18 

1.94 

CdO 

f.c.c. 

4.70 


2 . 35 

BeS 

Zincblende 

4.86 


2.10 

MgS 

f.c.c. 

5.19 


2.60 

CaS 

f.c.c. 

5.68 


2.84 

SrS 

f.c.c. 

6.01 


3.01 

BaS 

f.c.c. 

6.37 


3.19 

a ZnS 

Zincblende 

5.42 


2.35 

0 ZnS 

Wurtzite 

3.84 

6.28 

2.36 

a CdS 

Zincblende 

5.82 


2 . 52 

0 CdS 

Wurtzite 

4.14 

6.72 

2.52 

HgS . 

Zincblende 

5.84 


2.53 

BeSe 

Zincblende 

5.13 


2.18 

MgSe 

CaSe 

f.c.c. 

f.c.c. 

5.45 

5.91 


2.73 

2.96 

SrSe 

f.c.c. 

6.24 


3.12 

BaSe 

f.c.c. 

6.59 


i 3.30 
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Table XIV. — Some Crystal Constants op Ionic Solids. — (Continued) 


Parameters, A 


Bivalent Metal Oxides, Sulfides, Selenides 


ZnSe 

Zincblende 

5.66 


2.45 

CdSe 

Zincblende 

6.05 


2.62 

HgSe 

Zincblende 

6.07 



2.63 

MgTe 

Wurtzite 

4.52 

7.33 

2.75 

CaTe 

f.c.c. 

5.91 


2.96 

SrTe 

f.c.c. 

6.55 


3.33 

BaTe 

f.c.c. 

6.99 

— 

3.50 

ZnTe 

Zincblende 

6.09 


2.64 

CdTe 

Zincblende 

6.46 


2.79 

HgTe 

Zincblende 

6.44 

— 

2.80 


Oxides of Trivalent Metals 

cl AI2O3, Fe 2 0 3 , a Ga 2 O s form crystals with, the corundum structure of Fig. 65. 
Miscellaneous Other Cases 


Face-centered Cubic Type 



Simple Cubic Type 



a 

d 

NH4CI 

3.86 

3.34 

NH 4 Br 

4.05 

3.51 

NHJ 

4.37 

3.78 


Zincblen.de Type 



a 

d 

A1P 

GaP 

5.45 

5.44 

2.36 

2.36 


Wurtzite Type 



a 

c 

d 

NHJ? 

AIN 

4.39 

3.11 

7.02 

4.98 

2.63 

1.87 
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c. Conductivity . — The halides and oxides of the simpler metals 
generally have an electrolytic conductivity that increases with increasing 
temperature. Figure 66 shows the specific conductivity of a number of 
very pure alkali halide crystals as determined by Lehfeldt. 1 The scale 



type of plot. This fact shows that the high-temperature conductivity <r 
satisfies the relation 


a- = Ae T 

where A and a are practically constant. 

1 W. Lehfeldt, 7 j . Physik, 86, 717 (1933). 
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Similar curves are shown in Fig. 67 for silver and thallium halides. 

It has been demonstrated 1 fairly conclusively that the conductivity 
of the halides is completely ionic. This fact is by no means obvious 
from the temperature dependence, for the electronic conductivity of 
semi-conductors usually follows the same law. Generally speaking, it 
is possible to establish the existence of ionic conductivity only by per- 
forming a number of indirect experiments, which will be discussed in 
connection with semi-conductors. Oxides, sulfides, and selenides usually 
exhibit some electronic conductivity. 

Table XV gives the fractions and n _ of the current carried, respec- 
tively, by positive and negative ions in a number of halide crystals. 
These fractions are called the transport numbers of the corresponding 
ions. 


Table XV. The Transport Numbers of Ionic Solids at Different 

Temperatures 


Compound 

Temperature, °C 

n+ 


NaF 

500 

1.000 

0.000 


550 

0.996 

0.004 


600 

0.916 

0.084 


625 

0.861 

0.139 

NaCl 

400 

1.000 

0.000 


510 

0.981 

0.019 


600 

0.946 

0.054 


625 

0.929 

0.071 

KC1 

435 

0.956 

0.044 


500 

0.941 

0.059 


550 

0.917 

0.083 


600 

0.884 

0.166 

AgCl 

20-350 

1.00 

0.00 

AgBr 

20-300 

1.00 

0.00 

BaFjs 

500 

0.00 

1.00 

BaCl 2 

400-700 

0.00 

1.00 

BeBr 2 

350-450 

0.00 

1.00 

PbF 2 

200 

0.00 

1.00 

PbCl 2 

200-450 

0.00 

1.00 

PbBr* 

250-365 

0.00 

1.00 

Pbl 2 

255 

0.39 

0.61 


290 

0.67 

0.33 


1 See the survey article by C. Tubandt, Handbuch dec Experimental Physik, Vol 
XII, part 1. 
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d. Specific Heats . — The specific-heat curves of the diatomic salts of 
simple metals are normal in the sense that they obey Dulong and Petit’s 
law at high temperatures and decrease monotonieally with decreasing 
temperature. Figure 3, Chap. Ill, shows the atomic-heat curves of 



F IG . 68. —Variation of the characteristic temperature oi 
perature near absolute zero. The characteristic temperature is defined by the 2 law in 
cases of this type (see Sec. 19) . ( After Keesom and Clark.) 


several alkali halides above 20°K. Keesom and Clark 1 have found that 
the specific heat of potassium chloride shows slight deviations from 
Debye’s T x law at temperatures below 10°K (c/. Fig. 68). We shall 
discuss this effect in Chap. III. 



The specific heats of ammonium halides resemble those of the alkali 
halides at very low temperatures, but they have large anomalies m the 
region just below room temperature. Figure 69 gives a comparison of 
the specific-heat curves of ammonium chloride and sodium chlonde 
and shows the high peak that occurs at 250°K in the first case. As, we 


1 Keesom and Clark, Physica, 2 , 698 ( 1935 ). 
s F . Simon, 0 . v . Simson, and M . Ruhemann, Z, yhysik. 


Chem., 129 , 339 (1927). 
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shall see later, this peak is connected with the reorientation of the NH 4 + 
radical. 1 



- ouwuo, icuouH Huniuc, uiiu crncmm buiuu«. 

The ordinate is cal/deg-mol. ( After Anderson.) 

Salts of transition metals usually do not obey Dulong and Petit's 
law at high temperatures; they show the same type of excess specific 

heat that is observed in metals that have 
unfilled d shells. Figure 70 shows the 
curves 2 for manganous sulfide and ferrous 
sulfide and, for comparison, the “ normal * * 
curve of calcium sulfide. 

Several transition salts are ferromag- 
netic. Consequently, one might expect 
their specific-heat curves to have peaks 

___ near the ferromagnetic Curie point. Fig- 

T°c. — 700 ^ re ^ shows the peak for magnetite, 3 

Fig. 71 . — The specific-heat which seems to be the only case that has 
curve of magnetite, showing the been examin pH 
peak that occurs at the Curie _ 

point- The ordinates are Magnetic Properties . — Most ideal 

card andCarrard 'f)" Weiss ' i QI ^ c salts are diamagnetic, the exceptions 

being salts of transition metals, which 
usually are paramagnetic and sometimes are ferromagnetic.. 

1 As a result of careful thermodynamical work in the vicinity of the transition 
temperature m ammonium chloride, A. Lawson [Phys. Rev., 57, 417 (1940)] has shown 
thrft the anomaly ongmates in a reorientation of the ammonium radicals rather than 
in onset of free rotation. 1 

* C. T. Anbebson, Jour. Am. Chem. Soc., 53, 476 (1931). 

’P. Weiss, A. Piccabd, and A. Gabbard, Arch. sei. phys. not., 43, 113 (1917). 
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The measured molar susceptibilities of a number of halides , 1 oxides, 
and sulfides of simple metals are given in Table XVI. The experimental 
values fluctuate from specimen to specimen, as in simple metals; there- 
fore these values are not accurate to within more than a few per cent. 

It may be verified that the susceptibilities of the alkali halides are 
additive to a comparatively high degree of accuracy. This fact indicates 
that each ion preserves a characteristic diamagnetic susceptibility in each 
compound. However, we cannot determine the absolute susceptibility 
of the ions from these data alone, just as we could not determine their 
ionic radii from crystallographic data alone. 

The susceptibilities of other halides also seem to be additive, although 
the results fluctuate so widely in different experimental results that this 

statement cannot be made with certainty. 

The copper salts furnish an interesting example. The cuprous salts 
invariably are diamagnetic; however, cupric chloride and iodide are 


Table XVI 
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Table XVI. — ( Continued ) 

Molar Susceptibilities of Transition-metal Salts 
(Room-temperature values) 


FeCl 2 

Xm * 102 

1.32 

FeBr 2 

1.36 

Fel 2 

1.36 

FeS0 4 

1.24 

CoCl 2 

1.22 

CoBr 2 

1.27 

Col 2 

1.07 

CoSe 4 

1.05 

CoO 

105 

NiCl 2 

0.62 

NiBr 2 

0.55 

Nil 2 

0.38 

NiO 

10 4 

PtCl 8 

0.0136 

CeF 3 

0.220 

CeCl 3 

0.192 

Ce 2 S 8 

0.492 

Sm 2 S 3 

0.322 

Sm 2 (S0 4 ) 8 

0.211 


param^netic. This fact shows that the cuprous ion is a simple ion, 
whereas cupric ion is similar to the ions of transition metals. 

° f a number of transition-metal salts also 

sotua nf +v, m a i+ e V descr * be tbe magnetic properties of 

some of these salts more fully in Chap. XVI. 

tfcA+fh 18,186 SUSCeP j ibilities of cobaltous oxid e and nickel oidde suggest 
that these compounds are ferromagnetic. However, there do not seem 

MarnieXTn 61116 ^ on u tbe ■magnetization curves of thes6 substances. 

J ? pyrrhotlte Fe ^ ^e the only salts that are ferro- 
magnetic at room temperature and that have had their ferromagnetic 
properties measured The specific-heat curve of magnetite is shown in 

areL!t enCe Ciystals : General Description.— Ideal valence crystals 

SUbs ? anCeS that have high cohesive ener- 
gi^ and great hardness. Diamond is the prototype of this class iust 

rf the Smond sf S T ^ v°u°- ° f ionic crystals - A characteristic 
of the diamond structure, which is shown in Fig. 4, is that the number of 


fllJn pT’ Jour J ePh y s -’ 6. 661 (1907). M. Ziegler, Thesis (Zurich 1915 ) 
also D. R. Inglis, Phys. Rev., 45, 119 (1934). V ’ 915 ' 


See 
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nearest neighbors of each atom, namely, four, is equal to the ordinary 
valence of carbon. Table XVII contains some data 1 for diamond and 
other valence crystals. Boron is possibly another ideal valence crystal 
since it is also a very hard insulator; however, its structure does not seem 
to be known. 


Substance 


Diamond . 
Graphite. . 


Boron . 
Silicon. 


Germanium . . . 

Gray tin. . . 

Silicon carbide 

Silicon dioxide 
Boron nitride. 


Structure 


Fig. 4 
d = 1.54 A 
Fig. 72 
d = 1.42 


Diamond type 
d = 2.35 
Diamond 
d - 2.43 
Diamond 
d = 2.80 
ZnS type 
d = 1.89, etc. 
See text 
Fig. 72 
d - 1.45 


Cohesive energy, 
kg cal/mol 

Hard- 

ness 

(rela- 

tive) 

Resistivity, 

ohm-cm 

Mag- 
netic 
suscepti- 
bility 
• 10 B 

(170.0 +a)* 

10 

10 u 

-0.50 

(170.49 + a)* 

0.5 

9.5 l 

2 • 10~ 6 at 0°C 
Decreases with 
decreasing 
temperature 

-3.5 

115 


10 18 

-0.7 

85 

7 

8 • 10~ 2 

-0.13 

i 85 


9 • 10“ 2 

-0.10 

i 78.6 

283 

9 


-0.35 

405.7 

7 

10 l * 

-0.45 




0.0 


JLWU UIUOIOUW - - 

to values that differ by about 50 kg eal/mol. 

Many substances may be classified between the valence type and 
one of the other types. For example, silicon, germanium, and gray tin 
crystallize in the diamond structure although they ordinarily have a 
much higher conductivity than diamond. Silicon and germanium may 
also be classified among semi-conductors, whereas gray tm may be 
classified among metals. Similarly, silicon carbide and silicon dioxide 
have some valence properties, such as great hardness, and some ionic 
characteristics, such as the ability to absorb infrared radiation strongly. 

Silicon carbide crystallizes in several different lattice structures, which 
have in common the property that each atom is surrounded by four atoms 
of opnosite type that are situated at the corners of a tetrahedron. One 
iSee, for example, the compiUtimw of Landolt-Bornstem and the International 
Critical Tables. 
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form, for example, corresponds to the zincblende structure of Fig. 60. 
Similarly, silicon dioxide has several crystalline forms. In each of these, 
a silicon atom is surrounded tetrahedrally by four oxygen atoms and each 
oxygen atom is joined to two silicon atoms. 

The most stable solid form of carbon probably is graphite, which 
has a layer lattice structure similar to that of boron nitride, shown ir 
Fig. 72. This substance is not hard in spite of its high cohesive energy 
(cf. Table XVII), presumably because the planes of carbon atoms slide 
easily over one another. Nevertheless, we shall classify graphite among 
the valence compounds since the forces between carbon atoms in the 
planes of graphite are believed to be similar to the forces between carbor 

atoms in diamond. It may be seen 4 from 
Table XVII, that graphite has a large 
conductivity which increases with decreas- 
ing temperature. Since this conductivity 
is electronic, graphite may also be classified 
among metals. 

Let us consider the following two se- 
quences of compounds : 

LiF NaF 
BeO MgO 

• B ON BN AIN. 

Fig. 72. — The lattice of boron T ■» « ji - 

nitride. l n eac h ot these sequences the valences oi 

the electropositive and electronegative 
elements increase by unity as we move down a given column. The 
top members are ideal ionic compounds. The second members 
exhibit ionic conductivity and crystallize in typical ionic structure bui 
are very hard. Boron nitride has the structure shown in Fig. 72 
which is similar to that of graphite, whereas aluminum nitride has the 
wurtzite structure, which is similar to that of diamond. Evidently the 
properties of a compound of light elements become more nearly like 
those of typical valence crystals the nearer the center of the periodic 
chart its constituents lie. This general rule is obeyed by many com- 
pounds of the lighter elements, the principal exceptions being molecule 
compounds. 

In this connection, it may be recalled that the metals arsenic, anti- 
mony, and bismuth crystallize in a layer lattice structure in which the 
number of nearest neighbors of a given atom is equal to the electro- 
negative valency of these elements. This behavior, being analogous tc 
that of ideal valence crystals, indicates that these substances should be 
classified between the metallic and the valence types, 

6. Semi-conductors, a. General Properties . — A number of solids 
have a small electronic conductivity that is negligible at very low tern- 
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peratures and increases with increasing temperature. The experi- 
ments that distinguish this conductivity from ionic conductivity will be 
described in the next section. The electrical properties of these semi- 
conductors are so unique that it is convenient to introduce a separate 
classification for the group, even though it would be possible to place 
them among the other types. It will become apparent that this class 
does not possess the same degree of unity as the other four classes of 
solids. 

Table XVIII contains a list of established semi-conductors and 
several substances that probably are semi-conductors. Most of these 
solids crystallize in the ionic type of structure and were discussed with 
ideal ionic crystals. Carborundum, on the other hand, was previously 
included under valence types. The semi-conducting specimens of most 
monatomic substances, such as silicon and tellurium, are usually impure. 

Table XVIII 
Semi-conductors 
Monatomic Substances 
Si (impure) 

Te 



Halides 

Agl 

Cul 

Oxides 


CuO 

NiO 

Cr 2 Os 

ZnO 

FeO 

Fe 2 03 

BaO 

W0 2 

Fe 3 0 4 

CoO 

U0 2 

CU 2 0 

PbS 

Sulfides and Selenidcs 

Ag 2 S 

CdS 

MoS 2 


Ag 2 Se 


Probable Semi-conductors 


SiC (impure) 

AgaTe 

There are two methods of measuring the conductivities of semi- 
conductors. The first of these, which is used more commonly , 1 consists 
in placing a single crystal or a pressed powder specimen between two 
metal electrodes and measuring its resistance by some ordinary means 
such as a Wheatstone bridge. This direct method has a number of 
advantages; for example, the specimen may be heated or cooled easily, 
and it may be placed in any kind of atmosphere. Its main disadvantage 
is that contact resistance between the electrodes and the specimen, or 

1 Tubandt, op. cit. See also the survey article on semi-conductors by B. Guddcn, 
Ergebnisse exakt. Natur 13 , 223 ( 1934 ). 
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between grannies of the powder, may affect the current-resistance cur 
In some cases, these effects cause an apparent deviation from Ohm’s la 
in other cases, they simply give rise to a spurious value of the conduct 
ity. For these reasons, it is always difficult to be certain that 1 
conductivities obtained by the method actually are constants of 1 
material under investigation. 

An alternative method has been developed and employed by Guddi 
and his coworkers Yolkl and Guillery. They mix a quantity of 1 
powdered semi-conducting material with a nonconducting dielectric, si 
as a heavy oil, and use the mixture as a dielectric medium in a condens 
The electrical conductivity of the semi-conductor is determined from 



Pig. 73. — The ionic conductivity of silver chloride as determined by several meth< 
The values corresponding to the straight and dashed lines and to the crosses were moasu 
by direct means. The values corresponding to the circles and trianglos were measured 
Volkl using the method described in the toxt. 

investigation of the effective resistance of the condenser when it is p 
of a resonating high-frequency circuit. This procedure has the advanti 
that it eliminates contact resistance, for the current simply surges hi 
and forth within the granules during the experiment. The princi 
disadvantages of the method are : (1) It does not allow a very w 
choice of conditions under which measurements may be made. (2) 
does not lead to very accurate results, since the experimental error usua 
is of the order of 10 per cent. 

Results obtained by the two different methods agree in some ca 
and disagree widely in others. Guillery found, for example, that i 
pressed-powder and condenser methods give nearly identical results 
most oxides, but widely different ones for stannic oxide and silicon carbi 

Figure 73 shows the conductivity of silver chloride, which is an io: 
conductor, as determined by a number of workers, 1 2 using different me 
ods (see legend to Fig. 73). In this case, the logarithm of the lc 
temperature conductivity is not linear when plotted as a function 
1/T (cf. Sec. 4). 

1 A VftiiXi., Arm. Physik, 14 , 193 (1932); P. Guillery, ibid., 14 , 216 (1932). 

2 Volkl, op. ait. 
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Figure 74 shows the temperature dependence of the conductivity of 
cuprous oxide 1 as measured by the direct method. The conductivities 
of a number of semi-conductors give linear plots of this type, a fact 
showing that the conductivity varies with temperature in the manner 

E_ 

cr = Ae kT 

where E and A are practically constant for a given specimen. Meyer 2 
has shown that A is about 1 ohm -1 cm -1 for many semi-conductors, 
whereas E varies considerably for different substances and for different 
specimens of the same substance. For example, values of E between 
0.06 and 0.6 ev have been quoted for cuprous oxide. 



ohm-cm. ( After Vogt.) 

b. Methods of Determining the Type of Conductivity. — One or more 
of the following three quantities are commonly measured in trying to 
determine whether or not the conductivity of a substance is electronic : 

1. Transport numbers. 

2. The Hall constant. 

3. The thermoelectric coefficient. 

We shall discuss the guiding principles that are used in each case. 

1. Measurement of transport numbers. — An important characteristic of 
ionic conductivity is that electrolysis accompanies the flow of current, 
since this electrolysis should be absent in a substance the conductivity 
of which is entirely electronic. There is some electrolysis if the con- 
ductivity is partly ionic and partly electronic, but Faraday’s transport 
law should not be valid in this case. Hence, in principle at least, one 
should be able to determine the fraction of electronic current by measur- 

1 W. Vogt, Ann. Physik , 7, 190 (1930). 

2 W. Meyer, Thesis (Berlin, 1936); Z. Physik , 85, 278 (1933). 
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ing the deviation from Faraday's law. Tubandt 1 and his coworkc 
have employed this method of determining semi-conductors with a gr€ 
deal of success. Their procedure varies somewhat from case to case, b 
the underlying principles may be understood by considering the followi 
hypothetical example. 

Suppose it is suspected that a substance of formula MX, in which 
is the metallic constituent and X is the electronegative constituei 
conducts by both positive ions M + and electrons. In this case, Tuban 
would place three pressed-powder or crystalline disks of the material 
series with three disks of a substance MY, which is known to condx 
only by means of M+ ions, and would place these between two electroc 

of the metal M (see Fig. 75). The dig 
adjoining the electrodes and the eli 
trodes are weighed accurately. A ci 
rent then is sent through the system, a 
the total quantity of electricity tl 
passes is measured by means of a cc 
lometer. If there is any electrolysis, i 
disks in contact with the electrodes u£ 
ally become fastened to the electroc 
during this procedure. The electroc 
and the disks attached to them i 
weighed together in order to determine the amount of material lost by i 
anode and gained by the cathode. The positive-ion transport numl 
may then be computed from all these measured quantities. 

Tubandt uses the known ionic conductor MY in the circuit, par 
to check the coulometer measurement and partly to make certain tl 
negative ions do not leave the disk nearest the cathode. Three disks 
each substance are employed in order that one disk may be in conti 
only with chemically similar substances. If the experiment is flawle 
the weight of this disk should not change. A negative transport numl 
can be determined in a similar way by placing three disks of a substai 
NX, which conducts only by negative ions X”, between the anode a 
the three disks of the substance under test. 

In practically all cases, this direct method yields results that ag: 
with those determined by other methods. A set of transport numb 
that Tubandt and other workers have obtained in this way and that i 
generally accepted at the present time are given in Table XIX. 
should be noted that several semi-conductors have a small, but fini 
ionic conductivity. 


Cathode 


Fig. 75. — Arrangement of speci- 
mens and electrodes in measurement 
of transport numbers. In this case 
the specimen MX is a positive-ion 
conductor whose transport number 
is unknown, whereas MY is a 
conductor in which all of the current 
is carried by positive ions. 


1 See footnote 1, p. 56. 
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Tubandt’s procedure seems to lead to incorrect results in the case of 
a silver sulfide, which we shall discuss briefly. In this case, Tubandt 
employed the scheme symbolized by Fig. 75, making the disks MX of 
silver sulfide, the disks MY of silver chloride, and the electrodes of silver. 
Since the a phase is stable only above 180°C, the system was maintained 
at an elevated temperature during the experiment. Tubandt found 
that the silver anode lost as much weight as the cathode gained, and he 
concluded that positive ions carry all of the current. This conclusion 
was contradicted by a large amount of subsequent work that indicated 
that the conductivity is mainly electronic. For example, the conductiv- 
ity of silver sulfide at 180°C is about fifty times larger than that of any 


Table XIX. — Transport Numbers of Semi-conductors 
(vie — electronic transport number; n + = positive-ion transport number) 


Substance 

Temperature, °C 

n 6 

n + 

PbS 

240 

1.00 


a Ag 2 S 

Above 180 

—0.99 

-0.01 

P Ag 2 S 

20 

0.015 

0.985 

P Ag 2 Se 

20 

-1.00 

<0.01 

P Ag 2 Te 

20 

—1 . 00 

<0.01 

7 Cul 

200 

—1.00 

—2.7- lO- 6 


325 

0.50 

0.50 


400 

0.00 

1.00 

Cu 2 0 

800 

—1.00 

—2 • 10~ 4 


1000 

—1.00 

—5 • 10~ 4 


ionic conductor, and the Hall coefficient ( cf . 2 below) is of the magnitude 
ordinarily associated with electronic conductivity. 

At present, this contradiction is explained 1 in the following way. 
It is assumed that most of the conductivity of a silver sulfide is electronic, 
although a very small fraction is ionic. The halogen atoms that are 
released at the boundary between the silver chloride and silver sulfide 
disks by electrolysis of silver chloride reduce some of the sulfide and 
leave an equivalent amount of sulfur. This sulfur in turn reacts with an 
equivalent number of silver atoms that diffuse from the anode through 
the sulfide. This picture has many direct supports. For example, it is 
found that the anode does not lose an equivalent of weight if a very large 
current is passed through the silver sulfide. In this case, the diffusion 
of neutral silver atoms is not rapid enough to change all the liberated 
sulfur to sulfide. 

1 The work on silver sulfide is discussed by C. Wagner, Z. physik. Chem. } B, 21, 
42 (1933); 23, 469 (1933). 
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2. Measurement of the Hall constant . — In 1879, Hall 1 found that i 
emf may be produced across a strip of metal which is carrying a curre 
by placing the strip in a magnetic field. For a cubic crystal, the dire 
tion and magnitude of the induced electrostatic field are given by t 
vector relationship 


E = BJ X H. ( 

Here, E is the electrostatic field vector, J is the current per unit area, 
is the magnetic field intensity, and R is the Hall constant of the materi 
The effect usually is measured by passing a large current I through 
thin strip of thickness t that is placed in the magnetic field in such a w. 
that H is normal to the surface. In this case, the emf Eh is 


In Sec. 37, we shall discuss a simple theory of the Hall effect in whi 
the conductor is treated like a gas of free electrons. The results of tl 
theory may be summarized by saying that they relate the Hall consta 
to the number of electrons per unit volume n and the value of the el( 
tronic charge — e by means of the equation 

Snec 

in which c is the velocity of light. The sign of the charge on the carri< 
is thus the same as the sign of R. Strangely enough, this sign is positi 
for a number of metals, such as zinc and antimony, although th 
conductivity is undoubtedly electronic. The interpretation of tl 
anomaly is one of the striking successes of the zone theory of solids, whi 
will be developed in later chapters. In order of magnitude, the mobilil 
of the current carriers is given by the ratio of the Hall constant to t 
specific resistivity, which, in the vicinity of room temperature, is abc 
100 cm 2 /volt-sec for most metals. These mobilities are about c 
hundred times larger than the mobilities of ions in the best solid io] 
conductors. Incidentally, the Hail effect in ionic conductors is too sm 
to be measured. 


4 E. H. Hall, Am. Jour. Math,, 2, 287 (1879). A survey of early literaturi 
given by L. L. Campbell in Galvanomagnetic and Thermomagnetic Effects , (Longma 
Green & Company, New York, 1923). 

2 The mobility y of a current-carrying particle in a conductor is defined as 
velocity with which the particle moves when placed in a unit electrostatic field. Tl 
the conductivity <r is equal to ney where, as in the equation for the Hall consta 
n is the number of conducting particles per unit volume and e is their charge. 
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Semi-conductors possess a measurable Hall effect, as Baedeker 1 first 
found in 1909, and the mobility of the carriers turns out to be of the same 
magnitude as the mobilities of electrons in metals. At the present 
time, the existence of a measurable Hall effect is accepted as proof that a 
given substance is a semi-conductor. The apparent sign of the charge 
of the current carriers is positive for about as many semi-conductors as 
it is negative. This anomaly is explained by the modern theory of 
solids in the same way as it is explained for metals. 

The sign of the Hall coefficient apparently changes from positive 
to negative in some specimens of cuprous oxide 2 as the temperature is 
raised, being zero at about 500°C. The oxide remains an electronic 
conductor during the transition, however, a fact showing that the 
absence of a Hall effect does not furnish proof that the conductivity is 
ionic. 

3. Measurement of the thermoelectric effect. — A current flows in two 
wires of different metals, which are joined together to form a closed 
circuit, if the two junctions are kept at different temperatures. This 
thermoelectric effect is usually described by giving the emf dE/dT that 
is developed for each degree difference in the temperatures of the junc- 
tions. These thermoelectric coefficients are additive in the sense that the 
value of dE/dT for two metals A and C is equal to the algebraic sum 
of the values for the metals A and B and the metals B and C. Hence, it 
is possible to find the value for any pair of metals if the value of each, 
relative to a standard, is known. 

The thermoelectric effect is observed in semi-conductors but not in 
ionic conductors. For this reason, the effect is used as a test for elec- 
tronic conductivity in the same way that the Hall effect is used. 

c. Factors That Influence the Conductivity. — In addition to tempera- 
ture, there are three factors that strongly influence the conductivity of a 
semi-conductor, namely, its impurity content, the mechanical treatment 
it has received, and the vapor pressures of the gases of its constituent 
atoms that are maintained in the surrounding atmosphere. 

The first two of these influences have not been investigated in a 
systematic way. It is known, however, that different specimens of most 
monatomic semi-conductors, such as silicon, selenium, and tellurium, do 
not have the same conductivity at the same temperature, and it is 
concluded from this fact that impurities play an important role in 
determining the conductivity. Similarly, it is found that the conductiv- 
ity of powders that are prepared from the same material by grinding 
varies with the amount of grinding, and the conclusion is drawn that 

1 K Baedekek, Ann. Physik , 29, 566 (1909); Physik. Z., 13, 1080 (1912). 

2 W. Schottky and F. -Waibel, Physik. Z., 34, 858 (1934). See also Physik. Z., 
36, 912 (1935) for correction in sign. 
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mechanical treatment influences the conductivity. It is possible th 
these phenomena are closely related, that is, that the distribution 
impurity atoms in the semi-conductor may be partly connected with : 
mechanical history. Problems such as these await further investigatic 

A large amount of work has been done on the effect of vapor pressr 
upon the conductivity. These investigations have thrown a great d< 
of light upon the origin of electronic conductivity in many of those sen 
conductors which also may be catalogued under the heading of ioi 
crystals. The classical example of this type of work is Baedeke 
experiment 1 on cuprous iodide, in which it was found that the conducti 

Table XX 

Substances in Which the Conductivity Increases with Increasing Vapor Pressure of 

Electronegative Atom 
Substance Sign of Hall Coefficient 
Cul + 

Cu 2 S 

Cu 2 0 -|- 

NiO 

U0 2 

FeO 

CoO 

Substances in Which the Conductivity Decreases with Increasing Vapor Pressure of 

Electronegative Atom 
Substance Sign of Hall Coefficient 
Ag 2 S — 

ZnO 

CdO 

Substances in Which the Conductivity Is Practically Unchanged with Increasing Va\ 
Pressure of the Electronegative Atom 
CuO 
C03O4 
Fe 3 0.i 
FeaO® 

ity of this substance increases with increasing iodine vapor pressu 
The Hall coefficient, which is positive in this case, decreases at the sai 
time, a fact indicating that the number of conducting particles increa 
with increasing iodine vapor pressure. Similar work 2 has been do 
on the effect of oxygen and sulfur vapor pressure upon the conductivi 
of oxide and sulfide semi-conductors. In some of these cases, the cc 
ductivity increases with increasing pressure of the electronegati 
element, and in others it decreases. Table XX contains a list of si 
stances upon which investigations have been made and summari: 

1 Baedeker, op . dt 

2 A survey of work prior to 1935 is given by B. Gudden, Ergebnisse exakt. Nati 
13, 223 (1934). Additional references may be found in JPhydk. Z., 36, 717 (193 
36,721 (1936). 
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qualitatively the results of this work. Figures 76 and 77 show the 
dependence of conductivity 1 upon vapor pressure in the cases of cuprous 
oxide and cadmium oxide. It may be observed that the conductivity 
is proportional to a power of the oxygen pressure in both these cases. 
This type of relationship occurs commonly. It should be mentioned 
that we have chosen some of the “best” curves that are available in the 



Fia. 76. The dependence of the conductivity of cuprous oxide upon oxygen pressure. 

(After Danwald and Wagner .) 

literature and that all experimenters do not agree precisely upon the 
values of the conductivity of a given substance at a given temperature 
and vapor pressure. 

The vapor pressure of the metallic constituent of a semi-conductor 
usually is not varied in these experiments. Hilsch, Pohl, 2 and their 
coworkers, however, have placed alkali halide crystals in an atmosphere 
of alkali vapor for a long enough period of time to observe changes in 
conductivity . The crystals become colored and exhibit a f eeble electronic 



23 J 
2.2 Logger 
2.1 (700°) 
2.0 


Fig. 77. The dependence of tho conductivity of cadmium oxide upon vapor pressure of 
oxygen. (After Baumbach and Wagner.) 


conductivity at the end of this treatment. This shows that even the 
most ideal ionic crystals may become semi-conductors under suitable 
conditions. 

It should be added that the ionic conductivity of some semi-conduc- 
tors (c/. Table XIX) seems to vary with the pressure of the electro- 


X H. H. v. Baumbach and C. Wagner, Z. physik. Chem., B22, 208 (1933); H. 
DUnwald and C. Wagner, ibid., 22, 214#. (1933). 

•See the survey article by R. Pohl, Proc. Phys. Soc. (Sup.), 49, 3 (1937). 
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negative gas in the same way as the electronic conductivity. F< 
example, Nagel and Wagner 1 have found evidence to support this in tl 
case of cuprous oxide. 

Schottky and Wagner have suggested that there is a correlatic 
between the conductivity of semi-conductors that are sensitive to vap< 
pressure and the amount by which their composition deviates from ide 
stoichiometric proportions. On this basis, they have developed 
theory of semi-conductors that will be presented at appropriate plac 
in the following chapters. 

7. Molecular Crystals.— Of all the five solid types, we shall be lea 
interested in molecular crystals. Since they are loosely bound aggregat 

of saturated atoms or molecule 



many of their properties are dete 
mined primarily by the intern 
molecular structure, rather than 1 
the solid binding, and thus they a 
outside the scope of this book, 
number of substances that for 
molecular crystals are listed in Tat 
XXI. 2 The prototypes of the els 
are the solids of the gaseous elemer 


I I 1 1 1 > o 

0 1 2 3 4 5A 


0—0 h 


Fig. 78. — The iodine lattice. 


and of organic compounds that ha 
low boiling points and low hearts 
sublimation. Several substance 


such as sulfur, selenium, tellurium, phosphorus, and iodine, which s 
transition cases between molecular and valence types, are included 


illustrations. 

The rare gas solids crystallize in the face-centered cubic lattice, 
may be seen in Table XXI. Helium forms a true solid only under 
pressure of at least 25 atmospheres. The structure of this has not be 
determined. 

Hydrogen, nitrogen, and oxygen have several phases which pre 
ably correspond to states in which the diatomic molecules have differc 
relative orientations. All the high-temperature phases apparently i 
close-packed hexagonal structures of the diatomic molecules. 

The solid phases of hydrochloric and hydrobromic acid are fa 
centered cubic lattices of the diatomic molecules above 98° and 110° 
respectively. Below these temperatures the structures arc face-centei 
tetragonal. It is believed that the molecules are more randomly orieni 
in the high-temperature forms than in the low-temperature forms. 


1 See footnote 2, p. 70. 

2 See, for example, the compilations of data by Biehowsky and Rossini, op. < 
and Stmkturberichte. 
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The halogens, chlorine and iodine, have more complex structures in 
which the diatomic molecule behaves as a unit. The lattice of iodine is 
shown in Fig. 78. 

Sulfur forms a lattice in which the units are S 8 molecules that have 
the ring structure shown in Fig. 79. The heat of sublimation relative 
to free S 8 molecules is about 20 kg cal/mol, a fact indicating that there 
are fairly large intermolecular forces. Selenium, tellurium, and phos- 
phorus do not have typical molecular structures. 

The crystals of organic molecules show a strong tendency to crystal- 
lize in simple structures. For example, carbon dioxide and methane 


Table XXL — Data for Molecular Crystals 



Heat of sublimation, 
kg cal/mol 

Structure 

He 

0.052 \ 


Ne 

0.52 J 


A 

1.77 } 

f.c.c. 

Kr 

2.67 \ 


Xe 

3.76 / 


Hs 

2.44 i 

There are several phases in each case. Appar- 

0 2 

1.74 [ 

ently, the high-temperature phases are close- 

n 2 

1.50 ) 

packed hexagonal arrangements of molecules 

HC1 

4.34 ) 

Two phases. The high-temperature phase is f.c.c. 

HBr 

4.79 j- 

—the low-temperature, face-centered tetrag- 


) 

onal 

Cl 2 

6.0 

Similar to Fig. 78 

I2 

18.9 

See Fig. 78 

s 8 

20 

Lattice of Sg molecules (see Fig. 79) 

Se 

f £ 

Complex structures similar to those of arsenic, 

Te 

25 i 

antimony, and bismuth 

P 

17.7 

Complex valencclike structure 

nh 3 

6.29 

Slightly distorted f.c.c. lattice 

C0 2 

8.24 

Same as pyrites (Fig. 64) 

CH4 

2.40 

f.c.c. lattice 


form face-centered cubic lattices of the constituent molecules. The 
ammonia lattice is very nearly the same, the difference being that the 
atoms at cube-corner and face-centered positions are slightly displaced 
relative to one another. This tendency toward comparatively simple 
arrangements extends even to very large molecules. 
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Practically all molecular crystals are diamagnetic. This is in acco 
with the fact that the constituent molecules, being saturated, have i 
resultant spin. Oxygen is an exception, since the normal state of t! 
molecule is triplet. Solid oxygen is strongly paramagnetic. 

The specific-heat curves of many molecular crystals have large peal 
The typical cases of methane 1 and hydi 
chloric 2 acid are shown in Figs. 80 and 81. 
is believed that these peaks are associated wi 
changes in degree of molecular orientation. 

8. The Transition between the Solid Typ< 
Figure 82 represents an attempt to show t 
interrelation of the solid types. The meti 
are at the left, the two main classifications 
these being monatomic metals and alio: 
There is necessarily an abrupt transition 1 
tween these two classes. Valence and ioi 
types stand next to the right and are in one-i 
one correspondence with the monaton 
metals and the alloys. The poorly conducting metals, such as bismui 
are transition cases between the ideal monatomic metals and t 
monatomic valence crystals diamond and boron. Similarly, all 



Fig. 79. — The unit ring 
molecule of sulfur. ( After 
Warren.) 
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Fig. 80. — The specific heat of methane, showing the large peak at 20.4°K. The ordini 
are cal/deg-mol. ( After Clusius and Perlick.) 


systems which have narrow phase boundaries, such as the antimoi 
magnesium system, are transition substances between alloys £ 
ionic crystals. In the same way, valence crystals, such as qua 

l K. Cltjsius and A. Perlick, Z. physib. Chem ., 24 , 313 (1924). 

a A. Etjckbn and C. Kabwat, Z . physik. Chem., 112, 467 (1924). W, F. Giau< 
and R. Wibbb, Jour. Am. Chem. Soc. r 50, 2193 (1928); 61, 1441 (1929). 
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and carborundum, that have strong polar characteristics should be 
classed between ideal valence and ionic types. The molecular crystals 
are on the far right. The transition cases between these and valence 
and ionic crystals are substances such as sulfur and titanium oxide 


25 

20 


10 

5 

0 

Fig. 81 —The specific-heat curve of hydrogen chloride. The ordinates are cal/deg-mol. 
{After Giauque and Wiebe , and Eucken and Karwat.) 
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Fig. 82. — The interrelation of the solid types. 


or pyrites, respectively, which are bound more tightly than molecular 
crystals but which show molecular coordination between atoms. 

The several different types of semi-conductor cannot be fitted into 
this chart as a unit. Stoichiometrical defect or excess semi-conductors, 
such as zinc oxide, may be classed as ionic crystals. On the other hand, 
impurity semi-conductors, such as selenium, are transition solids between 
valence and molecular types that contain foreign atoms. 





CHAPTER II 

THE CLASSICAL THEORY OF IONIC CRYSTALS 


9. Introduction. — The foundations of the classical theory of ioi 
crystals were laid about a quarter of a century ago by Madelung 1 a 
Born. 2 The basic concept of the theory is that the constituents of ioi 
crystals are positively charged metal atom ions and negatively charg 
electronegative atom ions. It is assumed that these ions are spherica 
sy mm etrical and that they interact with each other according to sim] 
central force laws. The main interaction, according to the theory, 
the or dinar y electrostatic, or coulomb, force between the ions, whi 
accounts for the large cohesive energies of the crystals. The elect 
static forces, which tend to contract the dimensions of the crystal, t 
balanced by repulsive forces which, from the classical viewpoint, ht 
uncertain origin and which vary much more rapidly with intcrio 
distance than do the coulomb forces between charges. Additional int 
actions are considered in the process of refinement and will be discus? 
later. 

The repulsive term usually is chosen as a function of interionic c 
tance that contains two adjustable parameters which arc usually det 
mined empirically by making the expression for the total energy sati 
the following two relations : 



Here E is the energy of the crystal, V is its volume, and /3 is its comprei 
bility. 3 These equations evidently express the conditions that 
crystal should be at equilibrium under all forces and that the theoreti 
compressibility should be equal to the observed value. 

As we shall see, the theory is remarkably successful in correlat 
many of the properties of ionic crystals. From a historical point 
view, it may be said to form the basis for a quantitative understand 

1 E. Madboung, Gott. Nach., 100 (1909), 43 (1910); Phydk. Z., 11, 898 (1910 
* A survey of Bom's work may bo found in the Handbuch der Physik, Vol. XXP 
a The compressibility is defined by the relation 


1 SdV\ 


Since p = —dE/dV } it follows that \/V$ — d t E/dV i . 

76 
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of all solids, since it helped to distinguish between those facts which 
can be understood in terms of classical theory and those which cannot. 
We shall consider the theory here partly for this reason, and partly for 
the reason that the mathematical technique employed in it is of great 
value m more modern developments. B 

• ™ f al ! D0W dlscuss in detail the various interaction terms employed 

in the classical theory. These will be considered under three headings: 

(1) electrostatic interaction, (2) repulsive interaction, and (3) multinole 
interaction. * 

10 Electrostatic Interaction Energy.-It is assumed in the classical 
ionic theory that the ions have charges corresponding to their normal 
chemical vaience. Thus, sodium ions and chlorine ions in sodium 
chloride have, respectively, one electronic unit of positive and of negative 
charge, whereas magnesium ions and oxygen ions in magnesium oxide 
ave two electronic units of positive and negative charge. According to 
electrostatic theory, the interaction energy of two nonoverlapping 
spherically symmetric charge distributions is 


r i2 


a) 

where e, and e 2 are the total charges on the distributions and r 12 is the 
distance between their centers. Similarly, the total electrostatic energy 
of n such charges of magnitude e t (i = 1, ■ • • , n ) is 


E, 


_ 'K’Cif,- 

I r« 


(2) 


in which the summation extends over all pairs of charges, each pair being 
considered once. This also may be written in the form 


E, 


-S-’ 


r« 


(3) 


where the summation is now a double sum over all charges and the super- 
script prime indicates that the cases i = j are to be excluded. This 
convention will bo used throughout this volume. 

A detailed discussionofEwald’s* method of evaluating sums of type (31 

for charges that are distributed in crystalline: array may be found in the 

SoSr ‘T°? M0W ' F ° r “I « 

7 d , C ’ ““a BUlfide ' “ ld ™ ® u °Sde, and aluminum 
oxide, the results may always be expressed in the simple form 


B. = -N a A^jZ- 


( 4 ) 


1 P. P. Ewald. Thesis (Munich, 1912); see also footnote 2, p. 76. 
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Here, E g is the energy per mol; e+ and e_ are the absolute values of 1 
charges on the positive and negative ions, respectively; I is one of i 
characteristic crystal dimensions, such as the length of the cube edge, 
cubic crystals, or the cation-anion distance; Na is the Avogadro numb 
and Ai is the Madelung constant, which is characteristic of the type 
crystal structure and is independent of the dimensions of the latti 
The n um erical value of the Madelung constant evidently depends on 1 
nature of the parameter l and on the units of charge, length, and enei 
that are used. Values of Ai are quoted in Table XXII for the types 
ionic crystals that were discussed in Sec. 4. These values are given 
three different choices of l' (1) when l is the closest cation-anion distal 
r 0 ; (2) when l is the cube root of the molecular volume 5 0 ; (3) when 
the length Oo of the cube edge. The last case is significant only for cu 
crystals. 

Table XXII. — Madelung Constants for Some Typical Ionic Crystals 
(The values in the three columns correspond to three different choices of lat 
parameter: 

r Q cation-anion distance 

5 0 cube root of molecular volume 

a 0 cube-edge length in cubic crystals.) 



n 


Aa 0 


1.7476 

2.2018 

3.40 

n^piiiTn oliloride 

1.7627 

2.0354 

2.03 

Zinohlfindfc (ZnS) 

1.6381 

2.3831 

3.78 

Wiirhzitpf 

1.641 

2.386 


Fluorite (C&FO 

5.0388 

7.3306 

11.63 

Cuprite (CuOjj) 

4.1155 

6.5436 

9.50 

Rutile (TiOa) 

4.816 

7.70 


Anatase (TiOa) 

4.800 

8.04 


Corundum (Al20a) 

25.0312 

45.825 





It follows from Eq. (2) that the zero of energy is chosen in such a a 
that E e vanishes when the ions are infinitely separated. Thus, 
standard state is one of free ions. In the case of the alkali halides, - 
is about 10 per cent larger than the observed values of the cohes 
energies U , referred to this standard state. For example, we hav< 
the cases of sodium and cesium chloride 



-E«, kg 
cal /mol 

U (obs.) 

XaCl 

205 

182.8 

CsCl 

164 

155.1 
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According to the classical picture, the energy associated with repulsive 
forces should account for the difference. 

11. The Repulsive Term. The repulsive force between ions is very 
small until the ions come into contact, whereupon it increases more 
rapidly than the electrostatic force. Two different forms of the repulsive 
interaction term have been considered in the course of the development 
of the theory. The first, which has no independent foundation, was 
introduced long before the advent of modern quantum theory; the 
second was introduced as a result of quantum theoretical treatments of 
ionic interaction. We shall now discuss both of these terms. 

a. The h/r n Interaction. In his earlier work on ionic crystals, Born 1 
assumed that the repulsive forces between ions gave rise to an inter- 
action energy of the type 



for the entire crystal. Here, b and n are constants and r is the distance 
between nearest unlike ions. If we assume that only nearest neighboring 
ions contribute to (1), this term implies that ions repel each other with a 
central force that varies as l/r n+l . 

In addition, Born assumed that the total energy of the crystal is 
simply the sum of the term (1) and an electrostatic term of the type (5) 
of the previous section. He then determined n and b by use of Eqs. (1) 
of the preceding section. We shall let E designate the energy of a 
mol of substance and shall express the molar volume V in terms of r by 
means of the equation 


V = N A ar 3 (2) 

in which a is a constant that is characteristic of the type of lattice. Thus, 
the first two derivatives of E with respect to V are 


dE _ 1 dE 

dV 3 N A ar*dr’ $) 

d~E 1 if i dE\ 

dV i 9iV|aV 2 dr\r 2 dr ) W 

Combining Eq. (1) with Eq. (4) of the previous section and solving 
(1) of Sec. 9 for b and n wdth the aid of Eqs. (3) and (4), we obtain 


, N A A ra e+.e- , . 

1 = n rS ’ 

n = 1 + - a > 

— /\-ra 


(5) 

(6) 


1 See footnote 2, p. 76. 
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B = -MM:/ 1 _ A ( 

ro \ nf 

The values of n that are determined from Eq. (6) by use of experimen 
values of ft generally lie in the vicinity of 9. They are somewhat smal 

Table XXIII. — Values of n Derived from Compressibility Measuremej 


Substance 

n 

LiF 

5.9 

LiCl 

8.0 

LiBr 

8.7 

NaCl 

9.1 

NaBr 

9.5 


Table XXIV. — Theoretical Energies of Alkali Halide Crystals Determin 
by Use of the b/r n Repulsive Potential 


Salt 

n 

U (calc.), 
kg cal/mol 

V (exp.), 
kg cal/mol 

Affinity, 
kg cal/mol 

LiF 

6.0 

240.1 


100.1 

NaF 

7.0 

215.0 


96.7 

KF 

8.0 

190.4 


95.3 

RbF 

8.5 

181.8 


98.0 

CsF 

9.5 

172.8 


98.8 

LiCl 

7.0 

193.3 

198.1 


NaCl 

8.0 

180.4 

182.8 


KC1 

9.0 

164.4 

164.4 


RbCl 

9.5 

158.9 

160.5 


CsCl 

10.5 

148.9 

155.1 


LiBr 

7.5 

183.1 

189.3 


NaBr 

8.5 

171.7 

173.3 


KBr 

9.5 

157.8 

156.2 


RbBr 

10.0 

152.5 

153.3 


CsBr 

11.0 

143.5 

148.6 


Lil 

8.5 

170.7 

181.1 


Nal 

9.5 

160.8 

166.4 


KI 

10.5 

149.0 

151.5 


Rbl 

11.0 

144.2 

149.0 


Csl 

12.0 

136.1 

145.3 



than 9 for salts involving light ions and somewhat larger for salts invo 
ing heavy ions. Table XXIII contains several values that Slat 
derived, using compressibilities that he obtained from his own measu 
ments by extrapolation to absolute zero of temperature. 


1 J. C. Slater, Phys. Rev., 23, 488 (1924). 
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Various workers have employed values of n that differ slightly from 
those derived from compressibilities. Thus, Lennard-Jones 1 has deter- 
mined values from an investigation of the equation of state of rare gases, 
and Pauling 2 has used values obtained by rules that he derived from an 
approximate theoretical treatment of the interaction of closed-shell 
electronic configurations. It is clear from Eq. (7) that a change of n by 
unity affects E by 1 or 2 per cent. Since the various choices of n for a 
given substance differ by no more than 1, their differences are of minor 
consequence as far as the total energy is concerned. 

Table XXIV contains a list of observed and calculated values of 
cohesive energies of alkali halide crystals. The theoretical values, which 

Table XXV. — Theoretical Energies of Oxides, Sulfides, and Selenides 
Determined by Use of the b/r n Repulsive Potential 

(The electron affinities of 0, S, and So have not been determined by direct experi- 
ment. The Inst column lists the values of these affinities which must be assumed if 
the calculated and observed results arc to agree.) 


Salt 

- . . 

n 

U (calc.), 
kg cal /mol 

Affinity, 
kg cal /mol 

MgO 

7.0 

940. ] 

-175 

CaO 

8.0 

842.1 

-171 

SrO 

8.5 

790.9 

-160 

BaO 

9.5 

747.0 

-157 

MgS 

8.0 

778.3 

- 72 

CaS 

9.0 

721.8 

- 71 

SrS 

9.5 

687.2 

- 77 

BaS 

10.5 

655.9 

- 80 

CaSe 

9.5 

698.8 

- 94 

SrSe 

10.0 

667.1 

- 92 

BaSc 

11.0 

637.1 

- 97 


were computed by Sherman, 3 include small corrections that allow them 
to be compared with room-temperature experimental values. Sherman 
used the values of n appearing in the second column that were determined 
by use of Pauling's rules. As we mentioned in the preceding paragraph, 
these differ only slightly from those of Table XXIII. Experimental 
values for the fluorides are not listed because the electron affinity of 
fluorine is not known. The last column, however, contains a list of 

1 J. E. Lennard-Jones, Proc. Roy. Soc., 106 , 441, 463, 709 (1924); 109 , 476 (1925); 
109 , 584 (1925). 

2 L. Pauling, Proc. Roy. Soc. f 114 , 181 (1927); Jour. Am. Chem. Soc 49,765 
(1927); Z. Krist., 67 , 377 (1928). 

3 J. Sherman, Chem. Rev., 11 , 93 (1932). 
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electron a ffini ties of fluorine that must be assumed in order to make t 
calculated and observed values agree. A similar compilation for seve: 
oxides, sulfides, and selenides is given in Table XXV. It should 
noted that the values of affinities that must be assumed are negative 
these cases. 

Sherman used a set of affinities of negative ions that he derived fr< 
comparisons of theoretical and experimental cohesive energies of alk 
halides and alkaline earth oxides, sulfides, and selenides in order to co: 
pare observed and computed energies of a number of other halid 
oxides, sulfides, and selenides. Some of these cases are listed in Tal 
XXVI. The agreement is very good for ideal ionic substances and 
poor for substances such as cupric oxide. 

_r 

b. The ae p Interaction . — Investigations of interionic forces tl 
have been carried out on the basis of quantum mechanics and that v 
be discussed in Chap. VII indicate that a repulsive term of the t^ 
b/r n cannot be rigorously correct, although it may be a fair approximati 
for a short range of r. Born and Mayer 1 attempted to bring the ol( 
theory more nearly into accord with the quantum mechanical results 
modifying it in two important ways: (1) They replaced the repulsi 
term (1) by an exponential expression of the type 

_r_ 

e(r) = ae fi 

for the repulsive interaction of pairs of ions, in which a and p are c< 
stants. (2) They added another attractive term which is known as 1 
van der Waals interaction. Mayer 2 subsequently modified this te 
and added another, as will be seen in the next section. 

Born and Mayer found that they could take p in Eq. (8) "as 0.345 X 1< 
cm for all types of ion if they determined a from the equation 

a = b( 1 + 

Here, b is another fixed constant, Zi and 2 ,* are the valences of two int 
acting ions, rii and n,- are the numbers of valence electrons in the ou 
shells of the ions, and and r 7 are the ionic radii. The valences h£ 
negative signs for electronegative ions, n is equal to 8 for all simple i( 
except those which are isoelectronic with lithium, in which case n is 
Bom and Mayer used the ionic radii given in Table XXXII (page 9 

1 M. Born and J. E. Maybe, Z. Physik , 76, 1 (1932); see paper following 1 
as well. 

a J. E. Mayer, Jour. Che?n. Phys. } 1, 270 (1933); see also J. E. Mayer and M. 
Mayer, Phys . Rev., 43 , 605 (1933), 
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which were derived by Goldschmidt in the manner described in Sec. 14. 
Although Eq. (9) has some theoretical justification, its chief merit lies 

Table XXVI.— Experimental and Theoretical Cohesive Energies op Hat.ttvp.p 
Oxides, Sulfides, and Selenides Determined bt Use op the &/r” Repulsive 

Potential 

(The experimental values are referred to a standard state of free ions They 
involve the following electron affinities, obtained by Sherman in the manner described 
in the text: 

F 98.5 kg cal /mol 0 -168 kg cal/mol 

Cl 92.5 kg cal/mol S - 79 . 4 kg cal/mol 

Br 87 . 1 kg cal/mol Se -97 kg cal/mol 

I 79.2 kg cal/mol 

The theoretical values are determined from the Bom theory by use of the values of n 
which appear in the third column.) 


Substance 

Structure 

n 

V (exp.), 
kg cal/mol 

U (theor.), 
kg cal/mol 

Difference, 
kg cal/mol 

AgF 

NaCl 

8.5 

223.0 

207.9 

15 1 

MgF 2 

Rutile 

7.0 

688.3 

696.8 

- 8 5 

CaF 2 

Fluorite 

8.0 

618.0 

617.7 

+ 03 

NiF 2 

Rutile 

8.0 

713.2 

697.1 

16.1 

CuCl 

Zincblcnde 

9.0 

226.3 

206.1 

20 2 

AgCl 

NaCl 

9.5 

207.3 

187.3 

20 0 

T1C1 

CsCl 

10.5 

170.9 

159.3 

11.6 

Li 2 0 

Fluorite 

6.0 

693 

695 

- 2 

Cu 2 0 

Cuprite 

8.0 

788 

682 

106 

Ag 2 0 

Cuprite 

8.5 

715 

585 

130 

NiO 

NaCl 

8.0 

966 

968 

- 2 

ZnO 

Wurtzite 

8.0 

972 

977 

- 5 

Pb0 2 

Rutile 

9.5 

2,831 

2,620 

—211 

A1 2 0, 

Corundum 

7.0 

3,617 

3,708 

- 91 

Na 2 S 

Fluorite 

8.0 

524 

516 

8 

Cu 2 S 

Fluorite 

9.0 

683 

612 

71 

ZnS 

Wurtzite 

9.0 

851 

816 

35 

ZnS 

Sphalerite 

9.0 

851 

819 

32 

PbS 

NaCl 

10.5 

731 

705 

26 

ZnSe 

Sphalerite 

9.5 

845 

790 

55 

PbSe 

NaCl 

11.0 

735 

684 

51 

Cu 2 Se 

Fluorite 

9.5 

685 

599 

86 


in the fact that it leads to a good correlation between observed and 
calculated results without additional assumptions. 

As an illustrative example, let us consider a crystal that contains two 
types of ion, each of which is surrounded by M like ions and M' unlike 
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ions. If we consider only nearest like and unlike neighbors, the tot 
repulsive interaction energy per mol is 

r n 4- ra — r tit// 2 ri 2rz\ _aV"| 

Er = N A b \MCne > +^-[C 11 e* + C 22 e>)e 'J (1 

where C i 2| Cu, and C 22 are appropriate values of the quanti 
[1 + (zi/m) + (zj/ni)] in Eq. (9), r is the distance between like ions, a] 
a'r- is the distance between unlike ones. If we desire to use an approxiir 
tion corresponding to that of part (a), we should add the electrostatic tei 
to this and apply Eqs. (1) of Sec. 9 to the sum. Instead, Born a: 
Mayer included two additional terms which we shall discuss befc 
proceeding further. 

12. The Multipole Interactions and the Zero -point Energy, a. V 

der Waals Terms . — It may be concluded 1 from the existence of solid a 
liquid phases of the rare gases that the constituent atoms have a sm 
but finite attraction for one another. London investigated this attr* 
tion on the basis of quantum mechanics and was able to derive a aim] 
approximate expression for the interaction energy. We shall use i 
results here and discuss the derivation in Sec. 58. It turns out that a 
two atoms or ions have, in addition to the terms of the type discussed 
Secs. 10 and 11, an attractive energy term of the approximate form. 

3 h v\v 2 

e v = — Tj-g * j a iai2 1 

2 r 6 v\ -f- v 2 

where v± and v 2 are the series limit frequencies of the discrete spec 
of the two atoms or ions, and ol\ and a 2 are their polarizabilities. Mi 
accurate expressions have been developed for particular cases, but t 
expression is very useful for a general discussion. It will be shown 
Sec. 58 that this attraction is connected with a synchronization of 1 
motion of the electrons in the two atoms or ions. 

The total van der Waals energy for a lattice of the same type as tl 
which we considered in deriving Eq. (10) of the preceding section is 

T7T ^ n C ^22 

H v o v c I12 1 2 

where a 12} an, and a 22 are, respectively, the coefficients of 1/r 6 in Eq. 
for the positive-negative, positive-positive, and negative-negative 
pairs. S v and S' v are, respectively, the sums over all unlike and like ii 
of 1/R\ where Ri is the distance between a given ion and the zth ion i 
lattice in which r 0 = 1. Numerical values of these rapidly converg 
sums are given in Table XXVII for several types of structure. 


1 Lennard- Jones, op. oil. 
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In their original work, Born and Mayer evaluated the a that occur 
in (2) by means of London's equation (1), using values of a and v that 
were determined from data on free ions. The results represent only 
about 1 per cent of the total energy and do not appreciably affect the 
order of magnitude of agreement between theoretical and experimental 


Table XXVII. — Coefficients for the van der Waals and for the Dipole- 

QUADRUPOLE ENERGIES 


Lattice type 

s„ 

s: 

Sm 

S'm 

Sodium chloride 

6.5952 

8.7088 

4.354 

1.8067 

3 . 5445 
0.762 

6 . 1457 
8.2007 
4.104 

0.8002 

2.1476 

0.253 

Cesium chloride 

Zincblende 



values. These terms, however, are of considerable importance in 
determining the relative stability of two different lattice types, for they 
are comparable with the difference in energy of possible modifications. 
From a study of allotropy, Mayer 1 concluded that the a and v values 
for free ions, when used in Eq. (1), do not account for the fact that CsCl, 
CsBr and Csl form simple cubic lattices instead of face-centered ones. 
He proposed that “better” values of these quantities should be deter- 
mined from measurements of the optical properties of crystals by a 
method which we shall describe in Sec. 150. These values nearly double 

Table XXVIII. Comparison of Values of the Constant C Appearing in the 
Dipole-dipole Term for the van der Waals Energy C/r 0 
(In 10"°° erg-cm 0 ) 



Atomic data 

Mayer’s method 

LiF 

6 

18 

LiBr 

102 

183 

NaCl 

100 

180 

Nal 

247 

482 

RbCi 

384 

691 

CsBr 

1,258 

2,070 


the van der Waals energy. Table XXVIII contains several values 
of the coefficient of 1/r 6 that were determined by using the two types of 
data. . We shall employ the energies given by Mayer’s method in the 
following sections of this chapter. It should be emphasized, however, 
that in doing so we are departing somewhat from the original concepts 
of the ionic theory. It probably is true that the treatment of ionic 
crystals that would reproduce Mayer’s values of a and v from the funda- 

1 J. E. Mayer, Jour. Chem. Phys., 1 , 270 (1933); 1 , 327 (1933). 
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mental equations of quantum mechanics would not substantiate 
details of the classical picture. 

6. The Dipole-quadrupole Term . — The energy term (2), which var 
with the inverse sixth power of the distance, actually is the first te] 
in an infinite series of terms that successively decrease in importan 
The next term, which was first investigated by Margenau, 1 varies 
1/r 8 and usually is about one-tenth as large as the van der Waals te] 
at the observed interionic distance. We shall discuss the derivati 
of an expression for this interaction that is analogous to the derivation 
(1) in Sec. 58. For present purposes, it is sufficient to point out that t 
contribution to the total energy of the crystal from this term is 

I. - 

in which the d are analogous to the a in Eq. (2) and Sm and S' M are su: 
of 1 /R s analogous to the sums in Eq. (2). Table XXVII contains vali 
of Sm for several types of crystal. We shall use values of d that wi 
derived by Mayer from empirical measurements [see part (a) of t 
section]. 

The energy term (3) is called the dipole-quadrupole interacti 
because it may be interpreted as arising from the interaction of a dip< 
moment on one atom with a quadrupole moment on the other. For 1 
same reason, the van der Waals term is sometimes called the dipc 
dipole term. The next term in the sequence, which varies as 1/r 10 , 
called the quadrupole-quadrupole term and is negligible in all cases 
which we are interested. 

c. Zero-point Energy . — The mechanical motion of the atoms or ic 
in a crystal containing N atoms may be treated as though the crys 
were an assembly of 3 N oscillators of various frequencies (cjf. Sec. 2 
According to quantum mechanics, an oscillator of frequency v retains 
energy of hvj 2 at the absolute zero of temperature, which must 
included along with the other energy terms when a comparison of expc 
mental and theoretical cohesive energies is made. For present purpos 
it is sufficiently accurate to use the Debye theory, according to whi 
the frequencies are distributed between zero and a maximum v m in 1 
manner described by the density function 



Here, f(v)dv is the number of oscillators having frequencies in the rar 
from v to v + dv. Thus, the total zero-point energy is 

1 H. Maegenau, Phys. Rev., 38, 747 (1931). See also Rev. Modern Phys 13 
(1939). 
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and the energy per mol of a diatomic crystal is 


9 

Ehv = Nj^hv m . (6) 

The maximum frequency may be estimated to a sufficient degree of 
accuracy by using infrared absorption data, since the zero-point energy 
actually is small. 

Following Mayer, we shall assume that the total energy of the crystal 
at absolute zero of temperature is given by the sum of the terms (2), 
(3), (6) of this section and Eqs. (4) and (10) of Secs. 10 and 11, respec- 
tively. This sum is 


& - + f (C j ,%■ + cjy,,-?] _ 

r{ ,s>l * + a j *** - jsf&A, + s’ Jn i in j + (7) 

If we eliminate b by means of the first of Eqs. (1) of Sec. 9, we obtain 
Et = nJ -A t ~ + (1 - k)E-(Ar,~ + - -.--A- 

L To r 0 \ r D T T rj/ rj} r % + 


where 



W - + ^ e Q-o +1 - a ')? 

2 MCu + a'M'Cn(l + '7 

C = S u a l2 + S' pE+ 

D = S M d l2 + S',,— ± di2 , 


and 5 is the difference of the ionic radii. The parameter p may be 
determined from E t by means of the second of Eqs. (1), Sec. 9. Born 
and Mayer actually employed a slightly modified form of this equation 
which allowed them to use room-temperature values of j3. 

. Ta Me XXIX contains a compilation of the values of the five con- 
stituent terms of E t for a number of halides. In addition, the sum of 
these terms is compared with the energies computed by Sherman ( cf . 
Sec. 11). Born and Mayer did not use the dipole-quadrupole term Em 
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and the empirical van der Waals term when they derived the valui 
of the repulsive term for the alkali halides that appear in this tabl 
They completely neglected the first term and used a smaller value fi 
the second (cf. part 6, Sec. 11). We have subsequently added the E 
and empirical E v terms, but we have not corrected for the change thi 
this induces in the repulsive term. This change is practically negligib 
as long as we are interested only in a comparison of E t with Sherman 
values. 


Table XXIX. — Contributions to the Cohesive Energies of the Alkali Halid 
as Given by the Born- Mayer Equation 
(In kg cal /mol) 



Madel- 

ung 

Repul- 

sive 

Dipole- 

dipole 

Dipole- 

quad- 

rupole 

Zero 

point 

Total 

Sherma 

LiF 

285.5 

-44.1 

3.9 

0.6 

-3.9 

242.0 

240.1 

LiCl 

223.5 

-26.8 

5.8 

0.1 

-2.4 

200.2 

193.3 

LiBr 

207.8 

-22.5 

5.9 

0.1 

-1.6 

189.7 

183.1 

Lil 

188.8 

-18.3 

6.8 

0.1 

-1.2 

176.2 

170.7 

NaF 

248.1 

-35.3 

4.5 

0.1 

-2.9 

214.5 

215.0 

NaCl 

204.3 

-23.5 

5.2 

0.1 

-1.7 

184.4 

180.4 

NaBr 

192,9 

-20.6 

5.5 

0.1 

-1.4 

176.5 

171.7 

Nal 

178.0 

-17.1 

6.3 

0.1 

-1.2 

166.1 

160.8 

KF 

215.1 

-28.1 

6.9 

0.1 

-2.2 

191.8 

190.4 

KC1 

183.2 

-21.5' 

7.1 

0.1 

-1.4 

167.5 

164.4 

KBr 

174.5 

-18.6 

6.9 

0.1 

-1.2 

161.7 

157.8 

KI 

162.8 

-15.9 

7.1 

0.1 

-1.0 

153.1 

149.0 

RbF 

203.8 

-26.2 

7.9 

0.1 

-1.4 

184.2 

181.8 

RbCl 

175.8 

-19.9 

7.9 

0.1 

-1.2 

162.7 

158.9 

RbBr 

167.2 

-17.6 

7.9 

0.1 

-0.9 

156.7 

152.5 

Rbl 

156.5 

-15.4 

7.9 

0.1 

-0.7 

148.4 

144.2 

CsF 

191.1 

-23.9 

9.7 

0.1 

-1.2 

175.8 

172.8 

CsCl 

162.5 

-17.7 

11.7 

0.1 

-1.0 

155.6 

148.9 

CsBr 

155.8 

— 16.4 

11.4 

0.1 

-0.9 

150.0 

143.5 

Csl 

146.8 

-14.6 

11.1 

0.1 

-0.7 

142.7 

136.1 


In computing the energy of the alkaline earth oxides and sulfides t 
means of Eq. (8), Mayer and Maltbie 1 used the mean of the values of 
that were determined from the alkali halides. They estimated the vf 
der Waals term from London’s formula and omitted the dipole-quadr 
pole term. The results of this work are given in Table XXX and mi 

1 J. E. Mayer and M. MoC. Maltbie, Z. Physik, 76 , 748 (1932). 
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be compared with Sherman’s values in Table XXV. The affinities of 
oxygen and sulfur, determined from these newer computations, show a 
wider spread than those determined by Sherman. 


Table XXX. Crystal Energies Derived from the Born-Mayer Equation 


Substance 

Structure 

—E l , kg cal/mol 

Affinity, kg cal/mol 

MgO 

NaCl 

939 

-190 

CaO 

NaCl 

831 

-165 

SrO 

NaCl 

766 

-144 

BaO 

NaCl 

727 

-147 

MgS 

NaCl 

800 

- 98 

CaS 

NaCl 

737 

-102 

SrS 

NaCl 

686 

- 85 

BaS 

NaCl 

647 

- 83 


Bleick 1 has determined the lattice energy of the ammonium halides 
by the use of the Born-Mayer equation, treating the ammonium radical 
ion NH 4 + as though it were a centrally symmetric unit. He obtained good 
agreement with measured cohesive energies in this way. 

13. The Relative Stability of Different Lattice Types. — One of the 
important problems of crystal physics is that of determining the relative 
stability of different types of structure. This problem has a simple 
formal answer if questions of unstable equilibrium are neglected, for the 
stable lattice is that which has the lowest free energy. Unfortunately, 
the differences in free energies of different possible modifications may be 
extremely small; indeed, they arc often loss than the computational 
accuracy of the free energies. This fact is usually true, for example, of 
the differences in free energy of the four characteristic typos of ionic 
structure (cf. Sec. 4). The free energies of different structures often arc 
computed and compared in spite of this, the hope in such cases being that 
the computational errors lie in the same direction in each instance and 
cancel., 1 

Mayer, 2 and Mayer and Levy, 3 using the Born-Mayer equation, have 
examined the relative stability of several halides in each of the structures 
listed in Table XXXI. They made no attempt to include temperature 
dependence, and so their discussion is valid only for the absolute zero 
of temperature. As they changed from the observed lattice type to a 
hypothetical one, they evaluated the differences of each of the constituent 
energy terms in Eq. (7) of Sec. 12, keeping r 0 fixed and equal to the 

1 W. E. Bleick, Jour. Chem. Phys., 2, 160 (1934). 

8 J. E. Mayer, Jour. Chem. Phys., 1 , 270 (1933); 1 , 327 (1933). 

3 J. E, Mayer and R. B. Levy, Jour. Chem. Phys., 1, 647 (1933). 
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value for the observed stable lattice. They then added to the sum < 
these terms the change in energy of the hypothetical lattice as its inte 
ionic parameter changed from ro to the observed equilibrium value n 
This second term is equal to 

(* 2 K\ in - 

V dr 2 Jr^ ' 2 

where E\ is the energy of the hypothetical lattice. The zero-point energ 
was assumed to be the same for the different modifications. Table XX3 
contains a list of the differences of the energy for the parameter ro, tl 
correction for change in density, and the sum of these two quantitie 
The sum would always be positive if the results agreed with experimen 


Table XXXI. — The Relative Energies or Different Lattice Types f< 

Several Halides 

(The first four columns of numbers are the changes in each of the contributio: 
to the energy when the nearest-neighbor distance is held constant. The fifth colun 
is the energy change 5 E obtained when the lattice expands or contracts to the tn 
equilibrium distance. In kg cal /mol) 



Stable lattice 

Hypothetical 

lattice 

Change for fixed ro 

8JS 

Model- 

ling 

Dipole- 

dipole 

Dipole- 

quadru- 

pole 

Repul- 

sive 

AgF 

Sodium chloride 

Zincblende 

+ 14.7 

+ 7.9 

+ 1.3 

-13.7 

-1.9 

AgCl 

Sodium chloride 

Zincblende 

+ 13.0 

+ 9.7 

+ 1.9 

-13.8 

-1.9 

AgBr 

Sodium chloride 

Zincblende 

+ 12.5 

+ 9.7 

+ 1.6 

-13.4 

-1.9 

Agl 

Zincblende 

Sodium chloride 

-12.8 

-17.7 

-3.7 

+ 30.0 

-1.9 

AgF 

Sodium chloride 

Cesium chloride 

- 2.0 

- 9.7 

-1.7 

+ 16.7 

-0.9 

AgCl 

Sodium chloride 

Cesium chloride 

- 1.7 

-11.8 

-2.3 

+24.7 

-0.9 

AgBr 

Sodium chloride 

Cesium chloride 

- 1.7 

-11.6 

-2.2 

+28.7 

-0.9 

T1CI 

Cesium chloride 

Sodium chloride 

+ 1.4 

+ 8.1 

+ 1.3 

-10.5 

-0.6 

TIBr 

Cesium chloride 

Sodium chloride 

+ 1.4 

+ 7.9 

+ 1.2 

-10.1 

-0.6 

Til 

Cesium chloride 

Sodium chloride 

+ 1.3 

+ 8.2 

+ 1.6 

-10.1 

-0.6 

CuCl 

Zincblende 

Sodium chloride 

-15.4 

-10.5 

-1.9 

+ 33.4 

-1.9 

CuBr 

Zinoblende 

Sodium chloride 

-14.7 

-11.0 

-2.0 

+34.3 

-1.9 

Cul 

Zinoblende 

Sodium chloride 

-13.6 

-13.6 

-2.6 

+34.0 

-1.9 


Total 

chang 


+ 8 . 
H- 8. 
+ 8 . 
- 6 . 
+ 2 . 
+ 8 . 
+ 12 . 
- 0 . 
- 0. 
+ o. 

+ 3. 
+ 4. 
+ 2 . 


It is not positive for Agl, T1C1, and TIBr, for in these cases, the sodim 
chloride type of structure, instead of the observed one, has the lowei 
energy. It may be seen, from the table that the attractive terms fav< 
the stability of the following three types of structure in the order givei 
CsCl, NaCl, and ZnS. Conversely, the repulsive term favors them i 
the reverse order. It would require only a small increase in one of tl 
attractive terms, such as the van der Waals term, to shift the calculate 
stable lattice of T1C1 and TIBr from the sodium chloride type to tl 
cesium chloride type, On. the other hand, it would require a compan 
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tively large change of an opposite kind to account for the stability of the 
zincblende structure in Agl. Mayer concluded from these facts that 
thallium salts and most silver salts conform closely to the assumptions 
of the ionic theory and that Agl has some nonionic characteristics. 

May 1 has made a very thorough investigation of the problem of the 
relative stability of the cesium chloride and sodium chloride lattice for 
cesium chloride on the basis of the Born-Mayer equation. He found 
that this equation does not account for the stability of the cesium chloride 
lattice at absolute zero of temperature if a two-parameter repulsive 
term and Mayer s value of E v are employed. In order to generalize 
the equation, he introduced two additional parameters. One of these 
was a multiplicative factor in the van der Waals term and the other was 
a factor in M' of Eq. (7), Sec. 12. In effect, the second parameter makes 
the constant b in the repulsive term different for like and unlike ions. 
These parameters were adjusted in order to make the cesium chloride 
lattice stable at absolute zero. The additional measured quantities 
that were used in doing this are the measured heat of the phase transition 
(about 1.34 kg cal/mol), and the observed change in lattice constant. 
The multiplicative constant of the attractive terms turns out to be 3.6, 
and the coefficient of M' to be 0.70. At the same time, the constant b 
is doubled, and p changes from 0.290 to 0.365A. May suggested that 
part of the required increase in the attractive terms should be associated 
with a change in the purely electrostatic energy caused by distortion of 
the ions from spherical form. It is easy to show that the distortion 
of the charge on an ion in a cubic crystal may be described in the first 
approximation by fourth-order surface harmonics and that the associ- 
ated potential, which is not centrally symmetrical, varies with r as 1/r 9 . 
There is, however, no conclusive quantitative evidence to support May’s 
suggestion. 

May also carried through a similar treatment of the stability of 
ammonium chloride and found further support for the conclusions drawn 
from the case of cesium chloride. In addition to this, he estimated the 
transition temperature for both cesium chloride and ammonium chloride 
and obtained qualitative agreement with the observed facts. 

In contrast with May’s work is that of Jacobs, 2 who correlated the 
phase transitions that occur in the alkali halides at high pressures 
with empirically determined constants that are more nearly like those 
used in the earlier work of Born and Mayer. 

14. Ionic Radii. — We saw, in Sec. 4, Chap. I, that the nearest ion dis- 
tances of the alkali halide crystals are additive. This fact, which was 

1 A. Mat, Phys. Rev., 62, 339 (1937). 

s R. B. Jacobs, Phys. Rev., 64, 468 (1938). 
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first emphasized by Goldschmidt, 1 suggests that the ions of these crystal 
may be regarded as rigid spheres and that the equilibrium interioni 
distance is simply the distance at which these spheres come into contac 
This view is justified in a rough way by the Born theory, which show 
that the repulsive forces between ions vary about ten times more rapidl 
with interionic distance than do the electrostatic forces. The rigi 
sphere concept, however, cannot be used very widely for quantitativ 
purposes; we shall discuss some of its limitations in a later paragraph c 
this section. 

It is not possible to obtain the values of ionic radii from crystallc 
graphic data without knowing at least one radius at the start. Golc 



Fig. 1 . Tho charge distributions of Li + and H ions as determined by Hylleraas and Beth< 
The vertical line marks the point of contact of the Goldschmidt radii. 


schmidt began his extensive work on the tabulation of radii with th 
following values of the radii of F“ and 0 — : 

F~:1.33 A; 0 — : 1.32 A. 

These values were determined by Wasastjernas 2 who correlated measure 
ments on the optical properties of fluorides and oxides with a classica 
quantum theory of dispersion and thereby determined the radii of thj 
outermost orbits of these ions. The theoretical basis of this work nee< 
not concern us here. We may, however, compare the value of the radiui 
of Li* that is deduced from the value for F~ with the electronic chargi 
distribution of Li* as determined by modern quantum mechanics, 3 whicl 
is shown in Fig. 1. It is obvious that there is no precisely defined radius 
however, the vertical line corresponding to Wasastjernas' radius is i 
reasonable point at which to say that the distribution stops. The right- 

1 V. M. Goldschmidt, Skrifter det Norske Videnskaps (1926, 1927). 

2 J. Wasastjernas, Comm. Fenn 1, (1923); 6, (1932). 

3 E. Hylleraas, Z. Physik , 64, 347 (1929); H. Bbthe, Z. Physik, 67, 816 (1929). 
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hand part of Fig. 1 shows the distribution in H~. The two curves art? 
plotted in such a way that the distance between origins corresponds to 
the Li + -H- distance in lithium hydride. Table XXXII contains a 


Table XXXII. — Goldschmidt’s Ionic Radii 
(In A) 


H- 

1.27 

O 

1 .32 

F" 

1.33 

s — 

1 .74 

ci- 

1.81 

Sc 

1.91 

Br" 

1.96 

To— 

2.03 

I- 

2.20 



Li+ 

0.78 

M s++ 

0.78 

Na + 

0.98 

' Ca++ 

1.06 

K + 

1.33 

Sr-' + 

1 .27 

Rb+ 

1.49 

Ba'<’ 

1 .43 

Cs + 

1.65 

Bo++ 

0.34 

Ti+ 

1 .49 

Zh-h 

0.83 

Cu+ 

0.53 

Cd-H- 

1.03 

Ag + 

1.0 

Hg + h 

1 .12 

Mn ++ 

0.91 

A1 •' 1 1 

0.57 

Fe ++ 

0.83 

Sc 1 * + 

0 . 83 

Co ++ 

0.82 

YflH-H- 

1 . 00 

Ni+'H 

0.78 

La 

1 .22 

Pb++ 

1.32 

Ga + *■ 

0.62 



In ' '■*- 

0.92 



Xl-i-H- 

1 . 05 


list of Goldschmidt’s radii, which have been determined from additive 
systems. These values are self-consistent to within about 5 per cent. 

Other radii have been obtained by other workers using different start- 
ing assumptions. For example, Huggins and Mayer 1 obtained the radii, 
given in Table XXXIII, for the alkali ions and halogen ions by adjusting 

Table XXXIII.— The Radii op the Alkali Metal Ions and the Halogen 
Ions as Determined by Hugoins and Mayer 
(In 1) 


Li+ 

0.475 

F" 

1.110 

Na+ 

0.875 

Cl" 

1 .475 

K + 

1 . 185 

Br“ 

1 .000 

Rb + 

Cs + 

1.320 

1.455 

1“ 

3 .785 


the radii that appear in the Born-Mayor equation so that the theory 
would lead to the observed lattice constant; that is, b in Eq. (7) of 
Sec. 12 was given a fixed value and the ionic radii were adjust, ed so that 
Eq. (1) of Sec. 10 was satisfied for the observed lattice spacing. The 
values in Table XXXIII differ appreciably from Goldschmidt's values. 

1 M. L. Huggins and J. E. Mayer, Jour. Chem. Phys., 1, 643 (1033). 
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The cesium chloride type of structure has a larger electrosta 
cohesive energy than the sodium chloride type for a given value of 
the nearest ion distance. In view of this fact, one might attempt 
explain the stability of the sodium chloride type in most alkali halic 
on the basis of the rigid ion picture, by assuming that one type of ion 
so large that like neighbors touch at greater values of r 0 in the cesh 
chloride structure than unlike ones do in the sodium chloride structu: 
A condition obviously necessary for this is that one set of ions should 
so large that pairs touch in the cesium chloride structure for the observ 
interionic distance of the sodium chloride type of structure, that is, th 
the radii B i and R 2 should satisfy the conditions 



The ratios must then obey the inequality 


jjr < a /3 - 1 = 0.73. 


KF, RbF, RbCl, RbBr, and CsF do not satisfy this condition if Gob 
schmidt’s radii are used; moreover, no reasonable and self-consistei 
change in radii would make all the ions in face-centered alkali halit 
crystals satisfy it. 

In view of the work of the previous section, the failure of the simp 
rigid-sphere concept to cope with this problem is not surprising. Tt 
stability of an ionic crystal in any given structure is determined by 
delicate balance of several types of force. 

16 . Implications of Deviations from the Cauchy-Poisson Relations.- 

ln all the computational work that is discussed in the preceding sectior 
of this chapter, it is explicitly assumed that the ions are sphericall 
symmetrical and interact with spherically symmetrical forces. If thi 
assumption were correct, the three elastic constants,* Cll , c 12 , and c 


We shall use Voigt’s notation for the elastic constants [see W. Voigt, Lehrbuc 
thre5 + Ste ^ phmk (Teubner ’ Lei P zl g- 1910; reissued 1928)]. If we designate th 

cSpone n n4 0n bv°r P T ntS ? tenSor by Xl > *■> and the three shea 

bv x X Z< ’ ^ Xl ’ the three tension components of the strain tense 

strain rX tbl •« he *5”“ shearc °mponents by x h x s , and g h Hooke’s stress 
strain relation is given in terms of the thirty-six elastic constants «, ( i , j = 1, S 
0 ) by the equations ’ J ’ 


If 


6 



••,*.) is the energy per unit volume of the crystal as a function of th. 



Sec. 15] THE CLASSICAL THEORY OF IONIC CRYSTALS 95 

of a cubic crystal should satisfy the Cauchy-Poisson relation 

Cl2 = C 44 . 

The measurements of Rose, 1 which are plotted in Fig. 2, show that 
this relation is not valid for sodium chloride at low temperatures, the 



80 100 120 140 160 180 200 220 240 260 280 
T°K - 

Fig. 2 . — The three elastic constants of sodium chloride. C 44 and cis oross at 240 0 IC. 

( After Rose.) 

discrepancy being of the order of 10 per cent. Similar measurements 2 
strains, it follows from the relation between force, work, and energy that 

E{x\j • * > &c) = 

Thus, 

d*E 

Cij — — — 
dXidXj 

and 

Cij 35 Cj'if 

hence, only twenty-one of the thirty-six dj are independent. For cubic crystals, 
there are the additional relations. 

Cn = C 22 = C 33 , C 12 = C 28 = Csi, C 44 = Ccg = coo 

and all other components are zero if the coordinate axes and cube axes are parallel 5 
hence, there are only three independent components in this ease. In hexagonal 
crystals, there are the relations 

C11 = C22, C13 = C23, C44 = c 65 , Cm — -2-(Ci 1 — cia), 

and all other components except C12 are zero, if the hexagonal axis is in the z direction. 
If the atoms of the crystal interact with central forces, there are the additional 
Cauchy-Poisson relations, which in the cases of cubic and hexagonal crystals aro 

C12 = c*4, and C12 = C 44 , cu *= -fciz, 

respectively. 

1 F. C. Roses, Phys. Rev., 49, 50 (1936), 

s Data furnished by Quimby, Balamuth, and Rose on magnesium oxide appears 
in a paper by Barnes, Brattain, and Seitz, Phys. Rev., 48, 582 (1935). See also the 
correction, Phys. Rev., 49, 405 (1936); M. A. Durand, Phys. Rev., 60, 449 (1936). 
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on magnesium oxide show a deviation between ci 2 and c 14 of about 50 pe 
cent. It is natural to ask how this discrepancy affects the Bori 
theory. 

The terms in the Born-Mayer equation may be divided into twi 
classes, namely : the electrostatic term f i, which varies slowly with t 
and all others / 2 , which vary rapidly in comparison. The first term i 
rigorously known, for although the charge distribution may not bi 
precisely spherically symmetrical, the electrostatic-correction tern 
arising from this distortion varies at least as rapidly as 1/r® and may b< 
classed in / 2 . It follows that the deviations from the Cauchy-Poissoi 
relations occur because some of the terms in / 2 should not be spherically 
symmetrical. 

We have seen in the preceding work that the absolute magnitude of/ 
is about ten times that of / 2 for equilibrium values of r, even though th< 
force terms df/dr are equal. The increase in importance of / 2 as w< 
pass from a consideration of energies to one of forces is an immediate 
consequence of the fact that / 2 varies more rapidly with r than does j\. 
This fact is shown in a striking way by the older form of the repulsive 
term 5/rg, where n is of the order of magnitude 10. The ratio of this 
term to the electrostatic term is 


b = 1 
Ar n ~ l n 

whereas the ratio of the derivatives is n times this. Similarly, / 2 is 
about ten times larger than /", whence we may conclude that the elastic 
constants, which are related to second derivatives of the energy, are 
primarily determined by / 2 . Thus, the experimental measurements of 
elastic constants show that / 2 is in error by about 10 per cent in sodium 
chloride and about 50 per cent in magnesium oxide. This error affects 
the cohesive energy by only 1 per cent in the first case and 5 per cent 
in the second, because / 2 accounts for only about 10 per cent of the 
cohesive energy. The energy differences of different crystallographic 
forms, however, are of the same order of magnitude as this error. Hence, 
it seems safe to say that these energies can be computed accurately only 
when the nonradial part of / 2 is properly included in the Born-Mayer 
equation. 

16. Surface Energy. — One of the factors that determines whether or 
not a given crystallographic plane is a cleavage plane is its surface energy, 
that is, the energy tr per unit area required to separate the crystal along 
this plane. This energy usually is defined in such a way that the areas 
of the two halves of the crystal are counted separately. Surface energies 
of crystals with the sodium chloride lattice have been computed on the 
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basis of the ionic theory by Madelung, 1 Born and Stern, 2 and Yamada. 3 
Madelung took into account only electrostatic forces and found that the 
energy of a (100) surface is 0.520e 2 /a a per unit area, where a is the cube- 
edge distance of the unit cell. Born and Stern improved this calculation 
by including repulsive forces and found the following values for the 
(100) and (110) planes: 


o" ioo = 0.116--^ j 

a 3 

Cuo = 0.3154 1 

a 3 J 


a) 



Fig. 3. — Polar diagram 
of the surface energy of crys- 
tals with the sodium chloride 
lattice. The angular vari- 
able is the angle between the 
normal to the surface piano 
and the (100) direction. 
Although this plot is valid 
only for planes whose nor- 
mals lie in a principal piano, 
the minimum in tho (100) 
direction is an absolute 
minimum. Tho dotted 
square represents the crystal 
form of lowest surface 
energy, as determined by 
Wulff’s method. (After 
Yamada.) 


Since the second is about 2.7 times larger thaw 
the first, it follows that rock salt should split 
more easily along a (100) plane than along a 
(110) plane. This result is in agreement with 
experiment, since only (100) planes show cleav- 
age. In both the preceding calculations, it was 
assumed that the ionic spacing near the surface 
is the same as in the interior of the lattice- 
Madelung, however, has shown that, in the 
case of (100) surfaces, there should be a slight 
contraction of interionic distance in the direction 
normal to the (100) plane. 

Yamada extended Born and Stem’s com- 
putations by calculating c r for all surface planes 
that have normals lying in the (100) plane. 

This includes as special cases pianos that are 
equivalent to the (100) and (110) surfaces. His values of a are shown in 
the polar diagram of Pig. 3, in which the angular variable is the angle 
between the (100) direction and the normal to the plane. This figure 
shows that the value of <r for the (100) plane is a relative minimum, 
whereas that for the (110) plane is a relative maximum. Yamada also 
found that the surface energy of the (100) plane is smaller than that of 
any other plane, so that the (100) value is also an absolute minimum for 
the three-dimensional <x surface. 

Wulfi' 1 has proved that the crystal form corresponding to the lowest 
surface energy may be obtained from a polar diagram of this type by 
taking the envelope of those planes that are orthogonal to lines passing 
through the origin at the points where these lines intersect the surface. 

1 E. Ma.dbl.uno, Physik. Z., 19, 524 (1918); 20, 494 (1919). 

! M. Born and O. Stern, Sit zb. preuss. Akad. Wiss., 901 (1919). 

3 M. Yamada, Physik. Z., 24, 364 (1923); 26, 52 (1924). 

4 G. Wulpf, Z. Krist., 34, 449 (1901). 
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It is clear that this form is the dotted square of Fig. 3 in the two-dimer 
sional case corresponding to Yamada’s result for the (100) plane and is 
cube in the three-dimensional case. In order to obtain the conditio 
for thermodynamical equilibrium above absolute zero, Wulffs construe 
tion should be applied to the free-energy polar diagram instead of t 
the energy diagram. 

If ionic crystals were perfect, it should be possible to estimate thei 
breaking strength from the surface energy. Following Polanyi, 1 w 
shall assume that the interatomic forces between two separating cryste 
planes are important for a distance A l of about ten angstrom units an 
shall determine a rough value of the breaking stress S by use of th 
energy equation 


2cr ^ AlS (2 

where a is the surface energy per unit area of the crystal. The valu 
of <r for sodium chloride that is given by the first of the equations (1 
is about 147 ergs cm“ 2 , which corresponds to a value of S of abou 
800 X 10 7 dynes cm -1 . The values ordinarily observed are about on 
hundred times smaller than this. Zwicky 2 carried through a mor 
exact calculation of S on the basis of the ionic theory and found the valu 

S = 2,000 X 10 7 dyne-cm -2 , 

which is in even worse agreement with the measured values. Sine 
measurements of the surface tension of molten salts lead to values of , 
that are in comparative agreement with the theoretical values, we ma 1 
not conclude that the computational methods for a perfect lattice ar 
badly in error. 

At the present time, it is believed that these discrepancies betweei 
observed and calculated breaking strengths arise from lattice imperfec 
tions. This type of explanation was first proposed by Griffith, 3 4 5 wh< 
suggested that the weak spots are tiny surface cracks. A more completi 
theory of plastic flow and related topics has been developed by Taylo: 
and others. However, we shall refer the reader to other sources 6 for i 
discussion of this work. 

1 M. Polanyi, Z. Physilc, 7, 323 (1921). 

2 F. Zwicky, Physik. Z, } 24, 131 (1923). 

3 A. A. Griffith, Phil Trans , Roy. Soc., 221, 163 (1920). 

4 G. I. Taylor, Trans. Faraday Soc. 7 24, 121 (1928); Proc. Roy. Soc., 145, 362 
388 (1934). 

5 See E. Schmid and W. Boas, Kristallplastizitdt (Julius Springer, Berlin, 1935) 

C. F. Elam, The Distortion of Metal Crystals (Oxford University Press, 1935); also thi 

report of the Bristol Conference on this topic, Proc. Phys. Soc. } January, 1940. 



CHAPTER III 

THE SPECIFIC HEATS OF SIMPLE SOLIDS 

17. Introduction.— It was shown in Chap. I that the specific heats of 
practically all simple solids approach zero monotonically as the tempera- 
ture approaches absolute zero. Since this fact cannot be explained 
satisfactorily on the basis of classical mechanics, Einstein's qualitative 
interpretation 1 on the basis of quantum theory may be regarded as one 
of the first triumphs of the theory. Einstein postulated, as had been 
done previously, that a simple crystal could be regarded as an aggregate 
of atomic oscillators, all of which vibrate with the same natural frequency. 
In addition, he assumed that the allowed energy states of these oscil- 
ators are integer multiples of hv, where v is the frequency of oscillation 
and h is Planck’s constant. In classical mechanics, it would have been 
assumed that the allowed energy states are continuous; and this assump- 
tion, according to classical statistical mechanics, would mean that Dulong 
and Petit’s law should be valid at all temperatures. Einstein found 
upon applying Boltzmann’s theorem to his postulated assemblage of 
quantum oscillators that the observed decrease in specific heat could be 
explained qualitatively. 

A few years later, Debye 2 showed that most of the quantitative 
discrepancy between Einstein’s results and observations could be removed 
by the introduction of a more accurate analysis of the modes of vibration 
of a simple solid. In short, he improved upon Einstein’s assumption 
that all atoms oscillate with the same frequency. One outstanding 
result of Debye’s work is the prediction that the specific heat should 
approach zero as T 3 near the absolute zero of temperature. This law is 

accurate for a large range of temperature in many cases; in others, it is 
not accurate. 

Born and von Kfirmdn 3 developed a method for computing the modes 
of vibration of a solid about the same time as did Debye. Although 
their method actually is more accurate than Debye’s, since it is based 
upon fairly ngorous principles of atomic dynamics, Debye's results 
agreed so well with available experimental material that his theory was 
considered sufficiently accurate for practical purposes. In recent years, 

1 A. Einstein, Ann. Physik, 22, 180, 800 (1906); 34, 170 (1911). 

* P. Debye, Ann. Physik, 39, 789 (1912). 

' M mi Th, VON KXrmXn, Physik. Z 13, 297 (1912); 14, 15 (1913), 
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however, a number of striking deviations from Debye’s theory ha^ 
been found in the low-temperature range where it might be expected i 
be most accurate. For this reason, Blackman 1 reopened the questic 
of determining the distribution of frequencies, and he found that Boi 
and von K£rmdn’s method gives something more nearly like the observe 
specific-heat curves. Blackman’s work is essentially qualitative, ho\ 
ever, and it remains to be seen how well the low-temperature anomalii 
actually can be explained. 

The three stages of development of the vibrational theory of specif 
heats, namely, the theory of Einstein, of Debye, and of Born, von Kiirmd: 
and Blackman, may be included in an approximation in which it 
assumed that interatomic forces obey Hooke’s law. We shall tre: 
specific heats of solids by this method in the present chapter. 

It is believed that the details of specific-heat curves that cannot 1 
explained by the Hooke’s law approximation have two origins, namel; 
anharmonic interaction terms and thermal excitation of electron 
These topics will be discussed in later chapters. Anharmonic inte 
action terms supposedly account for the following facts : (a) the anomaloi 
peaks in the specific-heat curves of molecular crystals, such as sol: 
methane, and of ionic crystals, such as ammonium chloride; and (i 
a part of the high-temperature deviations from Dulong and Petit’s laA 
Electronic interaction is believed to account for: (a) the linear temper: 
ture dependence of the specific heats of some metals near absolute zer 
(6) the anomalous peaks in the specific heats of ferromagnetic metals an 
paramagnetic salts, and (c) a part of the high-ternperature dcviatic 
from Dulong and Petit’s law — particularly that of transition metals. 

18. The Energy of an Assembly of Oscillators. — It will be shown i 
Sec. 22 that a crystal which contains N atoms that interact according 1 
Hooke’s law is mechanically equivalent to a set of 3 N independei 
oscillators. Thus, the mean total energy E of such a crystal is equ 
to the sum of the mean energies of the individual oscillators. We sha 
derive the expression for the mean energy of an oscillator by assumir 
discrete energy levels in accordance with quantum theory. 

The relative probability 2 of finding in its ith level a system that hi 
levels of energy <=* and degeneracy gi is 

Ti = g& ** (: 

. . 1 M. Blackman, Z . Physik, 86, 421 (1933); Proc. Roy. Soc. t 148, 384 (1935 
169,416 (1937); Proc. Cambridge Phil. Soc. } 33, 94 (1937). 

“For a discussion of Boltzmann’s theorem, see various books on statistic 
mechanics such as: E. H. Kennard, Kinptic Theory of Gases (McGraWr-IIill Book Cor 
pany, Inc., New York, 1938); L, Brillouin, Die Quantenstatistik (Julius Springe 
Berlin, 1931), 
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Using this, we find that the absolute probability p t is 


%QF~ kT 

3 

where j is summed over all levels. The mean energy i of the system 
obviously is 

kT 

1 = %*« = ZT’ (3) 

1 X ?3 ' e kT 

3 

which is identical with the expression. 

€= log (2 SiC * r )- ( 1 * * 4 ) 

i 

We shall call the sum 


%g<e kT 

the partition function and shall designate it by/. 

Let us evaluate Eq. (3) for a harmonic oscillator of which the energy 
levels, in accordance with quantum theory, are given by 

6 = nhv ( 5 ) 

where n takes all integer values and v is the natural frequency of the 
oscillator. The levels are not degenerate in this case, whence is unity. 
Thus, the partition function for the system is 


i = X e ~ kT = S (e 

n« 0 n=»0 

1 

hv’ 

1 - e~ kT 


According to Eq. (4), the mean energy is 


€ 


d 

JoyWj log (1 " 8 

hv 

hv } 

e kT _ l 


hv 

kT'} — 


hv 

five kT 


hy 
~ kT 


(6) 


( 7 ) 
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whereas the mean total energy of an assembly of 3 N oscillators of diffe 
ent frequencies Vi (i = 1, 2, • • • , 3 N) is 


3JV 


£ 


-2-b 


hvi 


=i e‘ 


)kT _ 


(« 


This sum may be replaced by an integral if the distribution of frequence 
can be represented by an integrable function. In this case, which occui 
commonly, as will be seen later, 


fV^ (S 

Jo e kT - 1 

where q(v)dv is the number of oscillators in the frequency range from 
to v + dv, and v m is the maximum frequency of any oscillator. Obvi 
ously, we may expect q(v) to satisfy the equation 

f'qWv = 3 N. (10 

The derivative of Eq. (8) or (9) with respect to T is the molar hea 
C v in the case in which N is the number of atoms in a mol of substano 
N m . We have 


3Nm / \ 

- 2 *®' 


hvi 

2 e kT 


i- 1 

in the general case, and we have 

Cv “ X k {w) 


hvj 

(e kT - l) s 


(11 


hv 


hv 

(e kT - 1)2 


q(v)dv, 


(11a 


when Eq. (9) may be used. The summand in (11), namely, 


hv 

2 e kT 

~hv > ( 12 ' 

(e kT - iy 

increases monotonically with temperature. It is zero at absolute zero 
and as T approaches infinity, it approaches the constant value k in th< 
manner indicated in Pig. 1. It should be clear that, with positive coeffi- 
cients, any sum or integral of such a monotonically increasing functior 
also must increase monotonically. Therefore, we may conclude thal 
C r is an increasing function of temperature regardless of the frequency 
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distribution. This conclusion is valid only when the interatomic forces 
obey Hooke’s law and when electrons do not contribute to the specific 
heat. Since (12) is equal to k when kT is much greater than hv m , the 
sum (11) in this case reduces to 


C v = 3N m h = ZnR ( 13 ) 

•where R is the gas constant and n is the number of atoms per molecule 
of the crystal. Thus, the law of Dulong and Petit is valid at high temper- 
atures for an assembly of oscillators. This limiting case also corresponds 
to the case in which quantum theory degenerates to classical theory 
that is, when, h approaches zero. 

It is not possible to draw further important conclusions from this 
theory unless the form of the frequency distribution function q( v) is 
known. In the next section, we shall discuss several different assump- 
tions that have been made about this function. 

19. Einstein’s and Debye’s Frequency Distributions, a. Einstein’s 
Distribution. Einstein 1 postulated, for simplicity, that the atoms of a 
solid oscillate independently and with the same frequency v. The 
summand in Eq. (8) of Sec. 18 is constant under this assumption, whence, 


and 


E 


W-3T- 

e*T _ 


1 


(1) 


Cv 



( 2 ) 


Je will be called the Einstein specific-heat function (c/. Fig. 1). The 
parameter v in Eq. (2) is usually adjusted so as to obtain the best possible 
fit of theoretical and observed specific-heat curves. Its magnitude 
usually is of the order of an infrared frequency. Although the parts of 
specific-heat curves for which C v is greater than ZnR/2 usually can be 
fitted closely with an Einstein specific-heat function, the low-temperature 
portions usually cannot. It may be recalled from the discussion of 
Chap. I that the observed specific heat usually drops to zero as T z 
whereas Eq. (2) varies as ’ 


1 Einstein, op. cit . 
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which, approaches zero more rapidly. We shall discuss the comparis 
of observed and theoretical values in more detail after presenting Debyi 
theory. 

b. Debye's Distribution— Debye 1 pointed out that the possit 
oscillation frequencies of a solid body range from very low values, cori 
sponding to sound waves, to very high ones, corresponding to infran 
absorption peaks of solids. Since the contribution of a low-frequem 
oscillator to the low-temperature specific heat is larger than that of 
high-frequency one, we might have anticipated that Einstein's assum 
tion, which neglects the long waves, would not give a large enough specii 
heat at very low temperatures. 
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^^P^ison °L? he Einstein an( * Debye specific-heat curves. The frequenc 
associated with the Einstein curve is equal to the maximum Debye frequency. 


Debye suggested that a more accurate distribution might be foun 
by treating the crystal as though it were a continuous elastic mediur 
which has elastic constants that are independent of frequency. It ha 
become conventional to follow Debye’s original simplified treatmen 
of the problem in which the medium is assumed to he isotropic. Instead 
one might use the actual elastic constants. The factor that makes th 
more precise procedure difficult to apply is not so much the problem o 
ndmg the normal modes of vibration as the problem of expressing tb 
frequency density in a tractable analytical form. In the isotropic casi 
the frequency is independent of the direction of propagation, so that th 
distribution function may be expressed simply. We shah proceed wit! 
tne simplified treatment and discuss the alternative one later. 

The following point should be kept in mind. The vibrational fre- 
quencies of a continuous medium range from zero to infinity, correspond- 
ing to wave lengths that range from infinity to zero, whereas, in an actua 
so id, wave lengths shorter than interatomic distances are not independ- 
1 Debye, op. cit. 
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e n t o f longer ones. This interdependence is shown for a simple example 
in Fig. 2 The transverse displacements of the particles in this figure 
may be described equally well by the function a or 6, or by any one 

of an infinite number of shorter waves that have the same amplitudes 
as a or o at the atomic positions. 

The same conclusion may be drawn from the fact that a system which 
contains N atoms has only 3 N degrees of freedom, whereas a strictly 
continuous medium has an infinite number of degrees of freedom This 
interdependence of different modes is not exhibited as long as the medium 
is treated as though it were continuous. Hence, it is necessary to intro- 
duce a condition that limits the number of modes used in determining 
the specific heat. This may be done conveniently by neglecting all 



* ^ 

be (WihM W °u th ° Way j n which a Periodic displacement of a lattice may 

modes having a frequency greater than the value v m defined by the 
equation 


p{v)dv = ZN, ( 3 ) 

in which /(v) is the distribution function for a continuous medium. This, 
however, is not a unique way of selecting the modes of vibration. We 
cou d, for example, choose them by placing a restriction upon the range 
o wave lengths rather than upon the range of frequencies. The question 
of choosing modes does not arise when they are derived by a detailed 
atomic treatment like that of Secs. 20, 21, and 22 for this method auto- 
matically gives us a unique set of 3 N modes. 

Let us consider a rectangular parallelepiped of an isotropic medium 
bounded by the six planes z = 0, x = L„ y = 0, y = L v , z = 0, » = hi 

The equations for the propagation of longitudinal and transverse vibra- 
tions in this medium are 
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respectively, where ui and u t are the amplitudes of the vibrations an 
ci and c t are their velocities. These velocities may be related to the tw 
elastic constants for isotropic media by means of the equations 1 

„ _ [m I 2m 

* “ yCn Cl ~ V^TT^ 

in which m is the density. 

The boundary conditions employed when one searches for the norma 
modes of vibration depend upon the specific physical conditions unde 
which the body vibrates. Since the frequency distribution turns ou 
to be insensitive to the choice of boundary conditions, we shall a-sanm 
for simplicity that the surface planes are rigidly held. In this case, tb 
boundary condition is that u should be zero at these planes. With thi 
condition, the normal modes are 


A ■ . riiyy . TrrizZ . _ 

u t = A t sin sm -f*- sin -y— an 2rvit, 

JU X JUy 1 


. . 7 rrixX . t'hm 

u t = A t sin -r — sm sin 


itn z z 


U 


~ sin ~ sin 2, rv t t, 

-by b/ z 


(5a 

(5b; 


where the ji< are arbitrary integers and the A { are constants. The fre 
quencies v t and v t are related to the n ; by means of the equations 


„2 _ c l(< j_ < 

‘ AlI 




+ 


+ 


n_ 

n 

n 

LI 


)■ 


(6a] 

(6b) 


There are three independent modes of vibration associated with each 
set of integers n z , riy, n z , namely, two transverse waves of frequency v 
and one longitudinal wave of frequency v t . 

The quantities 


X* = 


2 L x 

j 

n x 




(7) 


1 In an isotropic medium, the elastic constants ca (cf. footnote 1, p. 94) arc 
related by the equations. 


On “ C22 — C33, 
C12 = C23 = C31, 


C44 = 056 = Ccfl 


(oil — C12) 
2 


and all others are zero. Thus only two constants are independent. The equations 
for propagation of a wave in an elastic medium degenerate to (4a) and (4&) in this 
case. . See, for example, W. Voigt, Lehrbuch der KristaUphysik, p. 587 (Teubner, 
Leipzig, 1928); G. Joos, Theoretical Physics (G. E. Stechert & Company, New York, 
.1934). 
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are the wave lengths of the modes (5a) and (56) measured along the x 
y, and z axes, respectively. The reciprocals of these quantities give the 
number of waves per unit length, or the wave-number components a x o-„ 
and <r z : 9 


<r x = 





In terms of these quantities, the frequencies (6a) and (66) become 


( 8 ) 


where 


n = ci<j , 

Vt = Ct<T, 


(6c) 


= Vvj + <T* + «* ( 9 ) 

The standing wave (5) may be viewed as the sum of a set of traveling 
waves, for which the prototype function is the exponential function 


where A is a constant, <r is a constant vector having components <r 9f cr y , 
and oy , v is the frequency of the wave, and r is the position vector 
whose components are the Cartesian coordinates of space x, y , and z. 
At a given time the phase of (10) is constant at all points that satisfy 
the equation 


4 • r = constant, 

that is, on planes orthogonal to the direction <5. Thus these planes are 
the wave fronts. The normal distance between planes that differ in 
phase by 2n clearly is l/|d|. Hence, |d| is the reciprocal wave length 
or the wave number, that is, the number of waves per unit distance 
normal to the wave front. For this reason, d is called the wave-number 
vector. The phase of (10) is constant at points that satisfy the equation 

d • r — vt = constant, 

which describes the motion of the wave front planes in the direction of <f 
with a velocity equal to v/\6\. The standing wave (5) may be obtained 
by adding together the sixteen functions that can be derived from (10) 
by exchanging the signs of v and of the three components of <J. 

The number of modes of vibration having values of d less than the 
value d' may be computed conveniently in the following way: 

Let _ us represent the continuous variables <r«, <r v , and <r, in a three- 
dimensional coordinate system. The points defined by Eqs. (8) are 
then distributed throughout the positive octant of this reference system 
and are arranged at the mesh points of a simple rectangular lattice. 
The equation d = d' defines a sphere in the same reference system, and 
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the volume of the part of this sphere lying in the positive octant i 
■£W 3 . The total number of points (8) that lie in this octant is 

L x L v Lzirc 3 , (II 

since the average volume occupied by any one point is 1/8 LJu y L z . Equa 
tion (11) may be written as 


Vfrrc'* ( 12 ; 

where V is the volume of the crystal. 

There are three modes of vibration associated with each point (8) 
therefore, the total number of modes for which a is less than <r' is 


N(c f ) = 7W 3 . (13; 

The equation v = v' defines two spheres in d space, one corresponding 
to longitudinal modes of vibration, and the other to transverse modes 
The radii of these spheres are given by the equations 


a 


i 




( 14 ) 


respectively. Using Eq. (12), we find that the number of points in the 
first sphere is ^nrj 3 , and the number in the second is frrcr' t \ Hence, the 
total number of modes having frequency less than v' is 

since one longitudinal mode and two transverse modes correspond to 
each value of d. We may define a mean velocity c by means of the 
equation 

3 1,2 

c 3 cf + c? (16) 

and we may write Eq. (15) in the form 


N(p') = V%'*. (17) 

c 

The corresponding expression for the case of a nonisotropic medium 
cannot be derived so simply, for the dependence of v on the variables 
<r x , <t v , and cr z usually will not be so simple as in (6a) and (66). 

Debye determined the highest allowed frequency v m , by setting (17) 
equal to 3N where N is the number of atoms in the solid. In addition, 
he assumed that the number of modes of vibration in the frequency range 
from v ' to / + dv 9 is given by the differential of (17), which is equivalent 
to assuming that the distribution function /(p) in Eq. (9) of Sec. 18 is 
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/O) = 3V~vK 

c s 

Under these conditions, Eq. (9) of Sec. 18 becomes 

V12t h f* Pm v^dv 


E = 


h f* Pm v^dv 

I 

e kT __ j 
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(18) 

(19) 


Jth^iTs Gliminate C b7 meanS ° f Eq ' (17)> after settin S NW) = 3 TV. 


( 20 ) 


mJo i 

Next, we may set a = hvfkT and write (20) in the form 

E = 9 NhvJ^X ["**L . 

VV Jo e* — 1 

Thus, the molar heat is equal to 

Cy = 9nijteY f^-g*** . 

\hvm/ Jo (e x - l ) 2 
Following Debye, we shall define a characteristic temperature 0^, by the 


( 21 ) 


( 22 ) 



( 23 ) 
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where 



The function / jd ( re) is shown in Fig. 1, along with Einstein’s function 


Table XXXIV. — The Debye Characteristic Temperatures of Sold 


Substance 

On 

Substance 

On 

Metals 

Na 

150 

A1 

390 

X 

100 

Ga 

125 

Cu 

315 

In 

100 

Ag 

215 

T1 

100 

Au 

170 

La 

150 

Be 

1,000 

Ti 

350 

Mg 

290 

Zr 

280 

Ca 

230 

Hf 

213 

Sr 

170 

Ge 

290 

Zn 

250 

Sn 

260 

Cd 

172 

Pb 

88 

rig 

96 

Sb 

140 



Bi 

100 

Cr 

485 

Ta 

245 

, Mn 

350 

W 

310 

Be 

420 

Re 

300 

Co 

385 

Os 

250 

m 

375 

Ir 

285 

Mo 

380 

Pt 

225 

Ru 

. 400 



Rh 

370 



Pd 

275 



Ionic Crystals 

KC1 

227 

CaF 2 

474 

NaCl 

281 

FeSa 

645 

Or 

177 



AgCl 

183 



AgBr 

144 




should be noted that fn approaches zero as (T/0z>) 3 . 

Figure 3 shows the manner 1 in which the atomic-heat curves of a i 
her of simple solids may be fitted with a Debye function. It is ob^ 
1 See, for example, the compilation of data in Landolt-Bomstein. 


II 


t) 
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from Tig. 1 that the Einstein function would not apply nearly so well 
at low temperatures. Table XXXIY contains values of 9 0 that were 
determined from curves of this type. 

The mean velocity c and the characteristic temperature are related 
by means of the equation 



Born and von K&rmdn, 1 employing room-temperature values of the 
elastic constants, found excellent agreement between the observed and 
calculated temperatures of aluminum, copper, silver, lead, sodium 
chlonde, and potassium chloride for temperatures above 25°K. Similar 
agreement has been found by Hopf and Lechner 2 3 4 * for calcium fluoride 
and iron sulfide and by Schrodinger 8 for iron and carbon. Eucken,' 1 
however, showed that this close agreement usually disappears if the 
elastic constants for absolute zero are used instead. Eor example, 
Table XXXV contains a comparison of observed and calculated values 

Table XXXV.— Comparison op Characteristic Temperatures Determined 
peom the T z Law with Those Computed prom the Low-temperature 
Elastic Constants 


Substance 

0n (T z law) 

0 d (calc.) 

Cu 

329 

353 

Ag 

212 

241 

AI 

399 

502 


of 9 d for copper, silver, and aluminum. It should be noted that the 
9i> calculated from absolute-zero data are larger than the observed 
values. We may invariably expect this kind of discrepancy if the 
observed 9 d agrees, with the value computed from room-temperature 
data, since the elastic constants increase with decreasing temperature. 

In addition to the discrepancy pointed out by Eucken, Gruneisen 
and Goens* have found that the G a for zinc and cadmium determined 
from room-temperature data are larger than the experimental values. 
The disagreement would be emphasized even more in this case by using 
elastic constants corrected to absolute zero. 

1 Born and von KArmXn, op. dt. 

2 L. Hopf and G. Lbciinbr, Verh. deut. physik. Qes., 16, 643 (1914). 

3 E. Schrodinger, Handbuch der Physik , Vol. X. 

4 A. Eucken, Verh. deut. physik. Ges., 15, 571 (1913). 

'E. GrUnbisen and E. Gobns, Z. Physik, 26, 250 (1924). 
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k Thu5 ’ we ma y say that at least part of the excellent agx 
between the observed specific-heat curves and Debye's curve is for 
c. Modifications of Debye’s Equation Based upon the Con 
Hypothesis .- Several modifications of Debye’s equation were sn 

™ t T° d M1 °™i Ms P a P er - We shall discuss briefly the i 
±5om, the theoretical basis of which is examined in Sec. 21. 

In treating molecular solids, Born postulated that only th( 
degrees of freedom that correspond to intermolecular vibratior 
system of JV molecules should be treated by the continuum n 
ihe specific heat associated with the remaining 3(n - 1) se t« 
frequencies that correspond to intramolecular vibrations of the » 



The^woiinerrepresent 1 ainre a , fo^^^ l t^ ) e r^?^ t |^ a * :i i P ^ or an isotropic continuous n 
SN modes me selected by choosinfall ™ ^ ? ola "°n. ^ the Debye sch, 
transverse modes corresponding to the tT^ n fr0quency leas than ”«■ T: 
the longitudinal modes n the same ran r \ ng0 a ~ b are e3 «=‘t.ded, , 

having wave numbers less tha^rLTeS.^thL £ rc^rd. meth ° d ° U 

i° Eh °' jld ^‘PProxnmMctl by S(n - 1) Einstein tunc 

shouM t 1 , ?“* tie ““‘to™ frequencies th>t are 

Son n5l,t aU ”' odes vibration associate . 

E T 7° fL Z 8pac ' 1 “toto o f restricting the range by met 

undimtood £ ! between Born’s and Debye’s methods nu 

•p* . d by considering an isotropic medium. The two lint 

* 4 represen * the dependence of frequency on wave number fo 

sZST^T^ waves - *> ^c’s 

onlv one tvn ^ g ? • frequencies less tba n Thus, waves ha 
. ‘ y , e B type of Polamation are used in the range of <r extending : 

which’ <r isTess S th SeSt tb d th f W ° Uld b ® P referable to use afl wave 

i Eo he T! o^ m that iS defined by the 
n * } m ^ ( 13 ) be equal to 3 N; that is, 

M. Born, Dynamik der Kristallgitter (Teubner, Leipzig, 1915). 
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(26) 


where »„ is the molecular density. The limiting frequencies of the 
longitudinal and transverse waves then are 


V>n,l = Ci(T m , 
Vm,t = C^<T 7>1 , 

and the density of each type of vibration is 


r / \ T At v 2 
^(") = V ~T- 


0 < v < V, 


>n,lj I 


/<« = 2y^ 

C? 


0 < 2^ ^ y 7 , M . 

The contribution to the specific heat from these modes is 


(27) 


(28) 


+ 2 *(r)] 


1) 


where Gj hv m ,i/k and Q t — hv m ,,/k. To this, Born would add 3 (a 
Einstein terms m order to include the intramolecular vibrations 

Born suggested that the same method of selecting frequencies could 
also be used in good approximation in anisotropic solids. In this case 
the three waves of different polarization have different velocities for 
each direction of propagation. Thus, the limiting frequencies *, ilf 
and 3 are functions of the direction of propagation. If the direc- 
ti°n y an ables are taken to be the polar angles 6 and 9 , the specific heat 
associated with the continuum modes of vibration now is 


where 


c ' - 

y* i 

9,(0, p) = <p) _ hcj(9, y) / 3w o y 

* k \4 tJ 


(29) 


(3°) 

and dfl is the differential of solid angle. ' If we add to this the Einstein 
term associated wjth intramolecular vibrations, we obtain 

3(n-l) 

c, - c, + 2 v (lr) ( 31 ) 

i — 1 

C ,° mpUt ® d Cb for the cubie salts sodium chloride, potas- 
sium chloride, calcium fluoride, and iron sulfide, using the room-temper- 

8, 25 f”( 1922) TEBIiING ' Z PhyHk> 3 ’ 9 {m0) ’ Ann " 61, 549 (1920); Physik, 
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ature elastic constants. As we shall see in Sec. 23, it is doubtful wh x 

Born’s method of dividing the specific heat into Debye and Ein n 

terms can be justified in the case of these ideal ionic crystals. Forste tg 

employed an ingenious expansion method for evaluating the integn n 
Eq. (29) and found that the result could be approximated closel y 
means of three Debye functions. The three Einstein frequencies -e 
taken to be the same in the diatomic case, whereas two sets of i ,e 
equal values were used in the triatomie cases. These frequencies e 
chosen in order to give the best fit with the observed results. The 1 e 
computed characteristic temperatures and the assumed vibrati ,1 

frequencies are listed in Table XXXYI. Table XXXVII contai i 


Table XXXVI 



Table XXXVII.— Comparison of Observed and Calculated Molar Hba 

Potassium Chloride 
(In cal /mol) 


T , °K 

Observed 

Calculated 

70 

7.54 

7.52 

87 

8.66 

8.63 

137 

10.36 

10.38 

235 

11.46 

11.38 


comparison of the observed and calculated values of C v for potassi 
chloride above 70°K. The accuracy is about the same in the ot 
cases. The contributions from the Einstein terms decrease very rapi 
at low temperatures and are negligible below 10°K. Hence, only 
C B term need be considered in this range. This term, however, vai 
as T /0 where l/0 3 is the mean of l/0 3 (0, <p). Since Keesom and Clf 

io°w- • fii at potassium chloride does not satisfy the T 3 law bel 
10 iv, it follows that Born’s modification of Debye’s theory is subject 
some of the same objections as the original theory. 

More recently, Lord, Ahlberg, and Andrews 1 have applied a modi fit 
tion of Born’s theory to crystalline benzene, which is an ideal molecul 

1 R. C. Lord, J. E. Ahlberg, and D, H. Andrews, Jour. Chem.Phys., 5,649 (198 
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substance. In addition to using the continuum theory for the 3N 
intermodular vibrations, they employed the theory for the 317 modes 

Einstein 1 funet'^ UCh ^ mole, ; ules under S° coupled torsional oscillations. » 
Emstein functions were employed for the remaining 27 27 intramolecular 

modes of vibration, the observed vibrational frequencies of the free 
benzene molecules being used in these terms. Since the intramolecular 
frequencies are comparatively high, the Einstein terms are negligible 
at 60 K and only the 627 continuum modes need be considered below 



this temperature. These workers found that the molecular heat in 
this region could be fitted closely by the single Debye term 


m.(^) 


m rfJch e„ - 150°. The agreement is shown in the lower hall of 
g. 5 The observed and calculated molar heats for a wider range are 
given m the upper half of the same figure. Unfortunately, a rather 
questionable C P - CV correction must be added above 150°K, so that the 

hi thelowp m n S r t f mperatUre range is not 80 significant as that 
n the lower It may be observed that the Einstein terms play an impor- 
tant role between 60° and 150°K p 

, m The preceding method cannot be applied to a molecular crystal in a 

ims l m r hich t0rsional oscillation changes to free rotation. 
We shall discuss the theory for this case in Chap. XIV. 

than I th e a inTi CU i lar i^f d in . wMch the inner molecular forces are much larger 
fremi l h r em0le ? Ular f 01-063 ’ rt May be ^pected that there are a set of 317 low- 
' “ 0d “ Vibr ““ “ “ *■» " low-frequency tranu. 
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A striking example of a substance for which Born’s equatiox 
is more successful in predicting the specific heat than Debye’s 
alkali metal lithium. The elastic constants of this substance have 
computed by Fuchs, 1 using a method that will be described in Chs 
The elastic constants of lithium have not been measured, but thi 
sodium have been measured by Quimby and Siegel. 2 The agree 
between observed and calculated results in this case may be fou 
Table LXII, Chap. X. It should be observed that the relation 

2^44 _ j 

On ~ C12 

for isotropic media is far from being satisfied, showing that these cn 
are much less isotropic than the alkali halides. Fuchs used the e 



0 50 100 150 200 250 300 350 400 

Swain lithium. The experimental curve IX was determined by Sim, 


constants of lithium to compute the three characteristic temperature 
each direction of propagation [cf. Eqs. (29) and (30)] and then comp 
he specific heat from these. Figure 6 gives a comparison of the obse 

rn| d rr ed .r aI r 0f obtained b y equating the observed 
calculated specific-heat curves to a single Debye function. It is evi 

from curve II that Debye’s law is inaccurate over a range of tempers 
comparable with the mean Debye temperature. The theoretical c 
duplicates the general trend of the experimental curve and, hence, 
e er agreement with it than the straight line corresponding to Del 
noS T ? m , H ° WeVer ’ the ^cement is still far from exact. 

>• . • /r a j “ an S me ^ bod computing the specific-heat cc 
values ® S 1SCUSSed m ^ ec ' W0ldd further improve the theore 

! SLoZ’S™ 163> 622 (1936) -‘ 167 > 444 ( 1936 ). 

fa. L. Quimbt and S. Siegel, Phys. Rev., 64 , 293 ( 1938 ). 

fitted elnseii^b ^ wr ^ er that the specific heat of lithium nxa 

““SS.) b.‘rr r?“” ? E r“ to “ d D,by * 

lattice may be somewhat molecular. This suggestion awaits X-ray confirmai 
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TT M 2 t«^r rVed ? e I iati0I1S fr0m Debye ’ s Law of Vibrational Specific 

? * A , Th ? S 1 peC1 f, C beats f a number of simple solids exhibit deviations 

We 76 S l 7 , T 7 that Debye ’ s theor y requires modification. 

We shall exclude molecular crystals from consideration at the present 

rrvlT tf r USS ° nly thC CaS6S that involve metals or simple ionic 
follows:' dlscre P ancies “ay be placed under three headings, as 

. l he L ? near Term in Metals.— Figure 19, Chap. I, shows that 
nickel has a linear specific-heat term in addition to the Debye term. A 
number of other metals show a similar anomaly near absolute zero 
that is now ascribed to the specific heat of their free electrons. We shall 
discuss a simple theory of this term in the next chapter 

Pi 1^77^71 An °T UCS ° f Monotonica lly Increasing Curves.- 
gure 68, Chap. I, shows the variation with temperature of the Debye 
characteristic temperature of potassium chloride. This curve was 

to Debv ^ KeCSOm and Qark by eqUating the ob ^rved molecular heat 
to Debye’s expression 


C, 


- 


and solving for Q„. It may be observed that, instead of being a constant 
this quantity shows a distinct peak about 4.3°K. As we mentioned in 

!vnl Pr T U ! Sectl0n ’ Born ’ s modification of Debye’s theory cannot 
plain this because the Einstein terms in Eq. (29) are negligible in this 
temperature range. Deviations of this type have been explained 
q itatively by Blackman. We shall discuss his work in Sec. 23. 

c. Ihe Anomalous Peaks of Germanium and Hafnium.— Those peaks 
which are shown m Fig. 16, Chap. I, cannot be explained by any theory 
that assumes Hooke s-law forces, for no superposition of Einstein functions 

are simillrTo'Th v ^ . Although the P eaks in those metals 
int™of i h r ak ^ Cllmng in molecular crystals, the explanation 
n terms °f molecular rotation evidently cannot be applied. 

, 21 V Vibrational Modes of One -dimensional Systems, a. Mona- 

mc Lattice. Suppose that we have a one-dimensional lattice of atoms 
dmg aIong the * axis - We shall assume that the atoms are spaced 

forfe's Co “ anotl \ er and that ***** with HookeVlaw 

two t , 0n ? ldei * he ongltudina l modes of vibration from the following 

deterr^ne d d PO b intS: i firSt, + i he DebyC stand P° int in which the modes arc 
determined by solving the equation 


1 dVQs) dy( x ) 

c i dt 2 dx 2 


( 1 ) 
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where +(x) is the longitudinal displacement and c, is the constant veh 
of propagation of very long waves; and, the atomic standpoint in w 
the normal modes are determined by solving simultaneously the eoual 
of motion for each atom. 4 

The independent harmonic solutions of (1) for a string of W 
fixed at both ends are b g 

ft( x ) = sin sin 2 wvt 

where n is an integer and the frequency v is related to it by the equa 

n 

v = Cl 2L= Cia - 

It is obvious that n/2 L is the wave number <r of the standing W i 
Since there are an infinite number of independent modes of vibrai 
for a continuous string, we must limit the frequencies if we want to t 
account of the fact that there are a finite number of atoms in the stri 

6 T by f eXClUdlnS th ° Se modes for which » ^ greater than 

length, IsT^ at ° mS ’ ^ ^ “ egleCting m ° deS ** - 

string w 6t r„ deiiV t the , e( l uations of ^tion for the atoms of • 
string. We shall number the atoms consecutively from 1 to N starti 

at the origin of coordinates, and we shall let * B be the variable tl 
measures the displacement of the nth atom from its equilibrium positi. 
j. 1 * on ’ T® s a assume that each atom interacts only with 
0ndei *“* C °” di ‘ i0n - ‘ he 

(Px n 

™ dfi ~ ~ ^+1) — (a:»-i — x n )] ( 

where u is Hooke’s constant for a pair of atoms and m is the mass of 1 

The equations for the two end atoms obviously are different from tl 

Sr f ° r I? 6 ™ r‘° ms ' fcl the neighbors TZTm 

Tins fact could complicate the procedure of finding solutions of (4 

employed Ztt* ^ by usin S a method that w£ 

are lddirio & i + ° rn l nd J° n Kdrmfin ‘ l shall assume that the! 

A T ° n 0t ? Sides 0f the Strin 8’ in order that the equs 
as< 5 iimr,tin ^ may be the saine as tlxose for interior atoms. Thi 
UonTnmvim^ °‘ 46 £re< J u “W-diatributta ta, 

, TJ ,Z > W ,f tog “ tie Mmber » f « suffimenth 

g ■ In addition, we shall assume that the phase of *, is the same a 

1 Born and von KArmXn, op. tit. 


y 
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“■ “■ » 

rs f s 

a ss Airs 

The function 

*) = Ae M & ~ *) 
condition and redact Eqs” 


—4rtr 2 mv 2 


- -tffl - cos 


(6) 

sduTons' of Eq 5 ? EacfoTt^ ° f ( ? ^ ****** i«ng 
Of type (5) for 

waves of this type are ~ ’ The two ^©pendent 


— A. 


and 


. 2ttZ' . / # 

sin jy: 72, sin £ -j- 5) 


2ttZ' 


a^n — 4 cos ^-n sin (Ft -f o') 


(7a) 


(7b) 


where t and S' are arbitrary phases 

•~£S£ FXZ2 IE" ;l h T“‘ T e number - ito » 

are not urdepemieat, since ».(!', ,) is equal to x,(l‘ + If „) f J all t ') 
different orty Sl“^ outoauseTS SiJiT" ™ *” 


sin a? — — sin (2i r — x), 
COS ^ = COS (27T — x). 


(8a) 

(8b) 


“ d ” < " ‘ he ' uncti “ < 7 «> TO instead, the rang^n* 
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from zero to N/2. In either case, however, there are just N indeoe 
modes, in agreement with the fact that there are only N degrees of 
m the system. s rt 

The relationship between frequency and wave number, give 
■hq. (6), may be reduced to 


r = i /£ sin^ = I. /Z 

Tryjm N m 


sin TT(ra\ 


This equation becomes identical with Eq. (3) for values of „ small en 
to allow us to replace the sine by its argument, for then 


v = —a. 

I m 


Figure 7 illustrates the expression (9) for the independent range of t] 
his curve shows that it is not generally permissible to assume that 



to ’ vXes oU 223£*^#/ 

P r0pagati “ 1 i of elastic waves is independent of frequency, 
ne does in deriving Debye’s frequency distribution. 

Gruneisen and Goens 1 first suggested that one might explain t 
' 1 " r “ le rism temperatures obtained from t 
velSv h f “-"PPted from elastic data on the basis of differences 

tavd m„« r°I Sh0rt W * T “' Tlw fMt “ “tort «, 

6 lmC " llttiCe sas ^‘ s te computing < 
taf orfL™ C ° nStantS somewhat SDlal ter than those obtain, 

S si^e^.Tr remenfa ' B ‘“ km “ investigated more M 
ttie significance of this suggestion (cf. Sec. 23). 

Ea O') Fn nex * the frequency distribution corresponding t 

prapoinS’rrr^ir^ equal nun>bers of modes ' 

1 GrSneisen and Goens, op. tit. 
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^ liCe > the density dl/dv is 


dcr = 


dd_ 

Na 


— = 1 _ Na 

dv dv/dl ~ 

vT— JvhrbnJjx) 


N 


'W/m cos Tea 


b ^ 1 ISite Xi'jlT/i’’ “ in the 00nt ™- 

™ “ l ‘ ;rid lhe Wading problem by adding 
" <l.at the S Z b tZ"„ „ nr betW “ n the ■>"“«= «f *** » 

OjiNMOa tyith intern .Sling t T “ ‘ aM ‘ he 

u * ‘«ers corresDond to th« S 1 , 2N n thls case so that the odd 
'•>' * Md "» ev “ — •• *■» «— * 


m 


^ 2 £2n±l _ 

dt 2 Mlfr*n+1 - X 2n ) - ( Xu+2 _ X^)],} 

jrr drX^n __ 

dt* - - *1-0 - fe„ +1 - **„)], 


(10) 


iU i7 * ?J S force consta «t between unlike neighbors 

- 0 


(11) 


inf.egerl. The 
d fl 


*2n + i = Ae 2Ti( ^rP - *) 

X tn = Be ri ^ ~ Pt ) 

1 

i*. tiger t . lhe wave number <r is l/Na in this case A nnd r *• r 
c > mogencous linear equations A d B satlsfy 

- 2„)A + 2 M cos = 0, 

2^ cos (2^^ + (4tt 2 Mp 2 - 2 u)B = 0, 

irlt have a solution only for those values of v fhof o Q +* t ^ 
tv <^qxia/fcion sa hsfy the compati- 

'(4tW-2m) 2m cos (2^)1 


( 12 ) 


2m cos 




(Ak*Mv % - 2 m) 


= 0, 


( 13 ) 
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in Fig. 86. On the other hand, we may choose the range of <r to extend 
from zero to 1/a and we may use both branches of the frequency c™ 
in the manner shown in Fig. 8c. It is al so possible to obtaTn a S ym 

-iz^iur m th ; case , by ch °° sing - « ^ it r ge ?z 

l/2a to +l/2a, as in Fig. 8 d. We shall usually use this mod P n t 
description which is called the "reduced-zone scheme.” 

fom Eq mHnehhr'f i *** * be determined substituting 
q ‘ (14) m eithor of tlle equations (12). The ratio A/B is 


A 

B 


2M cos 2t(1/2N) 


[M-rn ± 2 + m 2 4- 2Mm cos (2*1/ Nj] (15) 

to "°“> *w> normal modes which correspond 

O, C0 ” tmUityaU - iV^nne those in which 
two^ypes of mass B atahonary. This fact may be shown by setting 

-® linearly^ear the X« St’ “ Sh ° U ' d ** n<>led 
as in the monatomic case, a fact 
showing that acoustical waves 
"travel with constant velocity. 

The number of modes of vibra- 
tion per unit range of a is constant 
for each branch of the v(o) curve 
£tnd is equal to Na . Hence, the 
distribution as a function of fre- 
quency is 


f (v) 



/to = Nat, 

av 


in 





Fig 9.— Diagrammatic plot of tho fre- 
quenoy distribution of modes of vibration for 
the diatomic linear lattice. The density 
approaches infinity at the three points inci t 
catod by vertical dashed linos. 


wTiich may be evaluated from Eq. 

( 14 ). This function, which is 

shown in Fig. 9, has nonvanishing values over two ran^ r 
corresponding to the two branches of the v(<x) curve fre ^ency 

it may be seen that we obtain a new eauation of t, m „ no\ t 
jo article added to the unit coll nf 1+4-* , yp® (12) for each 

molecular fomK „ ‘ \“ olecu " crystal m which inta- 
rorces are stronger than intermodular ones. If « i s the 
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Hooke’s constant for interaction between the pairs in the unit cell, 
constant for interaction of one of these atoms with the neighbo 1 
different cell, and m the atomic mass, the equation analogous to I 

4 ,rV = 2(« + 0) + V 4 (a + /3) 2 - 16a/3 sin 2 (2wl/2N) T , 

2?n “• In the rec 

zone scheme, l is an integer extending from — — to — > and the 

2 2 

number is == l/Na, as before. When a becomes very large in 
parison with 0, the upper branch of this function reduces to the cor 
value 


1 I a 

V ~ T'\]2m’ 

which is the natural frequency of two atoms having mass m and 
constant 0. The lower curve reduces to 


v 


1 IT ■ rl 

7r\ 2m sm N 


under the same conditions. This expression is almost the same as 
however, 2m appears instead of m. It is clear that the pair of atoi 
the unit cell move as one in the modes associated with the low-freqi 
branch of the v(c) curve and oscillate as though in free space ii 
modes of the high-frequency branch. This condition obtains of cc 
only when a is much larger than / 3 . If a and 0 are comparable, the 
of atoms in the unit cell will behave less as an independent unit. 

These simple one-dimensional examples illustrate most of the in 
tant features of the general three-dimensional case, which we 
discuss next. In particular, it is possible to see the origin of B 
postulates which were presented in part c of Sec. 19. 

In connection with Born’s first postulate, it should be pointed 
that only the modes associated with the lowest branch of the v(a) c 
approach acoustical vibrations at long wave lengths. Hence, th 
+u° n ^ k ranc k we ma y reasonably expect to approximate by m 
of the v(<r) curve for a continuous medium. There are no other bran 
or a monatomic lattice (case a) , but there are others in polyatomic c; 
the number of degrees of freedom in the lowest branch or in any si 
branch is equal to the number of unit cells in the lattice in the li: 
case and is equal to three times this number in the three-dimensi 
case. From this fact, Born concluded that it is not permissibl< 
obtam the distribution of more than 3 N modes by treating the soli. 

ough it were continuous. He effectively assumed that the o 
branches of the v(a) curve are constants when he assumed that t 
contribution to the specific heat could be expressed in terms of Eins 
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functions. This assumption is reasonable for molecular crystals, in 
which the intramolecular forces are much stronger than intermolecular 
ones (c/. the last one-dimensional example); but it cannot apply to 
crystals such as potassium chloride, in which there is high coordination 
between the atoms in the lattice. 

Born's second assumption follows from the fact that in three dimen- 
sions each of the three branches of v(<r), corresponding to the three 
directions of polarization, extends over the same range of wave numbers, 
just as the different branches do in the one-dimensional case. 

22. General Three-dimensional Case.*— Let us now consider a 
general three-dimensional lattice 1 of atoms that interact with Hooke's- 
law forces. We shall discuss a crystal having translational vectors 
ti, ^ 2, and T3 that are not necessarily orthogonal to each other. The 
unit cell may be taken as a rhombohedral parallelepiped the edges of 
which are determined by the translational vectors. The crystal specimen 
may have an arbitrary shape; we shall conveniently assume, however, 
that it is a rhombohedral parallelepiped of which the faces are parallel 
to the faces of the unit cell and the edges Z#i, L 2 , and Lz are large integer 
multiples of the lengths of the edges of a unit cell; that is, 

I/i = iVi|Ti|, L 2 = N 2 |*a|, Lz = JVjItjI- (1) 

Ihe crystal obviously contains NiN 2 Nz unit cells. A given cell may 
be specified relative to one corner of the crystal by the vector 

T(Pl,P2,P3) = Pl*i + Pz* 2 + Pzlz, (2) 

which extends from the corner of the crystal to the corner of the cell in 
question. We shall call the cell that is specified by the integers p[, p' 2) p'z 
the p'th cell in the lattice. In addition, we shall assume that there are 
u atoms in the unit cell and that the positions of these relative to the 
corner nearest the origin of coordinates are specified by the n position 
vectors g a (a = 1, 2, • • • , n). The position vector r«(pi,p 2 ,p a ), of the 
ath atom in the pth unit cell relative to the origin is then given by the 
sum 


T<x(PhP2,pz) — T(pi,p 2) pz) + 0 a . 

* This section may be omitted in a first reading. It is demonstrated that the 
general conclusions that were drawn from the onc-dimcnsional case concerning the 
*(<r) curves also apply to the three-dimensional one with the difference that the wave 
number is now a three-dimensional vector whose independent values range 
throughout a polyhedron. 

1 For additional details concerning the problem of determining the vibrational 
modes of lattices, see R. B. Barnes, R. R. Brattain, and F. Seitz, Phys. Rev., 
48, 582 (1935); R. R. Lyddane and K. F. Herzfeld, Phys . Rev., 64, 846 (1938). 
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We shall designate the coordinates of the ath atom in the pth unit c< 
relative to its equilibrium position by xj(p h p 2 ,pt) where i takes values 
2, and 3 corresponding to each of three orthogonal Cartesian coordinate 
The equations of motion for this atom have the form 

m a ^ (Vl ’ PhPi) = fJ(p) ( 

where m a is the mass of the ath atom and fj(p) is a homogeneous line 
function of the relative displacements of the a-pth atom and all oth 
atoms: 


U = X ^'(p.p'MVCpO - x«’Xp)1 ( 

We shall co nsi der the interaction with all neighbors rather than, as 
the one-dimensional case, merely the interaction with nearest neighbo 
The coefficients which obviously are the interatomic Hoo 

constants, depend only on the relative values of p' and p for given a, 
i, j, that is, only on the relative equilibrium positions of two atoms. Thi 
the equations of motion for the atoms in the pth cell differ from those 1 
equivalent atoms in the gth cell only by the translation T(pi,p 2 ,Ps) 
T(^i,q 2 ,g 3 ). We shall make no assumptions about the number 
physically important terms that appear in the right-hand side of (• 
although we may expect that nearest neighbors will have the larg< 
coefficients. 

Since we shall generally be interested in forces that may be express 
as the gradient of a potential, we may require that 


/«(p) = ~ 


dV 


dxj{p) 


The necessary and sufficient conditions for these equations to be satisfi 
are 


djV(p) = dhKv') i 

dXfi’Xp') dxj(p) 


or, as one may readily see, 


VafKPtf') = /V’Xp'.p), 

/S.p' y,v" 


o 

(« 


In order to introduce the Born-von Kdrm&n boundary conditions, 
shall assume that surface atoms of the crystal have the same equatic 
of motion as the interior atoms. We are then able to show that 1 
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ZnNiN 2 Nz equations (3) may be reduced to 3ft independent equations. 
The appropriate substitution that satisfies the Born-von K&rm&n 
boundary conditions is, in fact, 

x ctKPhV2 } Pz) = — ^ e 2 ^V r tt (pi,p 2 ,g3) - vt) ( 7 ) 

vm« 

where the lj a l are constants and d is a vector that satisfies the conditions 


<$ • T (N i,0,0) = N icS • zi — l 1} ) 

*-mir 2 ,0) ^N 2 <$-* 2 = zj (8) 

<$ • t(o,o,w 3 ) s iv 3 <$ . * 3 = z 3 J 

where 1 1 , l 2) and Z 3 are integers. The solution of Eqs. (8), which obviously 
express the Born-von Kd,rmd,n boundary conditions, is 

__ ^2 X T 3 U ^3 Xjgi , X T 2 v 

iV l ^1^2^31 N 2 ^1^2^31 Nz |Ti^ 2 ^ 3 | ^ 

where the cross designates the conventional vector product and is 

the determinant 

^11 ^21 ^31 

^12 ^22 ^32 • 

^13 £23 ^33 

Equation (8a), like Eq. (2), defines the mesh points of a lattice having 
primitive translation vectors Si, s 2 , and s 3 , where 


Si 


^2 X T?3 


S 2 


^3 X 

VC 2^1 


tl X 1?2 
iVsI'Ci^'Csl 


( 9 ) 


This lattice has been called the reciprocal lattice by Gibbs, who first 
used it. 

Let us consider for a moment the simple lattice consisting of one type 
of atom, say the ath in the unit cell. When the ( i = 1, 2, 3) are 

fixed, expression (6) describes a running wave for which the wave-number 
vector is There are N\N 2 Nz ways of choosing the U in (8) to give 
independent waves, and these may be selected to lie in the range 


Ni <r <^l 

T ll ~2~’ 


N ><1 
~2 5 h 


Ei 

2’ 


-T si> 


<Ei 

2' 


This domain obviously corresponds to values of the wave-number vector d 
that lie within the rhombohedral parallelepiped having corners at the 
eight points 
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The waves (7) are independent for a larger domain of d if we consi 
all atoms at once; in fact, it is easy to see that the domain may be cho 
to be n times larger. However, the difference between modes for wh 
d lies inside (10) and those for which it does not is simply a matter of 
relative phases of the motions of different atoms in the unit cell. Hot: 
we may condense the larger domain of d to the domain determined by ( 
by absorbing these phases in the ^ and introducing n sets of £* ins it 
of one. This procedure is analogous to the one used in passing fr 
the description of Fig. 86 to the reduced-zone scheme of Fig. 8 d in 
one-dimensional case. 

We shall frequently use the relation 


2e 2 «W)-r a (p) = (; 

V 

where the summation extends over all N,N%N 3 values of p, and 3, 
the Kronecker delta function, is zero when 3 ^ <f' and is equal k: 
when = d'. 

Substituting (7) in Eq. (3) and multiplying the result by - 

we obtain the following 3 n equations for the £«* after summing over p 

= gj(g, ??,•••, £», 6). (1 

gj clearly is a homogeneous linear function of the & and of the cliff- 
ences r a (p) — Tg(q). We have, in fact, 


where 



X„S ,7 ’(<i) = & lQ . e 2ma-[ipW)-t a (.p)] 

J v m a mg 

p' 

for a ^ jff and p ^ p', and 


0 


(14 


Xaa i3 (<J) = -L ^ ^(P,P')- (14 

(9 T&CL&'&p 

The are real only in the special case in which each atom is a cent 
of symmetry, that is, in the case in which there is an atom of type 
at the position -[tg(p r ) — r«(p)], relative to atom a in the z/th co 
for each atom at the position + [rp(pO ~ r «(p)]- This condition 
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satisfied in some of the simplest lattices, but the \ a p are usually complex. 
We see, however, that 

W ? '(<0 = W**(<0» (15) 

because of Eqs. (6a) and (66). Hence, the matrix of the is Hermitian. 
The homogeneous linear equations (12), namely, 

-~Wy(<j) = ^X«^(<i)&*(<0» (16) 

will have solutions only for those values of v which satisfy the usual 
determinantal condition. This secular equation has 3 n real roots 
A (t = 1, * ’ * , 3n), since X a/ g is Hermitian. The 3 n independent sets 
of %a\ which we may distinguish by a subscript t, satisfy the orthogonal- 
ity relation 


= o (i7) 

», a 

when t 9 ^ t'. These coefficients may be normalized in such a way that 
this sum is unity when t = 2'; that is, 

= St.,. (17a) 

t f 

Thus, we see that in all there are 3nNiN 2 Nz independent functions of 
type (7) when wo include the NiN 2 Nn independent values of <1. 

The & are usually complex when the X a/3 are complex. We may 
obtain physically interesting real functions, however, by taking the real 
and imaginary parts of the quantities This pro- 

cedure does not double the modes of vibration, since spatial parts of the 
3^ complex functions associated with — d are the complex conjugates of 
those associated with +d, as may be seen by taking the complex conju- 
gate of Eq. (16). The real functions have the form 

x «(v) = aj sin 27r[d • r«(p) - vt] + bj cos 27 r[d - r«(p) - vt] 

where aj and bj are now real. Thus the motion of the <xth atom is 
described by the vector 

A« sin 2?r[d • r «(p) - vt] + B« cos 2?r[d • r«(p) — vt], (18) 

where k a and B« are the vectors 
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If A and B are not equal and if neither is zero, the quantity (18) descril 
harmonic motion in an elliptical path, the plane of the ellipse being 1 
plane containing the two vectors A and B. The direction of the ma 
and minor axes may be found in the following way: Let us choose C 
tesian coordinates x and y in the plane determined by A and B. Th 
the motion of the particle is given by 

■\/ A% + B% sin (a + tan~ l 

\/Al+ B% cog ^oc — tan~ l 

where a = % r[d • r«(p) — vt] and A s , A y and B x , B v are the compone: 
of A and B. The condition that the ellipse should be in normal forn 
that 

Bx _ A y 

a x b ; 1 

If 0 is the angle between B and A and if <j> is the angle that A makes w 

the x axis, we have 

A x = |A| cos </>, 

A y = |A| sin <j f>, 

B x = |B| cos (0- + <£) ; 

By = |B| sin (6 + 4>), 

and (20) becomes 

|B| 2 sin 2(0 + cj>) — — |A| 2 sm20, 

which determines <£. 

Thus, we see that the real non 
inodes usually describe elliptica 
polarized elastic waves. They , 
plane-polarized in the special case 
which A or B is zero, that is, when 
is real. 

The that appear in (16) are continuous functions of d. Hence 
may be expected that the frequencies v(d) are continuous functions c 
in the domain (10). In general, there are 3 n continuous branches of i 
frequency curve. These branches may coincide for certain values oi 
particularly if the lattice has a high degree of symmetry. In analc 
with the one-dimensional case, there are three branches of the v($) cir 
that approach zero linearly as d approaches zero. The long wa 



cr — *- 

Fig. 10. — Schematic diagram of the 
v(cr ) curves of a monatomic three-dimen- 
sional lattice. Actually the values of <r 
range over a three-dimensional zone 
rather than a one-dimensional one so 
that this corresponds to the v{cr) rela- 
tion for a line in cr space that passes 
through the origin. It should be noted 
that the j/(<t) relation is linear near the 
origin. 


x = A x sin a + B x cos a = 
y = A y sin <x -f By cos a. = 
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travel SJw? corres P ond to ordinary acoustical waves which 

branches of , v ® oaty - Thus > we may expect that the three 

branches of K<J) will behave schematically, as illustrated in Fig 10 if 

Srawt sr, r? r.- simiiariy ' the .* ■»»*- 

■p r , . ®‘. ^ tleic are two atoms in the unit cell, etc 

® f 7 C 1CaVmg tks treatment of three-dimensional problem, we 

shall derive expressions for the total ’ 

energy and for the Lagrangian and 

Hamiltonian functions. In terms of 

the x a ' l (p) ) the kinetic energy is 


T = ( 21 ) 

X,Ct,p 





The potential energy, which is defined 
by Eqs. (5), is given by the expression 

~ V = X P°0 i, ~(Py)[xs’'(p') - 

*>,P j,P,p' 

xJ(p)]xJ(p) 

( 22 ) 

i,a,p 

Let us now express zj(p) as a series 
of the form 

x <* l (v) = (23) ^ 

^ wm a N J o’ * 

<,<r Fig * 1 1 --—Schematic diagram, analogous 

where N is the total number of unit ° ^ 10 the diat0mi ° ° aSB ' 
wttnumbefd 3 W ti “®; dependenfc amplitude of the (th mode having 

oiZ Ma) ThJImnn rr; that the * are n ° rmauzed * ** 

x TnHn the foiw; P Utude ® ,( $ then be expressed in terms of the ' 

Xa (P) m the followin S way. If Eq. (23) is multiplied by 

(24) 

and the result is summed over t, «, and p, the right-hand side reduces to 
3nor(d ) because of the orthogonality relations. Hence, 

(25) 

£"T(-<t) = Za, ,<*(<>) 




t,a,p 


( 26 ) 
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and write Eq. (23) in the form 

i( p ) = __L='S ' " [« ( w 

\Zm a N^ 

tr,t 

(2 

where 2" implies that the summation of d is carried out in such a w 
that only one of the two points ± d is counted. We may now specify th 

ct<*(d) = »«(—<*) (2 

in order that (27) may he real. If (27) is substituted into Eqs. (21) a 
(22), it is found that these equations reduce to 


T = 2"d ( (d)«,*(d), 

ff,t 

V = ^"4^K<J)a*(<0a<*(<i), 


(2 


because of the orthogonality conditions. Now it is convenient to replt 
the complex variable a t (d) by the two real variables 

[«t(<0 + &i*(<0]v / 2 ) 


M) - 

0 


(3( 

(31 


We shall do this in such a way that the 3 n variables (30a) are associal 
with the point d and the 3 n variables (30b) are associated with the po 
— d ; that is, we shall introduce real variables a t (d) defined by the rclatic 

[a ( (d) + «t*(d)] 


ai (d) 

( _ M<*) “ «**(<)] 

fV2 

Since the inverses of the equations are 

_ <*«(<*) + iat( — 6 ) 

o t (a) = ’ 

a ( *(d) = a,(<>) - * g ‘ - ( ~ d) - 


c 


\/2 


Eqs. (29) may be transformed to 

T =S d?Cd) ’ 


t, a 


v = 


(,or 
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where <J is now summed over the entire zone of wave numbers. Thus 
the Lagrangian function of the system is - . ■'-> 


L T V ~ [“<(0 - 4x 2 rf(d)a?(d)], (34) 

t,er 

whereas the Lagrangian equations are 

<2«(<S) = -4tt 2 ^((J )a,(d), (35) 

which are the same as those for a linear harmonic oscillator, as we should 
expect. 

The momentum variables M<i) are defined in terms of the Lagrangian 
function by the equations 


nr 

p ‘ (d> = m>" 

Thus, the Hamiltonian function is 


(36) 


H = y t Pt(<Q«t(d) - L 

t,<r 

= + 4r*»j(d)a!(d)]. 

t,ar 


(37) 


23. Blackman’s Computations.— Blackman 1 has determined by 
direct computation the frequency-distribution function of the normal 
modes of several simple lattices and has used the results to determine 
specific heats. The lattices he treated do not correspond to actual 
cases, however, the consequences of these computations make it seem 
reasonable that the discrepancies between experiment and the Debye 
theory which we listed under 6 in Sec. 20 may be explained, at least in 
part, by an extension of his work. 

We shall discuss the results of two of Blackman’s computations 
namely, those for the linear lattice with two different atoms and those 
for a three-dimensional simple cubic lattice. 

a. The Linear Lattice. In Sec. 21, we derived the expression for the 
energy of the vibrational modes of a one-dimensional lattice containing 
two atoms. The result is 


4tV(<0 = ^ M + m± + 2mM cos 2rda) (1) 

7/? re d i S , the Wave number > which may be taken to extend from - l/2a to 
/ a. The distribution of modes as a function of frequency is shown in 

1 Blackmant, op, dt. 
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Fig. 9. We may compare the specific heat derived by the use of th 
distribution function / ( v) with that derived by the use of the distributic 
for a continuous string. It is easy to show from the results of the fir! 
part of a in Sec. 21 that the distribution function in the second case 


t ( \ 2Na 


If we restrict the domain of v so that the number of modes is 2 N, then 


Mv) 


2 N 

Vm 


0 < v ^ v m 


0 


from which we obtain a one-dimensional Debye specific heat 



zV , 


(i 


where 0 = hv m /k. 

Blackman evaluated the specific heat, using the actual distributio 

function for the one-dimensioni 
lattice, and then equated this to (J 
at each temperature and obtained 
value of 0. The maximum fr< 
quency of the lattice was chosen i 
each case so that hv m /k = 200 
The dependence of 0 on temper* 
ture for several values of the rati 
mf M is shown in Fig. 12. It may t 
observed that the curves approach 
nearly constant value at high ten 
peratures but deviate considerabl 
in the range below 40°K Th 
details near T = 0 are not give 
exactly in this figure; more precis 
computations show that the 0(1 
curve for m/M — 8 has a minimur 
near 10°K. 

These curves leave little room for doubt that the deviations froi 
Debye’s distribution function can be important. 

6. Simple Cubic Lattice . — Blackman carried through a similar compu 
tation for a monatomic simple cubic lattice ( cf . Fig. 13). He assume 
that each atom interacts only with its six nearest neighbors and twelv 
next nearest neighbors. For simplicity, he fixed the ratio y fa of th 





0 20 40 60 80 tOO 120 140 


T°K ► 

Fig. 12. — 0(7) curves for a one-dimen- 
sional lattice. (1) m/M — 1 , (2) m/M - 3, 
(3) m/M = 8, (4) m/M = 13, (5) con- 
tinuum. (After Blackman.) 
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force constants at 0.05, where a is the Hooke’s constant for nearest 
neighbors and y is that for next nearest neighbors. 

Thereis one particle per unit cell in this case; hence, the secular 
equation is of third degree, the three roots corresponding to the three 
directions of polarization of vibrational 
waves. It turns out that the three 
branches of the ?(d) curve meet at d = 0 
and at the eight corners of the cube 
defined by 

= ± V2a, °v = ± l/2a, a z = ± l/2a, 

where a is the distance between nearest 
neighbors. For this reason, the range 
of frequency happens to be the same for 
each branch of */(d). 

Figure 14 shows the relative num- 
ber of modes as a function of v for each 
of the branches of */(d). The unit of 
frequency has been chosen arbitrarily to make = 1.55. The fourth 
continuous curve is the relative distribution of all modes. Actually, 



Fl S; 13 ‘ — Thc sim P le cubic lattice. 
The Hooke’s constant for nearest 
neighbors is That for next nearest 
is 7. 



simple°oubio latt^o™ ° f *5 f . requGucy distribution of modes of vibration for the 

cur (Ktf ™ POnd t0 -«-»*• o£ Polarization; 

? e i er T ed b7 approximate m eans; the stepwise curve 
illustrates the total distribution function as Blackman computed it. 

One striking difference between the three-dimensional and one- 
dimensional cases is that the peak in /« does not occur at in the 
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former. Although the gradient of v(d) does vanish at the corners of i 
cube in d space within which all independent modes lie, this fact does i 
lead to a peak in f(v), for the volume of <J space in which the gradient 
vanishes is an infinitesimal of higher order. Blackman belie 1 
that the three-dimensional and one-dimensional cases usually differ 
this respect. 

Figure IS is a plot of the 0 versus T curve that Blackman obtaii 
by comparing the specific heat of the simple cubic lattice with that 
the Debye continuum. The absolute units of v m were fixed arbitral 
in order that the high temperature 0 should be 144°. It may be s< 
that 0 varies considerably in the range below 40° and that it does i 
approach the high-temperature value at 0°K. Thus, if this were 
actual crystal, Debye’s law would appear to be valid experiments 
above 40°K, but the value of that would be obtained would dil 



from the value obtained from observations near absolute zero, 
addition, the T 3 law would not be valid below 10°K, as one might expi 
from Debye’s theory. 

The substances that conform most closely to Blackman’s model * 
the alkali halides, such as potassium chloride, in which the masses 
positive and negative ions are nearly equal. The low-tcmpcrati 
behavior of 0 for KC1 has been measured by Keesom and Clark and 
described in part b, Sec. 20. Blackman’s results do not agree with th 
experimental results very closely, since 0 passes through a minimum 
low temperatures in his model, whereas a maximum actually is observ< 
It is possible that more extensive assumptions about the interacti 
forces between neighboring atoms would give better agreement wi 
experiment. 

24. The C P — C v Correction. — The molar heat ordinarily measui 
is Cp, the heat at constant pressure. However, the theories we ha 
been discussing in this chapter are based on the assumption that t 
interatomic distance is kept constant as the temperature changes; hen 
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they refer to CV, the molar heat at constant volume. C P and CV are 
connected by the thermodynamical equations* 


Cp -Cv= 

( dV/dP) T 

where V is the molar volume and P is the pressure. If we set 


Oi V 


= If 3 ! 


V\dl 


% 


fs = -l(n') 

V\dPj T 


(i) 


( 2 ) 


Hy^rd) ° f TOl,lme eXpansi ™ “ d » «- “W- «*• 


C P -Cv = 



( 3 ) 


The coefficient of volume expansion is practically 
the coefficient of linear expansion; hence, 


equal to three times 


C P -Cy = TV~- 


( 4 ) 

Although is comparatively easy to measure at any temperature n ?« 
usually measured ouly in the vicinity of room temperZ , Z fhS 

rc “°“' ,t is necessary to obtain values of fi at other temperature Z 
cin extrapolation method, of some kind. ^ 
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Petit value at high temperatures in the ease of sodium chloride, 
same workers have found a similar drop in silver. Since the rise i 
temperatures in the case of lead may be explained in terms of an elei 
specific heat (cf. Chap. IV), they conclude that the drop obser 
the other cases is a common property of the contribution to C 
lattice vibrations. 

Unfortunately, this conclusion rests upon the assumption th 
linearly extrapolated values of p are correct. Eucken and D; 



Fig. 17. — The Cp and Cy curves for lead. The ordinate is in cal/mol-deg 

believe that this assumption is justified by the fact that the quai 
defined by the equation 

y= Crf’ 

in which Cy is their value of the specific heat at constant volu 
practically independent of temperature, the reason for this bein 
Griineisen, 1 in developing an equation of state for metals on the as 
tion of central-force interaction of atoms, found that 7 should be t< 
ature-independent. It does not seem entirely safe to accept this re 
Griineisen’s theory, however, since the interatomic forces are fai 
central. If Griineisen^ relation were correct, the determination 
would be greatly simplified, for then p could be replaced by 7 a 
should have 

7T — 1 + SyaiT. 

Or 

Thus, 7 could be determined from room-temperature measurement 
values of alone would need to be measured at other temperatur 
It should be added that the deviations from Dulong and Petit 
implied by Fig. 17 are not unreasonable, for Born and Brody 2 have 
that potential interaction terms that are cubic in atomic displace 
have an effect of this kind at high temperatures. 

1 E. GrUnbisbn (see Handbuch der Physik , Vol. X, for a survey of this wor 
2 M. Born and E. Brody, Z . Physik , 6, 132 (1921). 
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CHAPTER, IV 

THE FREE-ELECTRON THEORY OF METALS AND 
SEMI-CONDUCTORS 

25. Introduction.— Drude 1 first suggested that the electrical and 
thermal properties of metals might be correlated by assuming (.hat metals 
contain free electrons in thermal equilibrium with the atoms of I, he solid. 
1 his hypothesis has passed through several stages of development and 
remains the cornerstone of the theory of metals. Drude employed the 
hypothesis to derive approximate expressions for electrical and thermal 
conductivity. In this work, he introduced the concept of a mean free 
path for collision of the free electrons, which has also been retained in a 
modified form m subsequent developments. 

Lorentz 2 carried Drude’s postulates to their logical conclusion in a 
more accurate and extensive treatment of the problem. He assumed 
that the electron velocities in a metal that is in field free space at constant 
temperature obey the Maxwell-Boltzmann distribution laws, and he 

d.Wh T e<1 y n an 1 “ gemous method the appropriate modification of this 
“° Q u ? nC fidds and temperature gradients arc present. 

sng these results, he was able to make more precise computations 
of the conductivities than Drude had made. In addition, ho wis able 
to treat various thermoelectric effects. As sometimes happens in such 
cases Drude s results were in somewhat better agreement with experi- 
ment than Lorentz’s results. These differences are of minor importance 

nlir’fj S COmpai ' cd . ffit i two rna i or objections to the theory,’ 
namely. (1) The manner in which Maxwell-Boltzmann statistics wen* 
employed implies that the electrons contribute a larger share of the 
specific heat of metals than is possible if the Eiiistem-Dcbyo Iheorv is 

a^umfthaUhe^rr in metals - (2) It was necessary to 

the leCtr ° nic mean free P ath becomes infinite at the absolu e 
of temperature in order to explain the vanishing of resistance „t 
ateotate The theoiy presented no planeible real 1„r 2 f" H 

eovery e, the Pauli pnnoip.e and the dSpH 

cussion of this early work & °°- Ncw York ’ ,0 23) for n ,|i»- 

! H. A. Lokentz, Amsterdam Proc., 1904-1905; sec also Lorentz, op rit 
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statistics. Then Sommerfeld 1 modified Lorentz’s treatment by 
ing quantum statistics instead of classical statistics. This proce 
we shall see, removed practically all the difficulties except those 
to the behavior of the mean free path at low temperatures. I 
and Bloch, 3 however, were able to justify the occurrence of larj 
free paths on the basis of a quantum mechanical investigatioi 
interaction between electrons and lattice ions. 

On the whole, then, Drude’s original idea has withstood th< 
time. The free-electron theory merits a thorough discussion, pi 
this reason and partly because it furnishes us with a clear semiq 
tive picture of some of the most useful properties of metals. 1 
point out, however, that the free-electron picture, as we shall pres 
this chapter, does not include an interpretation of the cohesive pi 
of metals and does not explain why some substances are met 
others are not. These topics can be understood clearly only whc 
are treated on the basis of quantum mechanics. 

A. METALS 

26. Distribution of Electron Velocities. — Following Drudc, 1 
employ the following simple model of a metal. We shall assu. 



Fig. 1. — Schematic diagram of the potential of a metal. The value of the 
inside is —Wa, that outside is zero. The major part of the variation between 
zero takes place near the surface. 

the electronic potential energy is constant in the interior of th 
and is equal to —W a , relative to an arbitrary zero of potential at 
distance. The precise way in which the potential energy variei 
vicinity of the surface need not concern us at present; a schema 
gram of the variation is shown in Fig. 1. The total energy of a 

X A. Sommerfeld, Z. Physik, 47, 1 (1928). See also the review art 
Sommerfeld and H. Bethe, Handbuch der Physik , Vol. XXIV/2 (1934). A. , 
feld and N. H. Frank, Rev. Modem Phys ., 3, 1 (1931). 

2 W. V. Houston, Z. Physik , 48, 449 (1928), 

3 F. Bloch, Z , Physik, 62, 565 (1928), 
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electron in the interior of the metal then is 


141 


E = 


2m* p 


> 2 - Wa 


(!) 

where p is the momentum vector. If the electronic nn+cnHoi + „ 

That ^ ^ eIeCtr ° niC maSS - !t 4pen^ however 7 

* J* f , 6 . n 18 p08Slble *0 approximate the electronic energy by an 
equation of type (1), even for fairly complex internal potential field? bv 
allowmg m* to take values different from the electronic mass Th? 
leason for this fact will be made clear in later sections of u * i ±u 

de wX7 hod r rr-* the ££££££££■ ““ 

electrons^ Tmo^T i h eXpreSSions for the velocity distribution of 
I a m f tal in ( 1;b ose cases in which classical and Fermi-Dirac 
statist cs are valid. Actually, it is permissible to use only tTsecond 

tL twotrns * 18 intere8ting t0 com P are the differences between 

energyT iT?’ d ° termine the numbcr °f states having 

tribution function, V * “ the ex P rcssio ™ f «r the dis- 

tnbution functions In a rigorous treatment, the degeneracy should be 

determined by solving the SchrMinger equation ; however The M lowin' 

eSlT d adS .‘° r CCt re5 “ lts - We Z relate ifh ™h 

, , six dimensional phase space of which the six coordinates are 

‘XT P0S,t, °" al , C ° 0rdinate *• »■ * -d the three Zpone^i o, 

momenta p X) p yj p z of an electron. If we arbitrarilv rhVirin u 

electron spin, ihis procedure may be justified roughly by use of the 

see, for example, G. Joos^tfS 

.f ““^rr b ” P "“ Cl ° S " “ — “»• «*.*. i».. 


rii BS g iu ^ e kT 

£?* XXlXXX iu,led - “ - - - - — *11 ■»* i. 

In Fermi-Dirac statistics, which is valid for electrons, 


rii 


ffi 


, kT 


+ 1 


10 ' in ,h - — 11 -»■ 
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phase-integral condition of classical quantum mechanics, whic itattv 
that the volume of phase space associated with each level is h each 
positional coordinate. Thus, the volume is h 3 for a particle in - inarv 
three-dimensional space. A more rigorous justification will be g: i in 
later chapter. 

In the present case, in which the electrons are allowed to tndor 

freely throughout the volume V of the metal, we may assume £ earl 

cell in phase space extends throughout the volume V associated ti th 
positional . coordinates. Then the different cells may be co: ctelv 

specified by giving the domain of momentum space they cove Tin 

average number of cells in the parallelepiped that has edges e: ldim: 

from p z to p x + A p X) p y to p y + A p yj and p 2 to p z + A etc., is 


AG = (o 

h 3 '* 

since VAp x Ap v Ap z is the volume of phase space occupied by the p Help- 

piped. In a crystal of ordinary size, for which V is great than 

10 -12 cc, the values of A p x , A p y , Ap z that are associated with one .1 an- 

infinitesimally small for all practical purposes. Hence, we may plarr 

the discrete distribution of cells by a continuous one and say ■ ; tit- 

number of cells dG, in the volume Vdp x dp y dp z of phase space, is 

dG = v& dgtP- . (3) 

The number dG a of states of both kinds of spin, associated \ tin 
same volume, is twice dG; that is, 

dG, = 2V^ d ?f Vz - (4i 

h 3 1 ■ 

We may now derive the expression for the number of levels g it 
the range from E to E + d,E. According to Eq. (1), the relatioi 

E = constant 

defines a sphere in momentum space of radius s/jE + W a )2m The 

volume dP between concentric spheres the radii of which differ t Eh 

clearly 

dP = Aar {E + W a )2m*dV(E + W a ")2m* 

= 2 irVlE + W a )(2m*ydE. (o) 

This may be simplified by setting 

6 - E + W a , (6) 
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dP = 2 lr(2m*)*v«<fc 


(7) 


Accorfcto E„"Sw!f “T 63 ‘ he CleCtro " ic Native to - W. 

»omS S m 2* " Umber °' ^ MS ° Ckted ”‘ h «■ vel— 5 


where 


»(•>* “ - cvn. 


( 8 ) 


r _ 47r7(2m*)5 

T? 


(9) 

iTvalidVnl^wWaT; is° truf ^ ^ *" emphasized that E 9- (8) 

a!SS:° diSCUSS the diStribUti0n f0r 

distribution functionft^ 0 ” ~~ The dasSICaI ’ or M axwell-Boltzmann, 


Ui = giAe' 


kT 


(10) 


i . 

y.-fold degenwate”™d 'I thc level ot en8r Sy » which is 

.» *, <8, 8 


«_ 

dfi = CAe ^-y/ edc. 


( 11 ) 


If the total number of particles N ^ . , 

all values of . from zero to infinity, that 4 is r’elated To TTyi the equation 


A = 


2 N 1 


A 3 w o 

\Ztt (kT)* C 2(2vm*kT)2 (12) 

where n„ = N/V is the number of electrons per unit volume. Hence, 


dn — 


(hT)i e A Vede. 


(13) 

Eo mfi. v, ! °f a . C , 0ntmuous distribution of levels. Incidental 
distribution orkinetic)nieri)es of"TZS ** **“ 

1 See footnote 1, p. 141 . 
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The mean energy per electron e is equal to 1/N times the integral of ed 
over all values of e; that is, 

2 1 f* 00 — L 

* " VZWyjo e kTMi 

= \kT. ( 14 

Thus, according to classical statistics, the total electronic energy per me 
of a monatomic metal is 


B = &RT 

where 2 is the number of free electrons per atom. This result is contra 
dieted by experiment, if we assume that 2 is equal to the number o 
valence electrons per atom, for it predicts an electronic heat per gran 
atom of ZzR/2. We have seen in Chap. Ill, however, that practically 
all the specific heats of most metals can be ascribed to lattice vibrations 
This contradiction is sufficient to rule out the use of classical statistic; 
for describing the distribution of the free electrons in metals. 

b. Fermi-Dirac Distribution. The quantum statistical distributioi 
function that should replace (10) is 1 


rii = 


Si 


S< 




+ 1 


(« - e') 
r, kT 


+ 1 


where, for convenience, a has been replaced by t' /kT. 
becomes 


(is; 


This equation 


dn 


p '\/~ede 

e kT +1 


(16) 


when the continuous distribution method is used. 

, 3® param 1 eter i’ which must be 6x6(1 in su ch a way that the integral 
of (16) is equal to the total number of electrons, cannot be determined so 
easily as the corresponding parameter in the classical case. We shall 
evaluate « for several limiting cases, using different methods in each one. 

1. Absolute zero . — The form of 



as a function of « is illustrated in Fig. 2 for various relations between T 
and e . In the limiting case of absolute zero, (17) is unity when * is less 
1 See footnote 1, p. 141 . 



Sec. 26 J THE FREE-ELECTRON THEORY OF METALS 

than € 0) the value of e' at 0°K, and is zero for greater values of e. 
Eq. (16) may be written 


145 

Hence, 


dn = jCVtde 0 ^ e ^ £ ' 

10 < s (18) 

That is at absolute zero all the energy levels below e' are completely 
filled vnth electrons whereas all above e' 0 are completely empty (cf. 
hig. 3). Also, all cells in momentum space for which p is less than 



helow°« = /rn™? °^ tlle lowea * ® ner ^ levels of tho metal at absolute zero. All levels 

.Arraus z a s z°z : ,uno “” » - «» 


s/2me , 0 are entirely filled, whereas those that 
completely empty. 

The integral of (18) is 


have greater momenta are 


Hence, 


(19) 



( 20 ) 


where n 0 = N/V, as previously. It is interesting to note that 
only upon the density of particles. 

Using Eq. (20) we find that the mean energy is 


4 depends 


So 



3, = 3_ V/SnA* 
5 0 10 m*\ 8t ) ' 


( 21 ) 
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The value of e' 0 for a number of metals is given in Table XXXVIII 
whLch we have assumed that m* is the actual electronic mass. Sik 
these numbers are of the magnitude of several electron volts, we see th 

+• 3 UantUm , St f 1StlCS are a PP^ciably different from those 
classical statistics, m which e is zero at absolute zero. Thus in classic 

^a istics an energy W. would be required to remove an electron fTm 

finwi™ °u F f 3 ‘ The quantlt y 4>> which is called the woi 

Quantum On* b ! elementally by determining the ligl 

quantum of lowest energy that will eject electrons from a metal. Photc 

e ec rica y determined 1 values of <f> are listed in Table XXXVIII 6 i 
greatly dependent on the condition of the surface through which etc 



is a very useful one since^' ” k T C °^~" ^-This case 
point ofmost «t* ** " ‘’" lA '*** thi “ kT meltag 

e, ' U,t ‘ 011 ■' “ » »«e, as well as the general 


N 


_ r f" V~ede 

~ C l 

£> kT 


+ 1 


( 22 ) 


ATT Sr Moin 7 ' 

Book Company, Inc.f New York, 1932 ) B ^ ’ PhotoeledncPhenome ™ (McGraw-Hill 
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Sommerfeld and Bethe 1 have developed a convenient method for evaluat- 
ing integrals of this type. Let us write Eq. (22) in the form 

N = C So ^ de > (23) 

obtain^ n ° tati0n ° f Eq ‘ (17) ‘ Inte o 1 ' a ting this expression by parts, we 


N 




(24) 


It will be found that a number of important integrals may be expressed 
m an analogous form, namely, * P 




:(e)de 


(25) 


where a(e) is a continuous function of «. 

Following Sommerfeld and Bethe, let us transform the integration 
variable m (25) from e to rj defined by 


97 = 


e — e 
kT 


This is equivalent to choosing to be the origin of the energy scale and 
expressing the energy in units of kT. In addition, let us write 


a 0) = lS(rj). 


Then, Eq. (25) becomes 


a — 



(26) 


For small values of kT , e f /kT is so large that the 
replaced by — 00 f whence 


lower limit may be 


a S cj 




( 27 ) 


Let us assume that /3 may be expanded into a Taylor series. Then, 


P(v) = m + 


.dy. 


o V + l\ 


dy 2 J 


17 2 + 


1 Sommerfeld and Bethe, op. tit. 
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and Eq. (27). is 




The first integral is 


me 




mcifiv)]: 


-mc. 


The second integral vanishes because df/dy is an even function of 



Pig. 4.— The 


functions /and — ^as functions of e (schematic). 


^ the ° nly ° ther 0ne that noed hv considered in 
tne low-temperature approximation, is 

-Jfelnf” ^ , 

2L^ 2 Jo U J-„(^+iyA (28) 

Th? iSegra^th^if J Eted ^ 6Xpanding the ^grand in powers of 

r 2 ’ ^ 

Hence, ^ 

Transforming back to the variable «, we have 


ag*-c(a( e ') +t (1cT) z y 
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® 10 !e , e tlat «*» tofinite series of which the term, in (29) ere 

the fat few member, converge, very tepidly when W is much 1«7 

t is Avior^h T‘T ^ t0r ,hiS ca “ is to iiH 

.f T pt in a ^ 

e , wiiere it nas a steep maximum. Since 


I 


-»d/ e ~ ~ 1 > 


.'n^ralrdl™ 27,”'“° f “ “ sim ply -G»M, the value of the 
of thTftmcfan Js, !?? ‘T* r correcti °“ f er the finite width 

T 1* ? df/d V d are smaI1 as lon S as the width is small 
us return to Eq. (24). Using Eq. (29), we find that 


N 


- <?" + 


12 


(kry\ 

e't )’ 


(30) 


which reduces to Eq. (19) when T becomes zero. We may solve thi. 




J 

= c o 


_ rVkry 

sU/. 

- —fh£\ 
12V 65 / . 


The mean energy per electron is 
When Eqs. (19) and (29) are used, this reduces to 

, = Kf' , + T'W) 

" + 7 < ' ! '<=5t)- 

Upon simplifying this equation by means of Eq. (31), we £ nd 

where « 0 is the value of i for absolute zero [cf. Eq. (21)]. 


(31) 


(32) 


(33) 


( 34 ) 



150 THE MODERN THEORY OF SOLIDS [Chap. I 

The derivative of Eq. (34) with respect to T is the electronic he-' 
y 7 ; that is, 

_ ,tt 2 kT 

lv ~ h 2~^' ( 3 <‘ 

^ e f te ™’ wMch ordinar ily is much smaller than the classical value , 
3A/2, has been observed in a number of metals and will be discussed i, 
ecs. 27 and 28. It is easy to see from the method we have used t, 
•mve at Eq. (34) flat ouly tie part of the electronic distribution 
* e contributes to the temperature-dependent part of e. The elec 
irons of lower energy are hemmed in by filled cells to such an extent tlm 
orchnardy they are not excited. Thus, only those electrons that an 

Ze t S ra T ° f f ““ the t0p ° f the occupied levels an 
“ classical sense. In fact, one may obtain a specific heat of th. 

rder of magnitude as (35) by assuming that a fraction kT/2 of th( 
electrons are free and have the classical electronic heat 3/c/2. 

of vaTou^n bS USGd t0 derive ex P ressi <ms for the mean valu, 

the form « ^ geileral than that in which g(t) ha, 

the int ] f S w PP °j e that 1S an arbitraf y function of e. Then 
the integrals for N and i are 


J o (ib)ir]|d, (30. 

J) *>(*)&]! 'd,. (37) 


N '~L “X"[ 

Using Eq. (29), we find that these expressions may be reduced to 

(36.) 

^-J>)* + ^r.W) + ,(<■)]. (37.) 

“ Ved *” **> <“** 

Nr ’ . +^i« W) +,«). os> 

rttSfb f (llf If V f Ve •' ” th res P“‘ *» temperature may be 
muff 8 temperature detiratire of Eq. (36,). The 
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Substituting this in Eq. (38), we find 

7r - 3 ~N~ (39) 

Equation (35) is the special case of this equation in which g has the value 

.3. The case in which «' is large and negative.— SNc shall see that this 
quantity VMy high tem P eratur ®- When «' is negative, the 


okT 


. , t . (40) 

in terns of it^^he 11611 !? T eXpand tlle expressions for N and i 
m terms of it. The results, to terms in the first power of (40), are 


N 


*rV&le, 


(41a) 
(416) 

These equations become identical with those for the case of classical 
statistics, which was discussed in part a, when we set 

A = e kT . 

ZSSfiXZS ?-*** 1 st * tistics * re valid to conditions 
Eq. M, we fZ Zi “ C ° mP ” S °“ m ‘ h ******* d from 

£ _ 1 ... h 3 n 0 
kT og 2(2rmkT)i' 

The condition that must be satisfied if this is to be negative and large is 


jfar» ( i®Y— fe?Y - / l6 V / 

\9v/ 2m\ 8 t ) \9tt/ e °' 


“ s ““ ed ° niy at to 

' Inter ™ e f a tecase .— The evaluation of integrals in the intermediate 
case, in which kT is comparable with 4, involves a relatively large 
amount of computation and will not be discussed here. Some of the 
more important results have been derived by Mott 1 and by Stoner. 8 

2 w’ ^ toTT ’ Proc - R °y- Soc -> 1B2 < 42 (1935). 

E. O. Stoneh, Phil. Mag., 21, 145 (1936). 
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For example, the behavior of the electronic heat, as a function of k T/e« is 
shown in Fig. 5. ’ 

27 ' The s P eci fic Heats of Nontransition Metals.— The expression 
that was denved in the preceding section for the heat of free electrons 
in a metal, namely, 


k ,kT 
y v = tn—t 

4 € 0 


( 1 ) 


per electron, is small compared with the contribution from lattice vibra- 
tions at ordinary temperatures. 
At low temperatures, however, it 
should become comparable with the 
Debye value of 

1.0 k I 


0.5 k 





(2) 


per atom, since the quantity (2) 
decreases more rapidly with decreas- 
ing temperature than (1). The 
ratio of (1) to (2), namely, 


Fig. 5. Tlie electronic heat as a func- 
tion of temperature during the transition 
from the degenerate to the nondegenerate 
state. ( After Mott.) 


5 kT 


Tfe D V 

i\Tj’ 


24*s 4 

approaches unity in the neighbor- 


o _ hood of 1°K when ©/> is of the order 

of 100° and t' Q is of the order of 1 electron volt. Thus, according to this 
result, an appreciable part of the specific heat of simple metals in the 
neighborhood of 1°K should have electronic origin. 

Keesom 1 and Kok have observed an electronic specific heat of this type 
in the simple metals silver, zinc, copper, and aluminum. The most 
accurate measurements have been made on copper and aluminum, for 
which the molar heats are 


Cu: C v = 0.888 • 10 ~*RT + 3 

Al: C r = 1.742 • 10 r*BT + 3 Rf D (~), 


( 3 ) 

W 


where /*>(©/ T) is the Debye function. Equation (4) is valid only above 
1.13 K, for the metal changes to the superconducting phase at this 
temperature. It is possible to determine an “experimental” e' B from a, 

H ' Keesom and J ' A - Kok > Physica, 1, 770 (1934). Cu: J. A. Kox 

p* 3> 1035 (1936) ‘ J ' A - and W. H. Keesom, 

Physica, 4, 835 (1937). 
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the coefficient of T in the linear term in (3) and (4). In fact, we have 
from Eq. (1) ’ 

«o(exp.) = ^ ( 5) 

where 2 is the number of valence electrons per atom. Values of this 
quantity are given in Table XXXIX. In the case of copper, it is assumed 
that there is 1 free electron per atom, whereas with aluminum values are 
given for the cases m which it is assumed that there are 1 and 3 electrons 
per atom. Evidence that will be discussed in Chap. XIII indicates that 

dectrons per atom ‘ dividing the computed 
0 ° * . e , XXX1X by the experimental ones, we obtain the ratio of the 

Table XXXIX 0IUC “““ t0 ^ *** These ratios also ap P ear in 

Equations so precise as (3) and (4) are not given for silver and zinc. 

. ® e xp e rimenters estimate, however, that m*Jm is of the order of unity 

in both cases. 

Table XXXIX 



«o C ex P-)j ev 

z 

Cu 

4.78 

1 

A1 

2.44 

1 


7.30 

3 


m*/m 


1.47 

2.30 

1.61 


28 . The Electronic Specific Heats of Transition Metals at Low Tem- 
peratures.— Experimental investigations that we shall discuss presently 
show that transition metals often have a much larger electronic specific 
heat than do simple metals. In order to treat this topic at the present 
point, it is necessary to accept some simple consequences of the banc! 
theory of solids; these will be justified in later chapters. 

According to the band theory, 1 the ten states of an atomic d shell 
contribute a quasi-continuous band of I OX electronic levels to the metal 
where N is the total number of atoms. Of these levels, 5 N correspond 
to. one orientation of spin, and the other 5 N correspond to the opposite 
Orientation. Figure 6 shows the position and width of the d electron 
band relative to the levels of the ordinary valence electrons. At present 
we shal not discuss the quantum mechanical principles that determine 

i C I" the d k and ’ an< * tile relative position of the valence and d 

levels The density of valence-electron levels is so much less than the 
density of d levels that the point below which there are UN levels of both 
valence and d type is above the top of the d band. In other words, the 

47 57Wl^tr t n r nTi an l m ° del * Wa ! ^ pr ° P0Sed by N ‘ F - Mott - Proo.Phy S . Soc , 
47, 571 (1935). and has been extended by J. C. Slater, Phys. Rev., 49, 537 (1936). 
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ordinary valence levels are filled above the top of the d band if N electrons 
are added to the valence band (c/. Fig. 6). Thus, the d band is com- 
pletely filled in metals such as copper, silver, and gold, which have 112V 
electrons outside the rare gas shells. Conversely, the d band is not 
completely filled in the transition metals that immediately precede 
copper, silver, or gold in the periodic chart. 

We shall let g v (e) and g d (e), respectively, designate the density of 
levels in the valence and d bands, as functions of energy. The origin of e 
will be taken to be at the bottom of the valence band. For present 




fO Electrons 
| J per atom 


d Band 


area of the a bZdZZZ.Z-^ °\ levela “ the 5 and d ^nda. The shaded 

There is room for eTS™™!™ * of energy levels occupied by one electron per atom. 

purposes, we shall assume that g v (e) has the form of p(e) in Eq. (8) of 
bee. 26, namely, K 1 

= CVe (1) 

where the mass appearing in C does not differ from the true electronic 

Z S ^ a ! h f 2 ° r 3 ‘ AS We Sha11 see ’ there is g° od evidence 

that near the bottom of the d band g d (e) has the same form as the expres- 
sion (1) for free electrons, namely, 


where 


3d(e) = Ct,V c - E d e > E d 

_ 4rV(2mf,) i 
h s 


( 2 ) 


(3) 


in which otj is the effective mass at the bottom of the band. We shall 
assume that near the top of the band 

?<)(«) = Ct-y/TWi -f- AE — «) « <C. Ej + AE7 

where 

ft _ 4wV(2m t ) i 
* ¥ 

in which m t is the effective mass near the top of the band. 


(4) 

(5) 
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It may be expected that m b and m t will turn out to be much larger 
than the electronic mass, since the density of levels in the d band is much 
larger than the density of levels in the valence-electron band. 

According to Eq. (39), which is valid when kT is much less than 4, the 
electronic heat is 


_J!£W) 

3 N 


per electron, where g( e' 0 ) is the total density of levels at the top of the 
filled region. If there are more than 102V electrons, 

9(4) = 0,(e o), ( 7 ) 

since then the d band is completely filled and the valence band is filled 
beyond the top of the d band. Hence, we may expect that in this case 
the electronic heat is of the same magnitude as that of other simple 
metals. This was shown to be true in the previous section, for it was 
found there that the electronic heats of copper, silver, and zinc are the 
same order of magnitude as that of aluminum. On the other hand 
9(4) is 


9(4) — 9v(4) + g<i(4) ( 8 ) 

when there are fewer than 112V electrons, for then the d band is only 
partly filled. We may expect (8) to be much greater than (7), since 
we have seen that the density of d levels is much greater than the density 
of valence levels. Consequently we may expect a larger electronic 
specific heat for transition metals. 

Before presenting the experimental facts for nickel, we shall find it 
convenient to discuss the implications of ferromagnetism from the 
energy-band picture. Let us divide the d band into two bands, each 
having density gd(«)/2, corresponding to two opposite orientations of 
electron spin ( cf . Fig. 7). In a paramagnetic transition metal, these two 
bands are filled to exactly the same level when no external magnetic 
field is present (cf. Fig. 7 a). Thus, the intrinsic magnetic moment is 
zero in this case. We may interpret many of the properties of ferro- 
magnetic substances by assuming that at the absolute zero of tempera- 
ture one of the two d bands is completely filled, whereas the other is 
filled to the same height as the valence band (cf. Fig. 7b). The metal 
then possesses an intrinsic magnetic moment per unit volume, since 
there is an excess of electrons with spin oriented in the direction asso- 
ciated with the filled band. If p is the magnetic moment per electron, 
the magnetic moment M per unit volume is seen to be 

M = 0A iid 


O) 
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where An d is the difference between the numbers of electrons per unil 
ume in the d band, having each orientation. This occurrence of the 
, IOnS “ lf °' ““ “ b “ d “ ‘““'■'panied by a de« 

“ 6nergy ° f * he metaL We sha} l d^cuss this in a later chapter 
Since all ferromagnetic metals become paramagnetic at sufficiently high 

temperatures after a continuous decrease of the intrinsic magnetization 

frozen electronic sfcructure gradually meIts - 




d Band 

fliT A t0m ' '^wamagnetb'metTl Ta' which ^‘° h i***? ^ 0r fewer valence electrons 

filled to the same height C» wi w “ ch lev , els of b °‘ b spins in the d band are 

one spin are preferentiaily filled. 6 ’ The Whfin the levels in the d band of 

band are filled to the same height. other half of the d band and in the s 


fi = 


eh 

4 irmc 


( 10 ) 


Thm number, which is given for nickel, cobalt, and iron in Table VII 

from 'the unZPZf of ‘tt Xnd * For° $T Per T ° lume 

the number of boles in the d band. Thtl, tbSe isTeTok “ ^ 

and of mckel, etc. Since the nickel d band is nearly fflled, 0 ^ shall 
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assume that the density g m of vacant levels in the partly filled half band 
is nail of (4), or that 


?«.(«) = 


The parameter «' may be determined from this by means of the following 
equation which states that the number of holes is 0.6 N, where N is the 
total number of atoms: 


'Ed+AE 


2A^X v/ 17+ A E 

Integrating this, we find that 

8e' = Ed -f- A E 




(id 


( 12 ) 


where W ’ is the width of the unfilled region. Hence, the density of 
levels at the point e in the partly filled half of the d band is 


i(e') = ^(1.8iV)h 


(13) 


According to Eq. (6), the contribution from the d electrons to the elec- 
tronic neat is 


* - V 04) 

per electron. If we use Eq. (12), wo may replace C t by 6e'. The result 

IS ” ’ v/ 


r -0 3^ 

7r 0.3-^-, 

(15) 

or the molar heat is 


Cv = 0.3 R^~- 

Se 1 

(16) 

Keesom and Clark 1 have found that the molar heat 
low temperatures can be expressed by the equation 

of nickel at very 

C r = 8.72 • 10 -*RT -f 3Ru(~^). 

(17) 


The electronic term is about ten times larger than that for simple metals 
1 W. H. Kebsom and C. W. Clark, Physica, 2, 513 (1935). 
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such as copper or aluminum. Equating (16) to the first term in (17), 

Y £* 3400°E, 

which is about 0.29 ev. This should be corrected slightly to include the 
sma contribution of the valence electrons to the fpelfic "eat The 
result, however, would not be appreciably different. 

from thJn 10 °l m ‘ t0 thetrue electronic mas s may be determined easily 
from the preceding equations. The result is ^ 

m t 

— ~ 28, 
m ’ 

££ XX th * " el “* r0DS W “* TO - *»+ *>■*■ «. 

at have me " ured 1116 sp “ ific he! “ ° f - 

C v = 0.60 - 10~ 3 BT + 2.36 • 10 _6 ET 3 . 

In this ease, the number of holes in the d band is of the order of 2 2 „er 

iXfaj) toST* “ m m *-V m ' erl,rel th - tints of Table VII of Chap. 

I (page 23) m the same way as for nickel. The corresponding values nf 

te a,nd m,/m are listed in Table XL. The fact th,t mjm h SI Lier rll 
r nickel is partly connected with the fact that Eq. ( 4 ) j s not valid fo - 
the holes m the i band of iron, as will be seen in Chap XIII 

It has become conventional to associate the specific heat of the ,1 
electrons m transition metals with the holes in X Xf 

IZ Mandela! b TT ““ ““ °‘ ,MntitieS Buch « A " to W 

Z tmfiM it S’ t : 'tot* tespeetivdy. the number of holes in 

for the specific heat ^ ™ 0 region, reduces the expression 

* = (Hg)', 

. W-r' ? E p° M and fr Kdreelmeye k. Physica, 6, 364 (1939) 

Jf T G - L - P I0KARD . Mature, 138, 123 (1936). 

Pt: J ’ A ' K0K and W - * Kehsom, Phynca, 3, 1035 (1936). 



Sec. 29] THE F RE E-ELECTRON THEORY OF METALS 159 

however, the equation connection CV and 8*' turn* k ^ 

( 16 ). % the observed eleetrooie hosts peS 

Pd: C V = 1.6 • 10- 3 Sy, 

Pt: C v = 0.804 • lO-lRP, 

" obtain the ™'"« of u and m,/m given in Table XL. 

T ““ XL. The E™v, Mesas or H„„. „ OT „ s „„ „ 
m , Transition Metals 

are perfectly free” t 6 ° bserVed electronie heats on the assumption that the holes 


Metal 

Se', ev 

rrit/m 

m 

0.29 

28 

a Pe 

1.58 

12 

Pd 

0.16 

43 

Pt 

0.32 

22 


“7 \ au iaeor y 01 Paramagnetism of Simple Metals -Tt 

r “ fr0m / ig - J 20 ’ Cha P- I. that the metals that follow tt' ram 
gases m the periodic chart are weakly paramaenetin •+ rare 

ehown .bat tire inner chaed-eheU JZZTSZ ^bZ * 
diamagnetic contribution to the total ^ e 

susceptibility, we may conclude that the 
paramagnetic susceptibility is associated . 

with tha ± -n ... 

Pauli 1 



~ x — — — 

with, the valence electrons. J^auli 1 pro- 
posed the following simple semiquantita- 
tive interpretation of this paramagnetic 
term. 

Let us divide the quasi-continuous ,. H / 
band of levels shown in Fig. 3 into two * 
bands, one for electrons of a given spin 
and one for electrons of the opposite spin, 
just as we did for the d band in the preced- 
ing section. The density of levels in each 
of these two bands obviously is just half 
the density in the band of Fig. 3. In the 
absence of a magnetic field, each band is 

filled to exactly the same value of e. If the metal is placed in a homo- 
geneous magnetic field of intensity H, the band of levek Lsodated 

“^ -7 s f n P arall °l to the field is lowered by an amount 
0H, and the other band 1S raised by the same amount. Here B is the 
magnetic moment of the electron which, according to the theory of 
1 W. Pauli, Z. Phyrik, 41 , 81 (1927). 


r t 1 

I' 10 . 8. — Tho relative displace- 
ment of tho levels of different spin. 
Tho levels with magnetic moment 
parallel to tho field are lowered by 
pn, thoso of opposito spin are 
raised by the same amount. The 
energy difference 20H is ex- 
aggerated. 
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electron spin, is given by Eq. (10) of the preceding section JW. » 
shows schematically the behavior of the levels. Evidently the eouilib 
nuxn distribution of electrons is that in which both types of level are 
ed to exactly the same point on an energy scale, for otherwise we could 

lowest IW rem ° Vin f e + leCtro * s from the ^ghest filled band to the 

to the'fiefdT; m °? n ,° nS W their magnetic moment parallel 
to the field than antiparallel to it. The number An of electrons that 

electrons hTthefea^ “ “*1 ^ ^ ° ther is equal to the number of 
electrons in the energy range of width pH at the top of one of the bands, 

^ = pHg.M (1) 

region ^^The^elation^V ^ ^ , of / iven at the top of the filled 
egion. The relation (1) is valid only for fields that satisfy the condition 

/?H «; € '. 

^11 ordinary fields are included in this condition, since /SH is of the order 

Thl^fT f ° r t e f tr ° ngeSt attainable fi elds and e 1 is of the order of 1 volt 
The difference between the number of electrons in the two bands namely 

2An = 2f3 Hflr,(0, (2) 

whence the magnetic moment per unit volume M is 


and the susceptibility is 


M - ^ 2 H g .(eO 
F 


* - ggW) 
v ' 


( 3 ) 

»“»T( 8 5 b t< ZTz " eperfeet,y ,r “ “ d “ 


Then, 




3 1 

X = xttotfS- 
1 «o 
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where x is now expressed in cgs units, a is expressed in cubic angstroms 
and € 0 is expressed in electron volts. ’ 

Table XLI contains values of x, computed from Eq. (4), for the alkali 
metals and several alkaline earth metals. It should be observed that 
the computed susceptibilities are often more positive than the observed 
ones, a fact indicating that a diamagnetic correction is frequently needed 
One of the principal sources of this correction is the closed-shell ion cores 

T^le XLI.— A Comparison of the Observed Susceptibilities of Sevbrai 
Metals with Those Computed on the Basis of the Free-electron Theory 

(In cgs units) 


Metal 

x • 

10° 

Observed 

Calculated 

Li 

2.0 

0.80 

Na 

0.63 

0.65 

K 

0.58 

0.53 

Be 

-1.85 

1.38 

. Mg 

0.87 

0.98 

Ca 

1.70 

0.89 


of the atoms In the cases of copper, silver, and gold, the diamagnetic 
ontribution from the newly filled d shells is large enough to cancel the 
paramagnetic term and to make the metal diamagnetic. 

The transition metals such as platinum and palladium are strongly 
paramagnetic. Since the free-electron theory may be used to explain the 
electronic heat (cf. Sec. 28), we naturally should attempt to apply to 
these metals the analogue of Eq. (4), namely, P ' 

Q/0€q 

where Z is the number of holes per atom. It was first shown by Mott 
and Jones, and may be verified by simple calculations, that the values of 
Jo that are required to explain the observed values of * are four or five 
times smaller than those derived from the experimental values of the 
electronic heat. This discrepancy shows that the free-electron model is 
much too simple for the tf-shell electrons. 

30. Thermionic and Schottky Emission.— Up to this point, we have 
had no cause to consider the way in which the electronic potential of a 

Ztt t ^ hG S A rfaC6, The f0rm of this curve » important, 
however, when we consider any process in which electrons pass through 

pp. i94/. 
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the surface. We shall discuss two phenomena of this type in the preseni 
secton, Mmey themiomc emission and Schottky evasion Them 

Z ph “ <>mmon “ “ ele.ir.nie cumnt ovZ 

rates from a heated metal in the absence of an external electric field 
whereas Schottky emission refers to the evaporation that occurs when 
the metal is at a negative potential. Both these emission phenomena 

oend P nt nS y temperature - d i e P en dent. An additional temperature-inde- 
pendent emission occurs when the potential of the metal becomes suffi- 




Fl0 ' 9 ‘ a,th6i the effect of a fidd on ft. 

cientty negative. This field emission, which can be explained in terms 
of the quantum mechamcal process of penetration through a barrier will 
not concern us m the present chapter. ’ WU1 

Suppose that we have an electron at a distance x from the surface 

distanc^anTsmalT 16 ^ 1, J arge com P ared with an interatomic 

cnstance and small compared with the dimensions of the surface Then 

Xetrc :T^ CtSUV °l eleCtr ° n is the attractive 

image torce r which is given by the equation 


jp _ e * 

* 4a: 2 


( 1 ) 


Becker, 6 S* TtfZ o 7 ^ Mode ™ ***> 2, 381 (1930) ; 

nomena (The Macmillan Company.New Yofk ToTs^d Ads0r ^, cm 

Phenomena (Chapman and Hdl, London, 1934 ) R * Unalm ' Therrmonic 
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' h " 8e ' 1116 POto “ mKW M8 “ i,ted 


y. — f_. 

1 Ax 


(2) 


The form of the potential may be expected to deviate from this when the 
surface is not homogeneous, when z is comparable with the interatomic 

surface 6 ’ ” Wh6U * 18 COmparable ™ th the linear dimensions of the 
We shall assume for simplicity that the actual potential has the form 


F (*) = \ 4x + (eVW a ) 
! ~Wa 


X > 0 , 
x < 0, 


(3) 


where the region in which % is negative corresponds to the interior of the 
metal. It is clear that this function, which is illustrated in Tie 9 
changes continuously from -W a to zero as we pass from the interior 
of the metal to infinity and that it approaches (2) for large distances. In 
an actual case, we might expect dV/dx to be continuous; however, the 
function (3) does not satisfy this condition. 

If the metal is charged negatively, so that the repulsive field is E, the 
potential 1 


V c = — Eex 

must be added to (3). The total field V , then is 

F ‘ = j ~4x + (eyw a ) ~ Eex x 0 

( x ^ 0 . 


(4) 


(5) 


The additional field term in (5) has the effect of lowering the height of the 

potential barrier at the surface of the metal. The maximunfvalue of 
V t is 

V m S -VEei, (6) 

as may be proved by solving the equation dV/dx = 0. 

Hence, when there is a field present, the effective work function p E is 

9% = <p — %/Ee*, (7) 

where <p is the work function defined in Sec. 26 

Let us now compute the number of electrons that evaporate from a 
unit area of the metal in unit time. We shall assume that the energy e 
of the electrons inside the metal may be written as a function of the 
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components, of momentum, and we shall pfmno* 
to the surface. Then aq lnno- o °? se x axis n ornu 

the y and 3 components of the mom P ,° tenti f is a function of a; alon ( 
through the surface are preserved ° ^ deCtron that passe 

toward the surface is to surmount the surf!’/^ glVen . electron movi h 

must be greater than the barrier height W - WfS T ^ “T 87 
amount (tf + p * )/2m . ThuS) we m J t V & ~ ~ 6 + ** h ? ai 


€ * e ' + ^ + ^(pJ + rf) = «" 


(s; 




since 


<V.,V„V.)VJ V A MP . , 


V x = 


dt 

dp x 


( 9 ) 


(9a) 


of electrons perunit iXm^of^h^e^cMs^’^’ ^ 11Umber 


n 


'(P*,Pu,Pz) = ~ — 1 

h 3 e*( p .c’p V ’p g )-* f _[_ 2 


(10) 


»* «e. in unit Um6 , 
the relation (8) The in e JaHoi /' P ” P " and *• th *‘ satiefy 

integration over the variable t, since P * may ^ replaced hy an 


de 

dp. 


-dpx = de. 


The resulting integral is 

’-»/■ r 

. _ J -I 

_ 2k T C“ f " 
h* J-ocJj. lo S t 1 


+ 

+ e~ 


<PE + 


(Pi/ 2 +p^) 

2m 


kT 


~ - ]dpydp z . (11) 

small, ^since g tegrand ordinaril y is very 

logarithm and keep only the first terms Th^resultTs ^ 
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( 12 ) 


dJSMi equ * tion wUch ™ tet 

If we let r designate the probability that the electrons which have 
cient energy to get over the barrier are reflected back, we find that 
the current per unit area is 


where 


1 = AT\ 1 -r) e " 


<p /-=eZ 
k.T~ V 


A = 


i.7rmeh 2 


= 120,^. 


h 3 ~ ^^di? 
Had we used the classical distribution function 


(13) 

(14) 

(15) 

found that* the nUmber ° f electrons P er uni t volume, we should have 

W. 

(16) 


" ids?? 


~kT, 


r IW -fi 

7 " W 2^ (1 ~ r)e * r - 

This becomes identical with Eq. (13) at high temperatures if we set 

W a = t' + <p 


and if we recall that 


~Er = 2(^r mkTyi 


h 3 n 0 


On the other hand, the emission corresponding to Eq. (16) is much 
brgar than that corresponding to (13) if V. in (16) is regarded as the 

' M a “ a ‘ to » f ta »‘. Eq. (19) gms the same 
result as Eq. (13) m this case only if a fraction 

Wjr( 

4 

of all electrons is assumed to be free. 

, T ^ e j efl ® ct ion coefficient r is much less than unity if the barrier is 
described fairly well by the image-force potential. This fact was shown 
1 See footnote 1, p. 162. 


/nfkrV 

- Uv 
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_ v. ^ /= e8 

/ = 4r 2 e kT e V *kT 


(H 


2? 7 s sarr* ^ fou " d to •* 

that have been de£>Sd J 5^5 r*™ 8 VdUeS °* A “ d • 
».*-«»• °hserved that 


actually does not have tfo 

from the calculated ones byYvery lame V&1UeS d ° tt0t depar 

are large deviations in a few The but then 

deviations may be understood Kv - interpretations of these 
J understood by examining the assumptions upon 

Ta-RT.-CT VT TT ^ 


Metal 

A, amp/cm 2 -deg 2 

<p, ev 

Ca 

Cs 

~ 60 
~160 

3.2 

1 8 

Mo 

m 

Pt 

~ 60 
~ 27 
~ 10* 

4.3 
— 5.0 
5.0 

Ta 

~ 50 

4. 1 

Th 

W 

~ 60 
— 60 



3.4 

4.5 


(13) ~. b — • We Shan pres<alt , hese 

inside tlmmetal whin th^t electrons . are strictly free 

to the electronic mass. Actually this n at appears in Eq. (8) equal 
for the momenta has ^ been made, 

outside the metal. It is necessary to be regarded as the values 
ponents of momenta in the plane of thp 1 * 16 ; bowever > that the corn- 
electrons pass through the surface if th* surface are preserved as the 
used in deciding theUtl oTfn^aiit oS “ + ^ ® ™ s 

= tmn, instil only * the ^ 

1L. W. NoBDmilM, Proc. Roy. Soc., 121, 626 fl 928') 

S ° f ^ " 4 ' "*" be “ <»» tie »«*.«,». M to k 
s c/. Soxnmerfeld and Bethe, op. tit., p. 436. 
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electron without including interaction terms. The densitv of 

rsT’* 46 euri “ e * » — - « 

c. The fact that the integration over p x could be reolaced fcv on 

... * r. :hX“s up veiocityin the ■ di ^»- 


which, is equivalent to the relation 


V x = 


jk_ 

d'Px 


that we used previously. 
v ,,f' , We , f ls ,° assumed that the surface is plane. There seems to 

’ lh MZ‘ th f ° «*«■ » 

ense - . Metal surfaces are apparently made 3 of many different 
crystallographic planes which are inclined relative to r,Z lfl ®^ ent 
The form of the potential function before each plane depends both?^' 
the crystallographic orientation of the plane and unon S + P ° r 
any contamination that may be present on it Altt v, ”f' ture of 

f2““ »«»ce ihh*. any point inside the metal Tnd V £4“ 
infinity is W a when there is no external field, the barrier before some of «,» 
surfaces may rise to values higher than W. and drop to W ,!»' 
distances. Since the highest point of the harrier the^S 
funcrfen, we should expect the entire surface to behave™ tLS Tm 
p»ed of many surfaces which emit more or less in accordance 4hEu" 
(13) but which have different work functions Thn , ■ ^ 

from ^ to point' * ^tha^a^cnS 
integral ° ^ 1S f ° rCe makos the Process of separating the 

PendGnt mtegralS ° Ver and A and l an 

e. The assumption that the reflection coefficient r is zero seems to bo 
justifiable for any reasonably clean surface. It is not justifiable/ how- 

give 2f effects' 16 ° leCtr0n8 ** “* COngregate 0utside **■ — and 

2 See Chap. VIII. 

h *“ i: '"” ly »■ p d.lmsoa and W. Shockley, 

™ b ™ ■“ te “ * W- A. Nottingham; P%1 . 
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3 f h f e 1 P ° t tential functl , oa a ^ge peak at a distance comparab 
1^3 Wave len / th before it approaches the imaged 

I!?* £ 110 TeaSO f f ° r ex P ectin g ™ch peaks for clean met; 

surfaces they may occur, however, when the surface has been oxidize 
when layers of other foreign atoms have been absorbed. 

~ s ek rtTZis t 

S' kea ‘ ed 111611 *“>«““"■ <i»ring KS Jfen 

furttar HTcTp“ xT” " “ iU8 ‘ ifi! ‘ ble '‘ ^ to P“ ^ »• *™sse, 

By way of summary, it may be said that the deviations from th 
Richardson-Dushman equation probably arise from w . 

dynamic equilibrium of the type we wish to consider “ “ a "*** ° j 


fn(x,y,Z)V X j v V) v7) dxdydzdv x dvydv s ^ 

i« the range from 

state, by asking that it should be trESE T^T asteady 

-ary with time in two independent ways m It “t °V ra “ y 
particles are moving from nne »mA t y ‘ '■*' ma y var y because 

.ted by the erZal Md° d”7 g °^ IS 
takes place continuously, is called the “drift • +• vanatl0n > which 
evaluated in the following J u , ** T anatl0Q “d may be 
t+dt, have drifted to the Jell nJ , ber of partlcles that, at time 
coordinates *, „ 71 v f 3 Z P 3 T* corres P^ng to the 
cell located at x - vjt’y - v dt z ^Tj,t ° ber that were in the 

at time t, where a a a arm Vk ’ Vx a ^’ Vy ~ a ^ t > v ‘ ~ a ^ t 
relationship holds onlv for « +■ • \ eom P onents of acceleration. This 

not had a large effect on the d3but3 Ifhus^the ^ COl !j sioilS have 

m the number of particles having coordinates x v and T 7 t0 , 

Vx, v y , v z m a time dt is eS 3 V) and 9 and vel °city 

' S.. J. A. Becker and W. H. B„™„, P »„,. a , m (lmi) 
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(AO, = f n (x - vjt,y - Vv dt,z - vdt,v x - c&xdtjVy - a u dt,v 2 - a ,dt,t ) - 

/.» f n ( X )V 1 Z >V T ,Vy ,V z ,t) 

= ~(ai v * + + & + f-> + 1 + §£-.)& 

Consequently the rate of change of / caused by drift is 

® v'^dv'zdvydvz (3) 

fro‘m, Pr0 , ba ™to that “ parlicl “ ™" chan ee its velocity 

from ./’fo/Vj , ™>»« ksving components in the ranges extending 

from „„ ;1 »' m f^vaT„“is nUmber * »“ Ch 

° = /•(*>»»*,».,*,*) f^M;v:,v'X)dv'dv^. (4) 

rir tiie ' ,ei ° ci ‘ y ° f ' ,hich o, *“ ges “> - ». f-om 

^ ~ ' V v > v z)®( v x Py ,v" ;v x ,v v , v^dv'jdvydv". 

Thus, the rate of change of /„ caused by collisions is 

(*).-»- 

T “ iM 

1 * X + ~dy Vv + iz Vz + £‘ a * + fl a v + f£«* = 6 - a, (7) 

which is Boltzmann’s equation 1 of state 


( 5 ) 


( 6 ) 


a = b 

which states that the numbers of particles that leave and enter a riven 
ume of momentum space as a result of collisions are equal. On the 
1 L. Boltzmann, Vorlesung iiber Gastheorie (J. A. Barth, Leipzig, 1923). 
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other hand, the left-hand side of Eq. (7) does not van, 'ok -t +v, 

ssr r u :tr 1 ° r * ttere is - ^ 

di Jtions S ld^ t hri h ‘ Ve tomose,,eo " s fields in the n and , 

* * “ — “ =ssr.i 


mot = — eE 


vXH 

c 


( 8 ) 


SSr- 


( eE - + 

= -(«E, - 


( 9 ) 


Hence, Eq. (7) becomes 


Wa 2 = 0 . 


t- + 1- + £». - g<f + 5 SH.) _ SS/le _ . .. H \ 

y dv *\ m cm J d»vU " crn z ) ~ 


c m 

w , - 6 — a. (10) 

namely.ttn bt? “ ““ CMe ta ‘ trc,ted * W»,> 

fieid is 5 'presented £ 7u HSZSEZ T n ° 

(10) then reduces to the X directl011 - Equation 


<?/» 
V— « 

da; 


eE* _ 

dii. m a 


(11) 


since / n does not depend upon y and 2. 
assi^ptions SimPlified ^ C ° llision terms b y making the following three 

seeL^tt°ZZ^tLf y 6 , laStiC e ° mSi0nS - This sumption 

lated that ^ made since * had postu- 

the ions. It ma?be sZ™ ff^ ed f nnd P al1 ^ b y direct collisions with 

lose little enllTn suchTrll ^T’ ^ W would 

collisions is not accented a a 1 + 1S mterpretation of the electronic 

Neverthelesswe ^liaU^emnlov 0 ! 1 ^ 6 ^^ ng0r0us at *» Present time. 

that may be derived from U h ° rentz s assuin ption since the results 
»y De aenved from it have semiquantitative value 

*^5. * £Tp5, to.’^S&ST" <T “ b *»' ^ >»»■ -d 0 . B. 
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„ t * f o el ® ct . rom ° scattering is isotropic; that is, e in (3) is independ- 
ent o f the relative directions of the velocity before and after collisions. 

• i fl®. dlstn ^ utlon function /», for the case when a field is present 
is related to the function f° n , for the case when no field is present, by the 
equation 7 J 

/>> = fn + V*x(v) (X2) 

where x is a small undetermined function that depends upon the velocity 
only through the speed * = Vvf+ v\ + ,* Equation (12) may be 
legarded as expressing the form of f n when it is expanded as a series in 
powers of E* and only first-power terms are retained. 

According to assumption 1, the probability 6 is zero unless 


“A™ 1 ???.““ *° , note , «“** 6 l» taWt. when thin condition i s 

satisfied if the total probability of a collision, namely, 


f Q ( v *,Vv,v, pLK/Jdv'jiVydv',, 


w different from zero. In order to avoid the mathematical difl&culties 
that accompany the use of a discontinuous func- x 

tion, we shall introduce a new collision function 

1 'ft sin d'd$'d<p' (13) • 

which gives the probability that a particle that is ^ j 

traveling with speed v in the direction described by J 

the polar angles 9, <p ( cjf . Fig. 10) is deflected into 

the solid angle sin 9'dd'd<p' in the direction 6', / 

without a change in speed. 0 and v are obviously Pm. io—me polar 

connected by the equation angles <p and e. 


7 l(F;9,<p-,6 , <p') = f o *e(v x ,Vy,v t W. 


According to assumption 2, ij is isotropic; hence, we see that 

a = fnV^T, 

or according to Eq. (12), 

a ~ lfn( v ) H~ VxX(v)]4fjn t 7. 

Substituting (12) in the expression (5), we find 


b = + VX ( V ) V J?2 sin e'd&dip’. 
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The second integral vanishes since v'Jv' = cos 9'. Hence, 

, b = fn(v)47T V , 

and 

b — a = —v x x(v)4tri]. ^g 

wouid not *-> «- «- 

makes in a second^wl is the" totlf number "thtt It m^r "V 16 '? 1 
1 «, and the reciprocal „ this quantity is tlteVn frefplth ^ 


l = 


4 t») 


(19) 


We may no W S i m piif y the drift termg b 

(12) in the left-hand side of Eq. (li), W e find S ^ 2 ' Substltutin S 


/d/?\ 

I -i» 1 — ,, i 2 


*dx 


: drr 


m 


p °/n er- 

w. <9?;. 




e F 


( 20 ) 


- U£/J m ' - 

smalle/t^ttae to™. are ““iderably 

’■5» _ S e '5J txM- (21) 

™ th "•«* *» by one with respect to , 


Equation (21)' then becomes 


* = ^ " f« + «S + 


dx x Q t fx(v). 


Solving this equation for x we obtain 

x = -!(W_ E w) 
A»* *de)’ 


( 22 ) 


(23) 


* *. to properties of the known 

« 1 ^ «> »» be summarized 

modified by the addiS’ oH ZT t "“V* ^“bution.funetion is 
The form of this torm m pi* ^ * “ el «‘™ *W is present. 

implies that there are more electrons moving 
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“ coll r pr ; bability is una ^ ected *** 

/o to the collision terms is zero in the presence of a field lust as in the 
absence of one, and the collision terms depend only upon x The drift 

tu bed a di:t U ^ COnSidering the of the field on the unpt' 
ribution function. It is assumed that the small additional 
term in x does not appreciably affect the drift terms. 

1 he equation for x reduces to the simple form (23) only as a result 

n place ot (23) in a more general case. This occurs, for examnle in th* 
Wantum mechanical treatment- ot the equation of elate for deoton) t 

the h towhel (h fr” Sr ' t<,Und *° be scattered by 

mechanical law” Pr °“ SS “ e “ miMd in ““ %<“ <* 

whiJ' X(rai“Sf 2i f ?“ L ‘T‘ !1 eq “ tion to indu * th « «* in 
assume that tloTetectric^'ltria it^the^aud^he^directionsand^iat^he 

W-JSr ~ - ““ 

fn — fl + V x X\ +■ VyX 2 ^ 4 ) 

where X i and X s depend upon the velocity components onlv thrm„rh 
speed a. In place of Eq. (18) he then obtains % Ugh ^ 

b - a = ~j(v x xi + v v Xi). (25) 

We may substitute Eq. (24) in the drift term of Eq. (9) The exnre, 
sion may be simplified by setting ' exp es ’ 


~z — = mv x -~~ 
dv x x d€ 


and 


- = mv y ~ 
dv y v de 


Many terms then cancel, and the result is 

( dff\ df° 

dt)d Vx dx Vy ~dy ~ + vEJ — ~ &H. Xl + 


e v . 
c m 


•H*X2- 


1 See Chap. XV. 

s R. Gans, Ann. Physik, 20, 293 (1906). 


(26) 
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lerms that involve OTodn rt.s nf F* nt* p „ j 

of the X have been regarded as negligible in Xl ' Xa . 0r lnv0 * ve derivative 
E. and E, that are re£n“. “ COmpMIS ‘” the terns i 

Equating coefficients of and of s, in Eqs. (25) and (26), we obtai, 

~ — eE = — v e u ’ 
dx l Xl ~ 

dy y de me S ^ 1 l Xs * 

The result of solving these equations for Xl and X2 is 

' Xi = - M ~ s /a \ 

v s 2 + 1 


(27; 


where 


and 


V. = _J/* + «/l . 


o 5— e l II _ l 7 

mvc 1 ~ v*’ 


k = 


eH z 
me ’ 




(28) 


(29) 


(30) 


c«rr“' J‘? Tdl tUt^ r ^ 0 cS,' i d' :II vi! y *'" _The electrical “* “ermal 
are, respectively, 6 m ^ an electron having velocity t 


mv 2 


1 " and c - v_ (1) 

4- a that pass through a 
by the integrals 6 * direCtl0n of a metal - ^y be expressed 


1 J evsfndc, 

C * = J^mv%da, 


(2a) 

j * ' ' (26) 

Mdlhe ^^^eSS°overa VJut'or '’““d ’ * ” 

depend ujon x, y, and a whenever f t 1 ° ? !“ “ d ’* '■ a»d C. 

1 First treated by Sommerfeld, op. J' 411686 
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associated with electrons traveHng in on? fof thenthe current 
»<ed by the cur^nt ” lec tZ" C ° mi,e “- 

to tL 

--eksl't' E r <2 ? and m 

buuo 0 tiL““s^«o?4r 0 di r°"- Thettsiri - 

X satisfies Eq. (23) of the same JL* n 6 precedin S section where 
(2b) become ° n ‘ ^^ently Eqs. (2a) and 


~?X' S '(S - eE -§)*. 


(3a) 
(35) 

° f Hence ^ * 

„2 /q j_ r j ,j ,7 velocity v. .Hence, we may replace v 2 bv 

eindinXm^ “L^ty * • ** ^ , 


^xOGS--^)* 

C x = -*22 f “Jw _ „P «g\ 


(4a) 

(46) 


^TKli - « E -f )*■ 

Jfcdrferf Cond UC ««y.-The simplest case to consider is that in 

“■Err the me,ai is “ 


We shall use the Fermi-Dirac distribution function for metals. Thus 


I x = -~E X 
3 


2m 3 


where 


/(e) = 


At ordinary temperatures, 


> = ^ 

(6) 

1 

(«—«') 
w + j 

(7) 

w§n,y 

2m\87r / 

(8) 
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It is convenient to change the variable of integration from v to 
Equation (5) then becomes 




3 V\j mj * de 

where [cf. Eq. (S), Sec. 26J 

C 4ir(2m)i _ 3 n 0 
V h 3 ~ 2 «Ji‘ 


de 


a 


(10 


We may now 
and write 


employ the approximation expressed by Eq. (29), Sec. 26, 


£ 




01 ) 


where l(e q) is the value of l for * — J nro,™ ^ ... 

accurate for ordinary ™,e„ ^ 


7 ‘ E 'S 


( 12 ) 


= E — — f*i r 
*~ x 2 4 4 \^ e ° 

_ E 

* mv(e' 0 ) ' 


Hence, the electrical conductivity is 


_ J» _ e 2 n 0 l(e' a ) 
^ my( e ;) ' 


C13) 


- V'-U/ ™ T " * 

through riie fa^or Malone, ^since aU^ther^^ UP ° n 

practically constant. Quantities in Eq, (13) should he 

be obtained^ttlWnt EqrS) 6 a^STf COadl,(!tivit '. v may 

there ,s a uniform F‘ “ the . ««* in whirh 

• j i h6re ' s D0 Metrical current flow - ^ "L 1 , 11 x direction and in 
* is defined by the ratio in ®' thermal conductivity 

(j 

df>/ , . * ~ ~VHTx (14) 
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W = afldT 

dx dT dx 


Equations (4a) and (4b) now become 


where 


= kT~ ~ ~ = A. m d / e'\ 

de dT dx OelT + T dT\Tj 

,4b) new become 

L/— /kxI" eE* + TiM . K 2 dT] 

,y m \ l dT\T)di\ + t^-j 


= k\l—( K 2 eE x + T —( -)^1 _1_ Ksdr 


6 ■ 


W s'Theor. 
Mo ^ value 

^"'Ag-Cu 


X K ^ 

given in units in which <r is meaeurod i^ohms - * cin"^ ni - etaIs ' Th ® ratio r O = t/Ttr) is 
and T . the absolute torture. The tC.Xtl 

afterTettin“ e & 'tE Stt this quantit y fr <™ 




dT/dx 

According to Eq. (29), Sec. 26, 


-I [JfKsKi - Kp 
3 \m\ K If } 


w) 

tot^ contribution to (18) from the tot term of 
he reduced ” 0 P ^ Contab “ ti <»> *. second term may 

K = r 2 A^(eJ) 

3 m>(e$) J 


( 20 ) 
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by straightforward manipulation. We find that 


K 

Tv 




[Chap. 


(2 


*• r ,or ^ 

universal constant. A relationshin ^u Pr6 ^ 1CtS that K ^ Tc should be 
Wiedemann and Franz- 1 for this thlS ,, type was observed first b 
Wiedemann-Franz ratio! ?“ ^ ^ is Called * 

from the theoretical ones. Figure ^ differ *>*ewha 

ratio for several metals. Silver corner J S ?l° tS ° f tbe observed 
relation fairly well at high temperatures h gold ° bey tbe bbeoretica 
On the other hand, beryllium and B mnn U ° D °t &t low tem P era tures 

33. Electrother mal Effects* Th + Sanese s b° w large deviations. 1 

a unit volume of a wire that’ is J ■ Whlch heat accumulates in 
currents in the x direction is rymg both electri cal and thermal 


** JE 
dt 


( 1 ) 


is the divergence rfthe heat ^ curr^t thich^ ^ ^ ^ the second 
continuity, is the rate at which heat fll ac ° ordui £ to the equation of 
-We Eg. (16a) of the We ^ 

E x = £LLj _ T d /V\ 
e2 V2l/ J JdT\T), 

The expression (16b) f or Cm then becomes 


dT 

dx 


KjJ ._dT 
Ki Tedx 


( 2 ) 


c » = ~r; 7 » + L 

Kie 3 VwA TKr 


(3) 


, - . ' /ax 

■den E* is replaced by (2) Tf xr ^ 

Eq- (1), we obtain U ' We Q0W substitute Eqs. (2) and (3) ii 


dH 

dt 


= - + -t4 -( i _ 6 '\ , d( dT\ 
* e dx \ TR i 1 V + EV^J 


where , and u . ax \ ^ ) ( 4 ) 

given, respectively, by and (2m r S a th C ° ndUCtiVitie3 ’ whicb are 

, _ ' l J nd (20) of the Preceding section. 

“Taken ™ *’ ** (1858) ' 

W. Meissner. ' e measurements were made principally by 

electrons arfpTrf^ f“e m ° St PTObably associated with the assumption that the 
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of the relative directions 0 f the S'- , theSe terms are “dependent 
The second tem onXltwt o H and ‘ he “ lerra ‘ 1 «"“»»*• 

current i, ,nd having a uniform temperature ^7/^5 “ 
“ " Second tem >" W. heat trill be produced at a rite 


dH 

dt 


■ — T- ^ 
e dT 


{ 


K 2 
TX i 


_ /W 

Tjdx' 


(5) 


Th ° mSOn “ d “* “■*» - * coefficient 


O’ p 


= -£jL(*L A 

« ofT’VT’Kx ?/’ 


. . ( 6 ) 
wiy ®5 s-* “r >— ■ of 

1 /-r» \ 


-vrccui UV UA1VJ ICO 

Hi: - 0 - *’4?^ - - *v£[i, + m] 


Hence, a T is 


_ k^T 7T 2 

r e 3T 


I , 

4 + 1(0 


01 

S)J* 


(7) 


( 8 ) 


the^L’re 11 ^' 'w^lhX^thtT^h”* 110 " 4 * ^ °' 

measured values of „ to evaluate it. Vhlui rf SS^ 4 ? 1 u * 
are given in Table YTTTT ^ ^ n es 01 ( € °"" € o) and of o>/r 

or is due to experimental error remains to Iteseen* ^^7 " ^ 

to olld^ons rf e the“tef 0WS “ ““ 0l “ tro,,S Cany 

sztzx :t rr t 

usually is evolved or o+ ^ m 1 t0 2 '> some tea* 

T,«er heat: thel^S ^STd h^thlteM™ " * 
oee Sommerfeld and Frank, op. dt. 
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dH/dt 

t x— >2 — r 

L x 


where dH/dt is the heat evolved per unit area of the junction, 
ing to the second term of Eq. (4), 



Accord 


(t 


Hence, comparing this with Eq. (6), we see that 

d ( 7Ti-*2 \ __ 0*^2 ~ VT, 1 . 

dT\ T ) T 


(K 


This equation may be derived on the basis of purely thermodynamic 

Table XLIII 


ct/T observed, micro- 
volts /deg 2 

4r(e'o)/Z(.'o) 

Li 

+0.40 

-76 

Na 

-0.0282 

2.69 

K 

-0.0275 

1.29 

Rb 

-0.069 

4.05 

Cs 

-0.062 

2.88 


reasoning. 1 Thus, the agreement between the observed and comput 
values of (9) should be neither better nor worse than the agreeme 
between observed and computed values of <r r . 

c. The Seebeck Effect . — When the junctions of two metals 1 and 
that are connected in series to form a closed loop are kept at differ* 
temperatures T' and T", an cmf acts within the circuit. The Seebe 
emf Fs is defined as the value of the total force when the current is ze 
Fa may be computed by integrating the expression (2) for E a around i 
circuit 


F. = -fEA - 

1 c( «' dT , K 2 dT\ , 
~~cf\ Td^ + KiTdx) d ' 


1 These effects and others arc discussed from the thermodynamical viewpoint 
P. W. Bridgman, The Thermodynamics of Electrical Phenomena in Metals (The IV 
millan Company, New York, 1934). 
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We may now change the variable of integration from x to T and divide 
the integral (11) into integrals over each metal. Then, 


F s = - 




Hence, according to (9), 


F s = 



( 12 ) 


This equation also may be derived on a purely thermodynamical basis. 

34. The Isothermal Hall Effect*. — Let us consider a metal that has 
electric fields in the x and y directions and a magnetic field in the z direc- 
tion. The equation of state then is Eq. (24), Sec. 31, in which xi and X 2 
satisfy Eqs. (28) of the same section. It may be seen that the electrical 
and thermal currents in the x and y directions are 


’--if 

nr _ m f 

6 J 

nr _ m f , 

6 J' 


vbiidtr 


v^xidv 


4re f 

3 J 

=¥/ 




v*xid<r = 


v\ida — 


4ttto 

~6 

farm 

'6 


I 

/ 


vH ir+T V * dv ’ 


(la) 

(16) 

(lc) 

(l d) 


We shall consider the emf induced in the y direction, when there is a 
current flowing in the x direction and when the metal is at constant 
temperature. This transverse field is known as the Hall emf. The 
conditions describing this physical situation are 


0 

dx dy 


and 


L = 0 . 


Then Eqs. (la) and (16) are 

I. - — 1 


0 = 


fare 2 

3 

fare 2 

3 




s 2 + 1 de 

1 sfl 


d Av 2 dv 


's 2 +■ 1 de 


v 2 dv + E ; 



( 2 ) 


(3) 


We shall change the variable of integration to e and replace fl by the 
Fermi-Dirac function. These equations then become 
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1- - - W. 

0 - -sVi^ + ^ 


where 




d df 


0 S 2 + 1 de 


de, 


cf“ 

fJo 


eZs a/ 

S 2 + 1 df € ’ 


(4) 


(5) 


and / is the Fermi-Dirac function. 

Solving Eqs. (4) for E* and E„, we find 

Li 


E = — — 


?n 


e 2 \ 2 Z/f -f Lf *’( 

U 


_ 3_ /to 

” e 2 \ 2 Lf 


( 6 ) 


+ u 


u 


The first equation shows that the electrical conductivity in a magnetic 
field is 

LI 


rm s _t [KILL 

r(H.) - 3 -yj m Li 


Now, 


r ®K*o) i_i r 

1/2 ~ mi>(«J)c H ‘ il ’ 

whence the second of Eqs. (6) may be written 

_ el(t' 0 ) HJ* 

^ mv(e' 0 )co(H,y 

The coefficient of H*T* in this is the Hall constant R: 


(7) 

( 8 ) 


R = - 


eM) 

mv(d Q )ctr{\-\z)’ 


(9) 


which, when er(Ht) is equal to the expression for zero magnetic field, 
reduces to 



noec 


( 10 ) 


[c/. Eq. (13) of Sec. 32] where no is the number of electrons per unit 
volume. 1 It may be shown by tracing through the preceding computa- 
tion that the negative sign of Eq. (10) arises because the conductivity 
is related to an electronic current. The sign would be reversed if the 
carriers were positively charged. 

1 We may see from Eq. (9) that the product Ra is the mobility (see footnote 2, 

p. 68). 
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Table XLIV. Comparison of Observed Hall Constants with Those Computed 
on the Basis of the Free-electron Theory 
(In volts /cm-abamp-gauss. Experimental values refer to room temperature.) 


R • 10 12 


iviebai 

Observed 

Calculated 

Cu 

- 5.5 

- 7.4 

Ag 

- 8.4 

-10.4 

Au 

- 7.2 

-10.5 

Li 

- 17.0 

-13.1 

Na 

- 25.0 

-24.4 

Be 

+ 24.4 

- 2,5 

Zn 

+ 3.3 

- 4.6 

Cd 

+ 6.0 

- 6.5 

A1 

- 3.0 

- 3.4 

Fe 

+ 100 


Co 

+ 24 


Ni 

- 60 


Bi 

Hi 1,000 

4.1 


H || ~+ 300 



Experimental and theoretical values 1 of R appear in Table XLIV. 
The computed numbers are the same order of magnitude as the observed 
ones for the monovalent metals. The signs are opposite for the divalent 
metals beryllium, zinc, and cadmium and for iron and cobalt. The 
magnitude of the observed coefficient is one hundred times larger than 


Table XLV.— The Electron Mobilities of Several Metals as Derived from 
the Product of the Conductivity and the Hall Constant 
(In cm 2 /volt-sec) 


Metal 


Cu 

Ag 

Au 

Li 

Na 

Be 


/* 

Metal 

A* 

34.8 

Zn 

5.8 

56.3 

Cd 

7.9 

29.7 

Al 

10.1 

19.1 

Bi 

± 9.1 

oo 

^ O 


II 2.1 


Critic S ai e TSi e e s XamPle ’ ^ C ° mpilati0nS 0f Landolt-Bornstein and the International 
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the theoretical one for bismuth. Both these types of anomaly have been 
explained semiquantitatively by the band theory of solids. 

The product of the Hall constant and the electrical conductivity is 
the electron mobility ju. Values of this quantity for several metals are 
given in Table XLV. It may be seen that the mobility differs less from 
metal to metal than do the conductivity and the Hall constant. Using 
Eq. (13) of Sec. 32 and these mobilities, we find that 5 • 10 -7 cm foi 
the best conductors. 

By a straightforward manipulation with Eqs. (29), Sec. 31, we may 
reduce the expression (7) for <r(H 2 ) to 

/ i?H 2 \ 

„ ( H.) - - r+#r;) 

where 

p _ AekTl(t' 0 )V 

* ~ Tim Wo) J 

and 

C = u 2 E 2 , 


(ID 

( 12 ; 

( 13 : 


in which R is the Hall constant (10). 

Equation (11) predicts that a should decrease quadratically with H 

Table XLVI. — A Comparison op the Measured Hall Constants with Thosi 
Determined from the Conductivity in Magnetic Fields 
(In volts/cm-ab amp-gauss) 


Metal 

R • 

10 12 

Observed 

From <r(H z ) 

Cu 

-5.5 

-7.5 

Ag 

-8.4 

-12.5 

Au 

-7.2 

-17.5 

Zn 

3.3 

—35 

Cd 

6.0 

—100 

A1 

-3.0 

13 

Sb 

—2,000 

—1,000 

Bi 

±-1,000 

— ' — 8 , 000 


for weak fields and should asymptotically approach a constant valu 

o- 0 ^l _ for large field strengths. The observed values of C usuall; 

agree in order of magnitude with those determined from directly meas 
ured values of the Hall coefficients. Table XLVI contains values of 1 
for copper, silver, and gold, determined directly as well as from measure 
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values of ^(Ha.). 1 Figure 12 illustrates the observed dependence of 
resistance upon H* for a specimen of copper. The saturation effect 
predicted by Eq. (11) does not appear for the range of field strengths 
that has been employed in these metals. Table XLVI shows values of 
R for zinc, cadmium, aluminum, antimony, and bismuth which were 
also determined from <r(H*) as well as by direct measurement. The 
agreement is not so good as for the monovalent metals. The computed 
values of B are about 10 4 times smaller than the observed ones at ordinary 
temperatures, a fact showing that a more exact treatment of the problem 
is necessary. 



Fig. 12. — Variation of the resistivity of copper in a magnetic field. The ordinate is 
Ap/po where p 0 is the resistivity in the absence of a field and A p = p(H) — Po- Curve I is 
obtained by fitting the points in the quadratic region near the origin with Eq. (11) when 
C is zero. Curve II is obtained by adjusting both B and C. The value of C obtained in 
this way agrees closely with the theoretical value, whereas the observed B is about 10 4 
times larger than the theoretical value. ( After Sommerfeld and Frank.) 

Qualitative explanations of this discrepancy have been given by 
Sommerfeld and Frank and by Sommerfeld and Bethe, 2 and more 
accurate treatments have been developed by Jones and Zener, 3 and by 
Davis. 4 It may be shown that B depends upon the fluctuations in 
velocity of an electron in the metal. In the derivation of the relation 
(12), it is explicitly assumed that the electronic energy is an isotropic 
function of velocity, so that the only fluctuations that occur result from 
the fact that the Fermi-Dirac distribution function has a tail of width kT. 
In an actual metal it turns out, as we shall see in the following. chapters, 
that the energy versus velocity function is not usually isotropic, because 
of i the interactions between electrons and the lattice. The reader is 

1 Measurements by P. Kapitza, Proc. Roy. Soc., 123, 292, 342 (1929). 

2 Sommerfeld and Frank, op. tit. Sommerfeld and Bethe, op. tit. 

' 3 H. Jones and C. Zener, Proc. Roy. Soc. f 145, 268 (1934). 

4 L. Davis, Phys. Rev., 66, 93 (1939). 
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referred to the paper by Davis for a more complete discussion of this 
topic. 

B. SEMI-COKDTJCTORS 

35. A Simple Model of a Semi-conductor. — We shall discuss the 
theory of semi-conductors on the basis of a simple model 1 that is adequate 
for understanding most of the characteristic features of these substances. 
We shall assume that there are n b bound electronic states per unit volume 
having energy — Ae and that these levels are completely occupied at 
absolute-zero temperature by n e electrons. In addition, we shall assume 
that above these bound states there is a conduction band of levels that 



Free 

Electron 

Levels 


Bound 

Levels 


Fig. 13. — Model of a semi-conductor. The ordinate is energy and the abscissa is a 
symbolical positional coordinate x. The region above zero energy is quasi-co ntinuously 
dense with free-electron levels. The levels at — Ae correspond to electrons that are bound 
at particular positions in the lattice. 


are completely unoccupied at absolute zero (see Fig. 13). The density 
g c {e ) of conduction levels will be taken as 


g c (e)d€ = C's/^de e > 0 
where for a unit volume, 

^ _ 47r(2m*)* 

C A s 


( 1 ) 

( 2 ) 


[cf. Eq. (9), Sec. 26], We shall assume that it is permissible to speak of 
velocity, momentum, etc., for electrons in the conduction band in the 
conventional way. 

Some electrons are thermally excited from the bound states to the 
conduction band at temperatures above the absolute zero. The number 
of electrons n(e) per unit volume having energy e is 

*(«) = -J} e) ■ ( 3 ) 

e kT + 1 


1 A model similar to this was proposed by A. H. Wilsoa, Proc. Roy. Soc., 138 , 458 
(1931); 134, 277 (1931). 
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where g(e) is the density of levels and e' should be determined from the 
usual condition 

ji{e)de = 7 ia. (4) 

The density function g(e) is given by Eq. (1) when e is greater than 
zero, and it is zero for all negative values of e except — Ae. According 
to our assumptions about the density of bound states, the density must 
be so great at e = — Ae that 

= n b . (5) 

The discontinuous function defined in this way may be approximated as 
closely as we please by a continuous function. The only one of its 
properties we shall use is the relation 

f°J(*)g(e)de = n b f(- Ae) (6) 

where /(e) is any continuous function of e. 

We shall divide the integral in Eq. (4) into two integrals, one extend- 
ing from — oo to 0 and the other extending from 0 to ®. The first 
integral is 


J o i 2 . 

?to-j=7 dt = n b - _ - ^_ t , , 

' ” e kT + 1 e kT +1 

as we may see from Eq. (6). The second integral is 

\/ ede 
“7=7 

e kT + 1 



( 7 ) 

(8) 


This evidently is equal to the total number of excited electrons, which, 
to begin with, we shall assume small compared with n h . It is obvious 
from the form of the Fermi-Dirac distribution function that the quantity 

(8) is small only when -e'»A;r, that is, when e kT « 1. We may 

e / 

use this fact to expand (8) in terms of e kT . If we retain only tho first 
term, the result is 


C f = Ce kT f e~ kT y/lde = Ce kT (kT)i^- 

npr , 1 2 


e kT + 1 


Thus, Eq. (4) is 


- n b , 

e kT + 1 
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or 


CehkT = n b -^~ 

e kT + 1 

(io; 

The quantity on the right-hand side of this equation is the number ol 
electrons that have been excited from the bound states. The conditioi 
that must be satisfied if this is to be small compared with n b is thal 
e' should be much larger than — Ae, so that the exponential in the denom- 
inator may be dropped. We have, as a result, 

2d /- Ae 

e kT C(kT) i ~^ = n b e~ kT , 

(n: 

or 

Ae kT n b 2 

2 + 2 i0g C (kT)iV^' 

( 12 ; 


The second quantity on the right is of the order of magnitude kT foi 
ordinary densities of bound electrons. Thus e' is very nearly equal tc 
— A«/2 when A« is greater than kT (Fig. 14). 

♦ 

. I 


Bound 
Electron 
Levels 

f 

Fig. 14. — The position of the distribution function /(e) relative to the energy* love 
diagram of Fig. 13. The point e ■= co of the distribution function occurs at the poinl 
— Ae/2 when Ae> >kT. 

Substituting (12) into Eq. (3) and neglecting small quantities, wc 
find that 



This becomes identical with the classical distribution (13), Sec, 26, il 
we say that the number of free electrons per unit volume % is given b;y 
the temperature-dependent quantity 

n, = n b i \y^(kT)iC e~™ T . 



( 14 ) 
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If kT is large compared with He, it is evident that practically all the 
electrons will have evaporated from the bound levels and that n s may 
then be set equal to n&. 

We shall proceed to discuss the conductivity, the thermoelectric 
effects, and the Hall effect in semi-conductors and shal l use Eq. (10) in 
the same way that we used the Fcrmi-Dirac distribution in metals. For 
convenience, we shall write Eq. (13) in the form 


n(e) = an kT \T t (15) 

where 

° " ’V» W)f 

36. Electrical Conductivity*. — According to Eq. (5), Sec. 32, the 
electrical conductivity <r is 


h. 

E* 



v*Mdv 

de 


( 1 ) 


wher ef^dvadvydvz is the number of free electrons per unit volume having 
velocity components in tho range from v x to v x + dv x , etc. The relation 
between e and v is 


m *v~ 



in our model of a semi-conductor. Hence, f n is related to n(«) in Eq. (12) 
of the preceding section by the equation 


Thus, 


and 


Airflv-dv = n(e)de. 

(2) 




(3) 

-fn/S 

(4) 


A simpler way of obtaining the same result is to recall that the distribu- 
tion function in the present case is the limit of the Fermi-Dirac function 
when e' is negative and is eqxial to the quantity in Eq. (12) of the preceding 
section. Then the equation for the conductivity (and for the thermo- 
electric effects) may be derived by replacing the Fermi-Dirac function / 
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in all the equations of Secs. 32, 33, and 34 by the following approximate 
value: 


ji l r 

f ~ e^6 — I 


rib2 


CQtT)W v. 



Ac «_ 

2 hT fi kT 


(4 a) 


Equation (9), Sec. 32, then leads to Eq. (4). 

We shall assume that l is a constant Zo for the range of velocities ovei 
which the integrand is appreciable. Then, 


e 2 I 2 . , 4n;l 0 e 2 

3 Mm* 3V2 ^m*kf 


(5) 


This equation was derived first by Lorentz, 1 who used it for metals 
under the assumption that n f is the number of free electrons per unit 
volume. In passing, let us compare Eq. (5) with cr in Eq. (13), Sec. 32. 
We shall call the latter c q and shall set n f = n 0 . The ratio of the two 
conductivities is 


_ 3 a/2tt m*kT l(e' 0 ) 

&c 4 mv(e' 0 ) U ' W 

If we assume that Z(e£)/Zo is of the order of unity, this ratio is of the order 
■y/kT/e f Q , which is about 10 -1 at room temperature for ordinary metals. 
Thus, a 0 agrees with experiment at room temperature only if we assume 
that either n f or U is about 10 -1 times as large as the corresponding 
quantities that appear in <r q . Thus, the classical mean free path must 
be of the order of 10~ a cm if n s is assumed to be equal to no. Then, 
contrary to experiment, the contribution to the electronic heat must be 
taken as 3R/2 per mol. On the other hand, if we assume that the 
classical mean free path is the same as the quantum mean free path, we 
must assume that 

^ IkT /m 

% ^ n °yJ^r‘ (7) 

There is no a priori reason for making this assumption on purely classical 
grounds. Actually, the use of quantum statistics is equivalent to 
eliminating all but a fraction of the free electrons, as we have pointed out 
in previous sections. 


^ee footnote 2, p. 139. 
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Returning to semi-conductors, for which n f is expressed by Eq. (14) 
of the preceding section, we see that 

4a/2 p 2 L ** 

<r = ft;,*— — jj(2irm*kT) i e UT . (8) 

In the range of temperature in which kT « At/2, the coefficient of 

_ Ae 

e 2 * r varies so slowly with temperature, compared with the exponential 
e 2kT that (8) agrees within experimental error with the observed law 


cr = Ae kT ( 9 ) 

(cjf. Sec. 6). We conclude that the observed E and A are related to 
quantities in Eq. (9) by the equations 



A = n b l^y^~^(2irm*kT)i 

= 0.024Zow 6 *T* ohm~ l cm - * 1 . (10) 

The numerical value of A has been determined by setting to* equal to the 
actual electronic mass. 

37. Thermoelectric Effects and the Hall Effect in Semi-conductors.— 

According to Eq. (6), Sec. 33, the Thomson coefficient ct is 


T A(K^ _ A 

e dT\TKi T) 


( 1 ) 


where the quantities K 2 and Ki must be evaluated by use of the classical 
value of / in the manner described in Sec. 26. We find 


K 2 
T Ki 


= k 


J 0 x 2 e~ x dx 
f“xe~Hx 


2 k 


( 2 ) 


if we assume that l is constant. The expression (2) contributes nothing 
to (1), since it is independent of temperature. Hence, 


_T d (t'\ At Zk 

CT e dT\Tj 2T 4 

The Peltier coefficient iri_+ 2 and the Seebeck 
by Eqs. (10) and (12) of Sec. 33, namely: 


log T. (3) 

emf F s are related to o 



(4) 


F, 


(5) 
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The value of the Hall constant R is 


o _ L a 1 

Li H 2 <r(H 2 ) 

[cf. Eq. (6), Sec. 34], -where the ratio L 2 JL l now is 


_ «H> j J 

o Vdt 

Li me 0 j 

“44 

J 

'o d* 

1 

ZE 

t* 

l2Tm 

ime 0 \ 

1 kT ' 


Hence, 


i?<r(H 2 ) = 


e irlo 
'\ / 2irmkT 2c 


( 6 ) 


(7) 


( 8 ) 


As in Sec. 32, we shall assume that er(H) is equal to <r(0) for ordinary 
fields. Then <r is given by Eq. (5), Sec. 36, and 


R 


3tt 1 
8 n f ec 


(9) 


All the electrical quantities in these equations are expressed in electro- 
static units. 

Let us apply these equations to the case of zinc oxide, which is a 
typical semi-conductor. Its properties, which have been measured by 
Fritsch, 1 are strongly dependent upon such factors as thermal treatment 
and oxygen vapor pressure. This behavior is characteristic of most semi- 
conductors (cf. Chap. I). The temperature dependence of the conduc- 
tivity of a particular specimen is shown in Fig. 15a. These results may 
be fitted by the function 

E_ 

<r = Ae kT 


where A is 3.72 ohm -1 cm -1 and E is 0.013 ev. This specimen was then 
kept at 900°C for 30 hours in an atmosphere of oxygen at 120 atmospheres. 
As a result of this treatment, A changed to 2.1 ohm -1 cm -1 , and E 
changed to 0.38 cv. Thus, the room-temperature conductivity fell by 
a factor of about 10 s . The fact that A was nearly the same before and 
after the heat treatment indicates, according to Eq. (10), that the product 
ln h i did not change by a large factor during heating. The Hall constant 
of this specimen was not measured, but it was measured on anothei 
specimen before and after heating in the high-pressure furnace. In this 
1 0. Fbitsoh, Ann. Physik, 22, 375 (1935). 
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case, A changed from 5.63 to 0.62 ohm” 1 cm” 1 , and E changed from 
0.012 to 0.063 ev after 120 hours of heating. It is interesting to note 
that the change induced in E in this case was not nearly so large as in 
the case cited above, although the heating in oxygen was extended about 
four times as long. Apparently erratic results of this kind are character- 
istic of semi-conductors. The room-temperature Hall constants, before 
and after heating, were - 9 X 10“ 8 and -380 X 10~ 8 volt/cm-amp-gauss, 
respectively. From these results and Eq. (9), we may conclude that n f 
dropped from 8 • 10 17 to 2 ■ 10 16 electrons per cubic centimeter as a 



Fig. 15,-j-a, the log cr versus l/T plot for a specimen of zinc oxide; b , the Seebeck enif per 
degree for the same specimen. The ordinates are in units of millivolt /deg. 

result of heating. The product Rcr at room temperature, was —30 • 10 -8 
gauss -1 before heating and remained practically unchanged. This, 
according to Eq. (8), implies that l 0 was about 1.7 • 10 -7 cm. 

Figure 15b shows the Seebeck emf per degree as a function of temper- 
ature for a copper-zinc oxide system. These measurements were made 
on the second specimen discussed in the previous paragraph after it was 
heated. The Seebeck emf per degree should be equal to the derivative 
of (5) with respect to T"; that is, it should be equal to 


7T1-+2 

T 


( 10 ) 
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This expression may be related to the Thomson coefficients of coppe 
and of zinc oxide by means of Eq. (4). We shall assume that the coeffi 
cient for copper is negligible compared with that for zinc oxide, basin; 
this assum ption on the fact that the Seebeck emf for metals is about 10~ 
t.imps as large as that for semi-conductors. The quantity (10) is then 


e' 

T ~ Te 


(11 


because of (3) and (4). Substituting the value of «' derived in Sec. 31 
[cf. Eqs. (12) and (14)], we find 

- -;(t + k l0 * |) < 12 

Since the measured value of is 2 • 0.063 ev, Eq. (12) predicts an effec 
of the order of magnitude 0.4 • 10~ 3 volt per degree, which agree 
roughly with the observed effect. The precise variation, however, doe 
not seem to lie within the descriptive power of the simple theory. 

This manner of correlating the properties of a semi-conductor ma; 
be applied to a large number of other cases. It should be emphasize 
that the simple theory we have used applies only to those substance 
for which the Hall effect is negative. There are, however, a large num 
ber of substances, such as copper iodide, for which the Hall constant ha 
a positive sign, as though positive charges carry the current. We shal 
return to a discussion of these substances after developing the ban< 
theory of solids. 



CHAPTER V 

QUANTUM MECHANICAL FOUNDATION 

In Part A of this chapter we shall consider the principles and theorems 
of quantum mechanics that have particular use in the theory of the solid 
state. Although some of this material may be well known to the reader , 1 
we shall present it here in order to place it in a form that is consistent 
with the treatment of later chapters. In Part B, we shall discuss the 
theory of radiation. 

PART A 

38. Elementary Postulates of the Theory.— The development of 
the nonrelativistic form of quantum mechanics, with which we shall be 
solely concerned, brought with it a revision of the logical and mathe- 
matical discipline of mechanics. This revision was necessary in order to 
include principles that are applicable in a larger domain of the physical 
world than that in which the classical laws are valid. There is a cor- 
respondence between the classical and the quantum mechanical laws, 
for the domain of the former is contained in the domain of the latter. 
Thus, there is a quantity in quantum mechanics corresponding to each 
quantity in classical mechanics, and the quantum laws reduce to the 
classical ones when Planck’s constant may be regarded as a very small 
quantity. 

One of the primary features of quantum mechanics is the introduction 
of a state function which is said to describe a given dynamical system 
completely when the system is in a given state of motion. This function, 
as we shall use it, is an ordinary function of Cartesian coordinates. All 
available information may be derived from the state function by the 
proper use of certain operators that correspond, individually, to measur- 
able quantities, such as position coordinates, momentum, energy, etc. 
Neither state functions nor the operators have immediate physical 
significance; only certain quantities derived by proper juxtaposition of 
the two are measurable numbers. 


1 General references: P. A. M. Dibac, The Principles of Quantum Mechanics (Oxford 
University Press, New York, 1935). S. Dushman, Elements of Quantum Mechanics 
(John Wiley & Sons, Inc., New York, 1938). E. C. Kemble, The Fundamental 
Principles of Quantum Mechanics (McGraw-Hill Book Company, Inc., New York, 
1937). V. Rojansky, Introductory Quantum Mechanics (Prentice-Hall, Inc., New 
York, 1938). 
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The most convenient definition of an operator, from our standpoint 
is the following: An operator is a quantity symbolizing a process in whicl 
a given function is changed into another function. For example, th< 
process of taking the square root of a function defines an operator. I 
we designate this operator by and the operating process by a dot, w< 
have 

V-/- V7; 


that is, V" operating on / gives Vf- Similarly, wc may regard th. 
ordinary differential symbol dj dx as an operator for which 


dx dx 


Likewise, the multiplication of the functions f(x) and v(x) defines a: 
operator since the product v(x)f(x) is a new function of x. 

Complete description in quantum theory does not imply precis 
knowledge of all measurable quantities at all instants of time as it doe 
in classical mechanics. Quantum mechanics is primarily a statistics 
theory; its results tell us the mean or expectation values of measurements 
Thus repetition of the procedure for making a precise measurement of 
given quantity usually should not lead to a repetition of results eve 
when the system on which measurements are made is in the same stal 
at the beg innin g of each measurement. This principle is to be cor 
trasted with the principles of classical theory, according to which on 
should expect precisely repeatable results under identical experiment! 
conditions. 

The statistical formulation of quantum theory is believed to 1: 
ultimate, in contrast with the formulation of classical statistical mcchai 
ics in which probability is introduced only as a convenient tool. Thu 
it is believed that the limitation of description contained in quantui 
theory can be verified by direct experiment. The electron-diffractic 
experiments 1 of Davisson and Germer, Thomson, and Rupp and tl 
molecular-beam experiments of Rabi 2 and his cowoikcis have gone 
long way toward providing this verification. Even without this dire 
experimental check of the uncertainty relations, however, there is ovc 
whelming experimental evidence of other kinds to justify the use 
quantum mechanics for the types of problem that arc considered in th 
book. 


1 C. Davisson and L. II. Germer, Phys. Rev., 30, 705 (1927). G. P. Thomso 
Proc. Roy. Soc., 117 , 600 (1928); 119 , 651 (1928). E. Rupp, Ann. Physik, 85,9 
(1928). 

s I. Rabi, Phys. Rev., 49 , 324 ff. (1936). 
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Although experimental results usually should not be precisely repeat- 
able, there is one case in which duplicate observations should give 
identical results. Suppose that a is the operator corresponding to a 
given observable quantity and that / is the state function of a system 
for a particular state of motion. Precisely the same values of the 
measured quantity associated with a should be obtained when the 
system is in the state f if 

<*'f=af (1) 

where a is constant. Moreover, the number a should be the result of 
each measurement. A function / that satisfies an equation of this type 
is by definition an eigenfunction of the operator a. a is called the eigen- 
value of /. 

From a practical standpoint, the problems in which we are primarily 
interested are to determine (1) the possible forms that may be given to 
the state function and to the dynamical operators and (2) the dynamical 
laws of the theory. The solutions may be placed in many possible forms, 
just as in classical theory. A serviceable form for our purposes is the 
one based on Schrodinger's scheme. It may bo summarized in the 
following way: 

a. The operators that correspond to the Cartesian coordinates 
Zi of the z'th particle of a system and to the time variable t are taken 

to be the variables themselves. The state function f is then chosen as a 
function of these variables. Then, 

f 1> Vl) ^1, , X n) 2/ n , Z n r t). 

b. The operators of the variables that are conjugate to these variables 
in the classical sense, namely, the corresponding momenta p X J p Vi , 
Pv ' ‘ * 9 Vz n i and the negative of the Hamiltonian function H are taken 
in the form 

h_d_ hd_ h_d__ hd_ 

i dxi i dyi ’ i dzj i dt ; ^ 

respectively. In classical dynamics, —H is the conjugate of t only in the 
special case in which it is independent of time. The assignment of the 
ft d 

operator — - — to H is assumed to hold, however, even when H is 
dependent on time. 

c. The operator corresponding to any classical dynamical variable 
that is a function of the re, the p, and t may be obtained by replacing the 
p by the differential operator introduced in part b. In particular, the 
operator corresponding to the Hamiltonian function, which generally 
has the form, 

H(x h p v * • • , p v t) 
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is 




h _d_ 
i dx\ 



(3) 


This operator must be equal to ^ the identification presented in 

part b is also correct. Since this relation is not an identity, it is neces- 
sary to assume that the theory is concerned only with those state func- 
tions that satisfy the relation 



z nt ? 


h d 


i dxi 


idZn r 


(4) 


This is the fundamental dynamical equation of quantum mechanics, 
which, is used to determine the state function. We shall refer to it as the 
first Schrodinger equation. 

d. The states that are eigenfunctions of the energy operator satisfy 
the equation 

(5 > 


Hence, they must have the form 

E 

f = *(s,, • • • » («) 

where SP satisfies the equation 

H<Sf = B9. (7) 


This is the second Schrodinger equation. 

e. It was mentioned in connection with Eq. (1) that the observed 
value of a is always a if a system is in a state / that satisfies the equation 


af = af. 

If the state function is not an eigenfunction of a, the mean value & oi 
the measured value is 


& = 


//*«•/» r 

Sf*fdr 


( 8 ] 


where the integration is to be extended over all values of the x and t', f' 
is the complex conjugate of /; and dr is the product of dt and the voluim 
element in 3n-dimensional configuration space. Whenever ff*fdr ii 
infinite, a is the limit to which the ratio (8) approaches as the volumi 
of integration is gradually increased to include the entire space. Sine< 
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all measured quantities are real, the allowed operators a must satisfy 
the relation 

Jf*(a-f)dr = J/(a’/)*dr. (9) 

Such operators are called Hermitian. 

/. One may legitimately ask for the operator that corresponds to the 
measurement of whether or not the system has the coordinates x[, - • • , 
z n > - It is difficult to formulate this operator in a mathematically 

rigorous fashion in the Schrodinger theory. This difficulty may be 
avoided by defining the operator to be one for which the integral (8) has 
the value 


• * * > <3 *')• ( 10 ) 

Thus t') is interpreted as the probability that the system 
has the coordinates x' 1} * * ■ If /is an eigenfunction of the Hamil- 

tonian operator, it has the form (6), and the quantity /*/ = is 
independent of time. States of this type are said to be stationary. 

g. It is natural to expect that /*/ should be an integrable function if 
/*/ is interpreted as the relative probability that the system should occupy 
the coordinates ari, • • • , z' n , t'. This is a general restriction on the state 
function. Ordinarily, this condition is fulfilled by demanding that / 
should be finite everywhere; the more accurate condition, however, is 
that the integral of /*/ over any finite volume should exist and be finite. 

It may easily be shown 1 that classical mechanics and quantum 
mechanics lead to identical results in the ordinary large-scale domain in 
which classical mechanics is ordinarily applied. 

39. Auxiliary Theorems. — There are several additional theorems 
that are frequently used in conjunction with the preceding principles 
because they are useful in applying the theory to specific problems. 
They may be listed in the following way. 

a. The purely spatial part of an eigenfunction (6) of a time-independ- 
ent Hamiltonian operator may be used without the time-dependent 

iBt 

factor e h when the mean value of any time-independent operator is 
computed, since these factors cancel out of the integrands in Eq. (8). 
Since the eigenfunctions of other operators usually do not satisfy the 
time-dependent Schrodinger equation (4) and hence cannot be written 
in the form (6), their purely spatial eigenfunctions usually cannot be 
used in the same way. We shall mention two useful theorems concerning 
the spatial eigenfunctions of Hermitian operators. 

1. The space eigenfunctions i'l, fa, • • • of any time-independent 
Hermitian operator form a complete orthogonal set; therefore, any space 
1 See Kemble, op. cit., p. 49. 
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function v, such, as an eigenfunction of a Hamiltonian operator, may be 
expanded in terms of them in a Fourier-senes fashion. Thus, 

<p = 'Pi 

i 


where 


Oi = 


$(p\f/{*dr(x i, • • • , &n) 


(2: 


2. The condition that must be satisfied in order that two operators < 
and j3 may have all eigenfunctions in common is that they should com 
mute, that is, that they must satisfy the condition 

(a/3 — j3a)i p = 0 (3 


for arbitrary This theorem is particularly useful when we hav 
operators that commute with the Hamiltonian operator of a system, fo 
then we may choose the stationary states to be eigenfunctions of a 

these operators. . 

b Normalizing Conditions .— Since it is possible to interpret \f{x 
... Zn , t)\* as the relative probability that the system has the coord 
nates' xi"' at time t, it is reasonable to ask that /should satisf 

the equation 


f |/(*i, ••*,«*» t)\-dr{xi, • • • , z„) = 1 (- 

at each instant of time, where the integration extends over all spac 
This is known as the normalizing condition. Since the relation 



’ • , Zn) = 0 


0 


may be proved by use of the Schrodinger equation and the Hermitii 
condition on H, a state function that is normalized at one instant 
time remains normalized at all later times. As a iuIc, noimalized fun 
tions are used because they give absolute rather than relative probability 
c. The Variational Theorem — One of the most powerful tools f 
obtaining solutions of the Schrodinger equation by means of approxima 
methods is furnished by the variational theorem of quantum mcchanii 
This theorem states that functions * * * > **»)> for which the vari 
tion of the mean value 


• ■ • , z») 

& ~ j'S'^dr 
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aAr = atir. ( 7 ) 

The converse of this is also true. 

We shall prove this theorem for the case in which a is a time-independ- 
ent Hermitian operator and in which integration extends over all space. 
We have, as the condition on a, 


8a = 


J^a&dT _ 


( 8 ) 


where 8a indicates the variation in a that is to be associated with a 
variation 8 ^ in \E r . If we set 


A = 
B = 

8a becomes 


8d = 


JA\ B8A - A8B 

\b) = W 


Hence, we must have 


(9) 

( 10 ) 


or 

since 


Now, 


~8B - SA m 0, 
asB - sa = o, 



SA = fS'l' *oArdr + J'^*aS'SrdT, 
bB = + j¥*5¥dT, 


whence (11) may be written in the form 


(ID 


fS'l'*(d — a) 'Mr + J^*(a — a) S'i'dr = 0 

or in the form 

fS^*(d — a^dr + /^(a — oi)^r*dr = 0, (12) 

since a is Hermitian. If we express * in terms of its real and imag inary 
parts, 1 I r r and i',-, respectively, (11) becomes 

/5^ r (a - a)*4r + J5*<(a - a)* dr = 0. 
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The necessary and sufficient conditions for this equality are that 

(o — a)'H r — 0, 

( a — a)^t = 0, 

^ince both W, and are arbitrary. Hence, the necessary and suffi 
cient condition for the validity of Eq. (8) is that * should satisfy th 
equation 

~.<Tr — /7\T/ (1/ 


It is not possible without further investigation to say whether 
particular ¥ satisfying (13) gives a a maximum value, a minimum vain 

or just an inflection point. . TT , 

If we apply this theorem to the Hamiltonian operator H, there gei 

erallv is a lowest value of the mean value corresponding to the stationai 
state of lowest energy. States of higher energy are invariably orthogon 
to this, as we mentioned in part a. Hence, the state * 2 , just above tl 
lowest 'Hi, may be specified by the two conditions 


J'H = 

' jS[' 2 *SlMr 

= 0. 


The necessary and sufficient condition for these equations 
’Hs should satisfy the relation 

= (E - X)* 2 = 


(!• 
(1 
is th 


where the Lagrangian parameter X may be determined by the conditi 
(15). Higher discrete states may be defined in a similar way by t 
condition (14) and by additional conditions of the type (15) whi 
express the fact that the higher state is orthogonal to all lower ones. 

The variational theorem shows that the accuracy of the mean val 
of H for a given approximate function / is usually greater than the ac< 
racy of the mean value of other quantities. This fact may be sho- 
directly as follows. Suppose that / is expressed in the form 

/ = ¥ + «<E> C 


where ¥ is the exact eigenfunction, which / represents approximate 
and is the part of f orthogonal to 'H. We shall assume that * ant 
are normalized and that a is a small number. The mean value of 
for the function (16) is 

f(¥* + a$*)H(<b + a$)(k _ ( E + 

(1 + « 2 ) (! + a 2 ) 

where E is the eigenvalue of 'H. Thus, the fractional accuracy of 'l 
the square root of that of E. Since the mean values of other opera! 
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involve terms in the first power of a, their fractional accuracy is also 
of the order of the square root of the accuracy of the energy. 

40. Electron Spin*. 1 — A significant feature of the preceding formulation 
of quantum mechanics is that it contains an operator for each classical 
variable. It has been found necessary to introduce other operators 
that do not correspond to classically measurable quantities, in order to 
explain certain experimental observations. Most important among 
these operators are those associated with electron spin. Historically, 
they find their origin in an attempt of Goudsmit and Uhlenbeck to explain 
certain features of atomic spectra that had not been previously inter- 
preted. These workers were led to assume that an electron possesses a 
spin about an axis passing through its center and that the total spin 
angular momentum is equal to A/2. This condition on the angular 
momentum may be expressed in the form 

M = V«r. f ToTFZ = | (i) 

where a y , and <r z are, respectively, the x ) y , and z components of spin 
angular momentum. In addition, they found it necessary to assume 
that the magnetic moment p, associated with electron spin, is related to 
the mechanical moment d, by means of the equation 



( 2 ) 


In contrast with this, the relationship between the orbital angular 
momentum L (that is, the angular momentum of an electron moving 
about an axis that does not pass through it) and the orbital magnetic 
moment M 0 is 


Mo - 



(3) 


that is, there is an additional factor of 2 in the right-hand side of Eq. (2). 
There have been several attempts, based on classical electromagnetic 
theory, to prove that the mechanical and magnetic moments of a spinning 
spherical charge distribution actually do satisfy the relation (2). At 
present, this work is generally regarded as inapplicable, aside from being 
inconclusive, for the phenomenon of electron spin is viewed as lying 
outside the domain in which classical concepts have meaning. 

The most complete theory of spin yet devised was discovered by 
Dirac 2 in a search for a form of quantum mechanics that satisfies the 
principles of relativity. Equation (2) arises as a by-product of other 
.assumptions in Dirac's theory. We shall not be concerned with the 

1 See ibid p. 510. 

2 See Ro jansky, op. cit. 
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details of this theory, for -we are interested only in the nonrelativisti 
approximation. In this ease, spin may be handled by a scheme develops 
by Pauli to which Dirac’s treatment reduces when the velocities o 
electrons are small compared with the velocity of light. 

The signifi cance of spin in Pauli’s theory is connected with the state 
ment that electrons are particles for which the complete state functio 
has two components instead of one. The two components are nc 
scalar functions in the sense that they are independent of the choice c 
coordinate system in three-dimensional space, for they transform betwee 
one another in a complex way when coordinate axes are transforms 
Thus it is customary to introduce the concept of a two-dimensiom 
spin space in which the two-component functions of the state functic 
are represented as orthogonal components of a spinor. A transfo 
mation of coordinate axes in ordinary space induces a correspond 
ing transformation in spin space. We shall not consider the detai 
of spinor transformation theory because we shall have no explicit ui 
for the transformation equations. 1 It should be mentioned, howevc 
that the transformation characteristics of two-dimensional spinors a 
considerably different from those of two-dimensional vectors. 

The introduction of spin in the quantum theory of electrons 
analogous to the introduction of the concept of polarization into t 
theory of light. Suppose that we were acquainted with none of t 
polarization phenomena of optics. Then it would be possible to descri 
many optical experiments, such as those of interference or of ener 
transport, by assuming that the amplitude of a light wave is a seal 
quantity,’ just as the amplitude of sound. As soon as experiments 
polarization are performed, however, we are compelled to say that the 
is a vector character associated with the amplitude of a light wave. T1 
vector character may be described by taking components of the amp 
tude in two orthogonal directions of polarization.. The analogy betwe 
the electron and the light wave does not hold in a quantitative wi 
however, for the two independent directions of electron polarization i 
separated by 180 degrees rather than by 90 degrees, as they areforlig 
This fact marks the difference between vector character and spii 
character. 

We s h a l l represent the coordinate variables in spin space by f i and 
respectively. A unit spinor in the direction of the f i axis has compone: 

= 1, f, = 0 and may be represented by the column matrix 



1 See, for example, E. P. Wioner, Gruppentheorie (Vieweg, Braunschweig, ( 
many, 1931). 
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a unit spinor along the axis may be represented by 

"(0,1) = (j) (5) 

Pauli assumed that the components of spin angular momentum 
c X) cr y , and <7 z could be represented in spin space by the matrices 



The spinor n(l,0) of Eq. (4) satisfies the relation 

• »(1,0) = g*(l,0), (7) 

and n(0,l) satisfies 

r* • n(0,l) = -|n(0,l). (8) 

Hence, these two spinors are said to correspond respectively to the pre- 
cise values -\-%h and of the z component of spin angular momentum. 
A direct computation of the matrix 

d* = .<r* + + <r% (9) 

which corresponds to the total spin angular momentum, shows that 

^ - **’(o l) (10 > 

Thus any spinor n(f 1, f 2 ) satisfies the equation 

<* 2 • «(fi, f*) = W ■ n(fi, f*), (11) 

and the precise value of the square of the total spin angular momentum 
is 3ft 2 /4. 

In the coordinate system in spin space for which the matrices of 
<r x , <iy, and <r z have the form (6), the two components of the state function 
may be labeled by a variable which takes two values, namely, +1 
for the coordinate going with the diagonal element h/2 of cr x and —1 for 
the coordinate going with the value —h/2. In other words, we may 
label the axes in spin space with the eigenvalues of 2 <r z /h, instead of by 
the indices 1 and 2. The state function then has the form f(x,y,z,t t ), it 
being understood that f(x,y, z,l) and f{x,y,z,-l) are the components of a 
spinor 

/ f(p,y,z, 1) \ 


( 12 ) 
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All state functions (12) are eigenfunctions of the total square spin angul 
momentum (10) . The reader may readily verify that the state functio 



are eigenfunctions of <r, and cr v , respectively. 

Classically, the components of angular momentum of a particle, re 
tive to the origin of coordinates, are given by 


m , = ypz - zPv, I 

m v = zp x - xp z , > ( 

m e = xp y - ypx,) 

where x y ) z are the spatial coordinates of the particle and p x , Py, p x 
the components of angular momentum. The quantum operators t 
correspond to (13) are 



It is easil y shown that these obey the commutation rules 

j n y m x — m z m v = Mm x , 
m z m x — m* = him Ul 

■m x my — myVix = Mm x . 

Since the spin matrices (6) obey exactly the same commutation n 
they may be viewed as quantum mechanical angular-momentum o 
ators even though this angular momentum cannot be measured dire< 
even in an idealized experiment. 

Along with the spin operators, we may introduce the folloi 



operators: 



g 


1 ) 



Sec. 40] 


QUANTUM MECHANICAL FOUNDATION 


207 


which we shall call the components of spin magnetic moment. .The 
choice of coefficient in these relations is justified both by Dirac's theory 
and by experiment, as we have said previously. 

When the mechanical system contains n electrons instead of 1, the 
state function must be viewed as a spinor in a 2 n, -dimensional spin space. 
We may choose the coordinate system of this in such a way that the 
components of the state function are labeled by n variables f 81 , f* s , • • • , 
f Sn , each of which takes the two values ± 1 ; that is, we may write the 
state function in the form 

f(%b * ' * i %nj fzi t ' ' ' » f «»)• (1-7) 

The function of X\, • • • , z n associated with each of the 2 n possible values 
of the f® is a component of a 2 n -dimensional spinor. It is implied that the 
operators <r Zi (i = 1, • • • , n), corresponding to the z components of spin 
of the n electrons, are 2 rl -dimensional diagonal matrices in this coordinate 
system and that the diagonal element of 2 <r Zi /h is +1 or — 1, respectively, 
for the coordinate axes for which f 3i is + 1 or — 1. Similarly, the matrices 
c Xi and <r Vi are represented by 2 71 -dimensional matrices that have the 
form (6) in the two-dimensional subspace that is associated with the two 
axes labeled by fj, fj, • - * , ±b i*+i» * * * , ?*■ All other com- 
ponents are zero. It is easy to show that the cr satisfy the commutation 
rules 

GyNzj Gzftvi = j 

<T z& Xj (TxjCsi = / (IS) 

Uj <Tyj Gxi = 8ijM<r Zi .) 

The matrices = a£ + are diagonal matrices, all diagonal 

elements of which are equal to 3^ 2 /4 [qf. Eq. (10)]. 

The three matrices, defined by the equations 

n \ 

2® == \ 
t = i / 

2, - <i9> 

*=i ( 

n V 

2, = %<rj 

are called the operators of the components of the total spin angular 
momentum, and 

S 2 = 2* + 2j + (20) 

is called the square of the total spin angular momentum. 2„, 2, 
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commute with £ 2 and obviously satisfy the commutation rules 

2„2, — 2 S 2 W = ih2 x ,) 

2,2* - 2*2, = ih2 v ,> (21) 

2*2„ — 2„2* = ih 2,,) 

because of Eqs. (18). The one-electron operators <r w , and <r« com- 
mute with 2„ 2„, 2„, respectively; but the pairs or* and 2„ do not com- 
mute with one another. Moreover, the one-electron operators do not 
c omm ute with 2 2 when there are two or more electrons in the system. 
Hence, the one-electron operators will not be in diagonal form if the 
coordinate axes are selected so that 2, and £ 2 are diagonal. . 

If the Hamiltonian operator does not contain any spin terms, as 
happens in many actual cases, it commutes with all spin operators. 
Then the stationary states of the system may be chosen to be eigenfunc- 
tions of any set of commuting spin operators, such as the set 2„ <r«, • • • , 
(r,„ or the set's 2 , 2,. The second set is particularly useful when the 
Pauli principle, which we shall describe in the next section, is properly 
taken into account. 

41. The Pauli Principle and Related Restrictions. — The Hamiltonian 
operator of any system that contains at least two particles of a given 
kind remains invariant in form if the coordinates of like particles are 
permuted among themselves. It may be shown that for this reason the 
set of stationary states of the system that are associated with a given 
eigenvalue of the Hamiltonian transform among themselves in one of 
several different ways when the coordinate variables are permuted. 
The theory of groups of transformations is particularly concerned with 
this property of eigenfunctions. This topic need not interest us at 
present, however, because of the Pauli exclusion principle which states 
that the physically permissible solutions of Schrodingcr’s equations 
behave in definite ways when the coordinates of particles are permuted. 
In particular, the Pauli principle requires that the state function be 
antisymmetric under electron permutations) that is, the state function 
must transform into its negative under odd permutations of electrons 
and into itself under even ones. It is also true that the stale function 
must be symmetric under the permutation of the coordinates of light 
quanta; that is, it must transform into itself under both even and odd 
permutations in this case. 

The fundamental reason for these requirements is not completely 
understood at present. It seems reasonable, however, to expect that the 
exclusion principle will appear as the natural consequence of some general 
invariance principle, possibly unformulated as yet, just as the concept 
of spin arises out of the requirement of relativistic invariance in Dirac f 
theory. 
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Statistical theories, corresponding to classical statistical mechanics, 
that take the exclusion principle into account have been developed 1 by 
Fermi and Dirac for the antisymmetric case and by Bose and Einstein 
for the symmetric one. 

It seems to be a general rule in nature that all elementary particles, 
except photons, obey Fermi-Dirac statistics. The statistical behavior of 
nuclei, as is determined from the analysis of band spectra, is explained 
completely by assuming that nuclei arc composed of protons and neu- 
trons. In order to remove the single exception, photons, it has been 
postulated that light quanta are composed of two elementary particles 
which are not observed separately in standard optical experiments. The 
evidence for this postulate, however, is not very conclusive. 

The antisymmetric states are the most important ones from the stand- 
point of the electron theory of solids. Although the actual process of 
selecting such states will be discussed in detail in sections that deal with 
the approximate solutions of the Schrodinger equation, there are several 
points that should be brought out here. 

Suppose that we have a system that contains n electrons. Let us 
designate them by integers ranging from 1 to n in order to establish a 
normal arrangement. There are n\ possible different permutations of 
these n indices, each of which relabels the electrons in different ways. 
The Hamiltonian operator is invariant under these permutations of 
indices. For each permutation, say the vth of the set of n!, we may 
introduce a permutation operator P V) which is defined in such a way that 
it permutes electrons in the manner described by the pth permutation. 
Any operator a that is invariant under the vth permutation satisfies the 
relation 

P y ag = aP v g 

for an arbitrary function of g. We may write the operator equation 
corresponding to this 

Py a = aP v 

and may say that a commutes with P v . It is quite clear that two permu- 
tation operators generally do not satisfy the relationship 

Py Py>g = P v'P V g 

for arbitrary g. The Pauli restriction on the allowable state functions, 
namely, 

PJ = (-l)' w /, 

Pz/= (-1W, 

where p(v) is the order of the rth permutation, implies, however, that 

P 9 PJ~P,P,f 

1 See, for example, L, Brillotjin, Quantenstatistik (Julius Springer, Berlin, 1930). 
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for all allowable state functions. Thus, for our purposes, all permutation 
operators may be said to commute. 

The one-electron spin operators do not commute with the permutation 
operators, since each spin operator refers to a specific electron. Hence, 
we cannot expect to find functions that are simultaneous eigenfunctions 
of Hj of P l lf ■ • • , P vn /3 and of the one-electron spin quantities. On the 
other hand 2 2 and 2*, which commute with one another, do commute 
with the P v since they contain all electron variables symmetrically. 
Hence, when H is independent of spin, we may expect to find stationary 
states that satisfy the Pauli principle and are eigenfunctions of E 2 * * and 
2*. For this reason, the physically interesting states are eigenfunctions 
of E 2 and 2* rather than eigenfunctions of the one-electron operators. 

We shall accept without proof the following theorems 1 concerning the 
eigenvalues of E 2 and 2*. 

а. For a system of n electrons, the eigenvalues of E 2 have the value 

8(8 + 1 )ft 2 

where S may range from n/2 down to 0 or depending respectively upon 
whether n is even or odd. S is called the total spin quantum number, and 
the eigenfunctions of 2 2 are said to be states of definite multiplicity. 

б. There are 2S + 1 degenerate states associated with each value of 
S. These states may be chosen in such a way that they are eigenfunc- 
tions of 2 a and have eigenvalues ranging from +S to — S, by integer 
steps. The number 2S + 1 is called the multiplicity of the degenerate 
level associated with S. 

Rules for constructing eigenfunctions of definite multiplicity may be 
found in the references in footnote. 2 

PART B. THE INTERACTION BETWEEN MATTER AND RADIATION* 

We shall develop the theory of radiation 8 in this part of the present 
chapter for use in discussing the optical properties of solids. The 

1 See, for example, E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, 1935). 

2 Eigenfunctions of definite multiplicity are used extensively in the theory of 
molecular valence, in which they are called “bond functions.” A discussion of the 
theory of these functions may be found in the following papers: H. Eyring and 
G. E. Kimball, Jour. Chem. Phys 1 , 239 (1933); G. Rumer, Nachr. Gott ., M. P. 
Klasse, 337 (1932); J. H. Van Vleck and A. Sherman, Rev. Modern Phys., 7, 167 
(1935). 

* This part is used primarily in Chap. XVII, which deals with the optical prop- 
erties of solids, and may be omitted by a reader not immediately interested in this 
topic. 

3 General references: G. Brhut, Rev. Modem Phys., 4, 504 (1932); E. Fermi, 

Rev. Modem Phys., 4, 87 (1932); W. Heitler, The Quantum Theory of Radiation 

(Oxford University Press, New York, 1936), 
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topics of principal interest are the theory of light quanta and the theory 
of the interaction between matter and light. We shall begin with a brief 
discussion of the classical theory and shall use this to develop the quan- 
tum equations. 

42. The Classical Electromagnetic Equations. 1 a. The Radiation 
Field . — Maxwell’s equations for free space are 

div E = 0, div H = 0, 

ic 1 d(H , u 1 dE m 

curl E = -j curl H = - — ? (1) 

C dt C dt 

where E and H are the electric and magnetic field intensities. The time- 
dependent solutions of these equations that correspond to light waves 
have the form 


E = E 0 e 2 ^‘ r ’^A 
H = H Q e 2 ^- vt \) 


(2) 


where Eo and H 0 are constant vectors, n is the wave number vector, and v 
is the frequency of the wave. These quantities are interrelated by the 
equations 

Eo • u = 0, H 0 • n 

n2 _ 1 u F 

- - Ho • Eo 

K 2 _ C2 

0 — *- 0 > 

from which it may be concluded that E 0 and Ho are orthogonal to one 
another and to the direction of propagation of the light wave. 

It is convenient to express Maxwell’s equations and the solution (2) 
in terms of the vector and scalar potentials A and <p } which are related to 
E and H by the equations 



p 1 dA •, ) 

E= — C ~di~ grad * 
H = curl A. ) 


The equations for A and <p are 




A A 1 3 2 A _ 

AA o All) 


c 2 dt 2 


div A = - ?g- 


(4) 


(5) 


1 M. Abraham and R. Becker, Classical Electricity and Magnetism (Blackie & 
Son, Ltd., London, 1932); R. Becker, Theorie der Elehtrididt , Vol. II (Julius Springer, 
Berlin, 1932). 
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In. the ease of light waves, we may sot <p equal to zero and take 1 A to he 


A = w c ,E u c'^-^. O'.) 

JtTTl V 

It may be seen that Kqs. (4) then lend to Kqs. (2) and (3). 

If we have a number of waves of different frequencies in a. cubical space 
of volume V’, the real vector potential of the system may be expressed in 
the form of a series of traveling waves 


A H (n)r^ n,l,, ‘ r + A*' | . (7) 

wM' 

V,* 

The quantiti<»s that, appear in this equation are very similar to those that 
appear in the Fourier resolutions of the atomic motions in lattice theory 
(cf. See. 22). The quantities f«(*i)ps — 1, 2) are real polarization vectors 
that satisfy the equations 

f.(n) • n - 0, f i(«) * fa(») — 0, 

f* • f. « 1, 

and the d f (n) are complex constants that are proportional to the ample 
tudes of the wave of wave number n having E in the direction fdn). 
Since we shall deal with real quantities, we shall assume that 

<U*(n) - dd(t 0. W) 

The summation of n c*x1 ends over the' allowed values of this variable, 
which are given by the equations 




v* ‘ 


th 

// 


n u «■ 

* “ r: * " /; 


(Jth 


where n x% n Ut and n t are integers and L is tin* length of an edge of the box. 
It may be seen from this that the density of the allowed values of n in 
wave-number space is /d W The factor r/(vVfi is introduccil in to 
(7) in order to simplify results that we shall obtain below. 

We shall nmv derive a Hamiltonian function for this radiation field 
using K(p (7). In material systems, the Hamiltonian, when independent 
of time, is equal to the total energy. Hence, we should ('Xpert to obtain a 
Hamiltonian for the radiation field by computing the energy K , , namely. 


Kr 


if 


(E* + H s )»/K. 


till 


If Hqs. (4) lire used to compute E and H from the vector potential, Kq, 
(II) becomes 


E, - 2^2jrc,(n)a»(n)a,*(n) 


( 12 ) 
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where 

a a (n) = ) Qgx 

o a *(n) = A a *(n)e +2lriv ^ t .) 

If we now regard a a (n) and za a *(n) as conjugate variables and (12) as the 
Hamiltonian of the system, we find that the Hamiltonian equations are 

^«( n ) = = t 2nri v a (n) a a (n) , 

ATI 

d,*(n) = = 2riv a {n)a*{n). (14) 

o<2 a ^n; 

The solutions of these equations lead to the time dependence expressed 
by Eqs. (13). Hence, (11) actually is the Hamiltonian function of the 
system. 

Since the variables a s (n) and a a *(n) are not real, it is convenient to 
replace them by the real quantities 

Ps (”) = + «.*)> 

<?.(") = “ ««*)• (15) 

The Hamiltonian, when expressed in terms of these variables, is 

h k = + «:(«)], (i6) 

S,v 

which is the same as for a system of harmonic oscillators. It is this fact 
that justifies the statement that a radiation field is equivalent to a system 
of harmonic oscillators. The Hamiltonian (16) may be used as the start- 
ing point for a discussion of the quantum theory of the radiation field. 

If we express the vector potential A in terms of the a and the p and g, 
we find 


A = [7 a (~^)'y ]i t a * (**) e%ri ' T + a **( n ) e_2 ”’ , ' r ] 

i7»a 

= 


(17) 


V2[f.(«)7]» 


(p g cos 27rn • r + q 8 sin 27rn • r). 


b. The Interaction between Matter and Radiation A — The force that acts 
on an electron of charge — e that is moving with velocity r in an electro- 

1 M. Abraham and R. Becker, Classical Electricity and Magnetism (Blackie & 
Son, Ltd., London, 1932); R, Becker, Theorie der Elektrizitat , Vol. II (Julitis 
Springer, Berlin 1932). 
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magnetic field is given by Lorentz’s equation 

f = — eE — -r X H. 
c 

Hence, the Newtonian equation of motion is 

mi = —eE — -r X H. 
c 


This equation may be derived from the Lagrangian function 
L = Jmr> * - -A • r + e<p, 

2i C 


(18) 


as may be verified by writing out the Eulerian equations associated with 
this function. The components of momenta are 


V* 


a L 

dx 



etc., so that the Hamiltonian H = p • i — L is 


The terms 


■ 2S P ' + S? ' A + sh A ‘ _ * *• 


Hi = — p • A + 

me 2 me 2 


(w; 

(2o; 


are of interest when the charge is in a radiation field because they give th< 
interaction between the field and the particle. The other two termi 
constitute the Hamiltonian in the absence of a field. 

It should now be clear that the total Hamiltonian of a system of ? 
electrons in a radiation field is 


H-fl.+'2[^-AW+5^A*<n)] 

= Hu + Hi (21 

where Hm is the Hamiltonian in the absence of a radiation field and H 
is the interaction term. If we desire to include the radiation field in th 
Hamiltonian, we must add to (21) the function Hr that was derived i: 
Part A. The total Hamiltonian then is 


H t - H u + Hi + Hr. 


(22 
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43. The Semiclassical Method of Treating Radiation. — Previous 
to the development of Dirac's theory of radiation, 1 which, at present, 
is the most accurate method of treating radiation problems, Schrodinger, 2 
Gordon, 3 and Klein 4 developed a simpler theory which is still useful for 
obtaining some of the important equations in a simple way. In this 
scheme, the classical interaction term Hi in the Hamiltonian (21) of 
the preceding section is treated as a time-dependent perturbation in the 
Schrodinger equation. If the radiation field is zero in the classical sense 
that the system is in the dark, the system is unperturbed and cannot 
change its state. If, on the other hand, the field is finite, the system may 
change its state by emission, absorption, or scattering of light. The fact 
that the state can change only if radiation is present shows a fundamental 
weakness in the theory, for it cannot be used to treat the problem of 
spontaneous emission of light by an excited atom. In spite of this weak- 
ness, the method leads to many correct results relatively simply. An 
important reason for this simplicity is the fact that the Schrodinger- 
Gordon-Klein method can treat absorption, emission, and dispersion in 
an approximation in which the e 2 A 2 /2 me 2 terms of Eq. (21) are neglected 
as small quantities, whereas the Dirac theory can treat dispersion only 
in an approximation in which all the terms of Hi are retained. 

The semiclassical method will now be used to develop the equations 
for absorption, emission, and dispersion of radiation by an atom. We 
shall assume that the radiation field extends continuously over a finite 
range of frequencies and that the vector potential of the wave of wave 
number n is 


A(n) = (n) [e 2 *^? - »«) - (1) 

Ziri v 

where E 0 is the amplitude of the electrostatic field. The interaction term 
in the Hamiltonian arising from this vector potential is 

H' = ^ p;. Eo[e 2Ti( ’ , ' ri -‘' 0 - (2) 

i 

We shall designate the Hamiltonian of the atom by H m and the stationary 
states by ^ < where 

H M *i = E&i. ( 3 ) 


1 See footnote 3, p. 210. 

* E. Schrodinger, Ann. Physik, 81, 134 (1926). 
3 W. Gordon, Z. Physik , 40, 117 (1926). 

4 0. Klein, Z. Physik , 37, 895 (1926). 
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It is now of interest to search for a solution of the time-dependent 
Schrodinger equation 

( + <4) 

that is equal to at time t = 0. This solution may be expressed in 
terms of the in the following way: 

-J0O i _ *1 - E-i t . . 

/ = ao^oe h 4- ^aiT/ie A (5) 

tVO 

where cto is unity at time zero and the &i are small quantities that are 
zero at the same time. Substituting this in Eq. (4), we find after a 
simple reduction that employs Eq. (3) 

dt 


in which small terms involving the product of and H[ have been 
neglected. If this equation is multiplied by and the result is inte- 
grated over the electronic coordinates, it is found that 


ft 8a } „ 

— r -rf — an/fjoC A 
t at 

( 7 ) 

where 


= f %*H' / 'I' 0 dT. 

(8) 

In deriving (7), we have used the relation 


= 5*-. 

(9) 


We shall assume in the following work that a 0 is close to unity at all 
times in which we are interested. Since Hjo involves time, it is con- 
venient to show this dependence explicitly by using Eq. (2). Equation 
(8) then becomes 

Hi o = E 0 - (C,-oe _2 ” w - Cyo + e 2 ” v O (10) 

where 

c <> - sssj *-*(2 W**")*** (11) 

t 

and C,-o + is the same quantity with the sign of n reversed. Thus, Eq. (7) 
is 

ft da,- c r n -s(®« -*(+Wi - . 

-- -77 = E 0 • [C it e * - C,o+e * ]. 
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Of = — E 0 • C; 


1 — e 

0 So — Ej -j- /ip 


When either one of the relations 


f- 1 ~ e 

E o — Ej — hv 


E o - Ej ± A? = 0 (13) 

is not closely satisfied, a 3 - oscillates very rapidly with time about the 
value zero. In this case, it may be said that the atom remains in the 
state and behaves like a system undergoing forced oscillations far 
from resonance. On the other hand, when either one of the relations 
(13) is satisfied we may say that the atom resonates and changes its 
state. We shall first discuss the case of resonance and return to the 
other later. 

In the case of resonance, we may interpret [a 3 | 2 as the probability 
that at time t the system is found in the state Sk j . Since hv is positive, the 
case 

E 0 - Ej = hv (14) 

can occur only when Ej < £7 0 , so that it corresponds to induced emission.. 
The case 

Ej - E 0 = hv , (15) 

on the other hand, corresponds to induced absorption. The probability 
that either process occurs in time t is, respectively, 

P„(0 = |Eq • C/ 0 | 2 w(£7o — Ej ± hv) (16) 

where the negative sign corresponds to (14) and the positive to (15), and 



This varies quadratically with time at small time for any given value of v. 
If the radiation is continuous and extends over a sufficiently broad range 
of the spectrum, however, the total probability varies linearly with time: 
I^et us suppose that the energy of the radiation that lies in the range of 
frequency from v to v dv and is polarized in the direction no is p(v)dv } 
where p is practically constant near the resonance frequency. Since the 
mean density is related to the amplitude E 0 of (1) by the equation 
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we may rewrite Eq. (16) in the form 

P,(t) — 2jrp|no • C,-o| 2 w(2?o — E,- i hv). (18) 

The total probability of the transition then is 

P(t) = P y (t)dv = 2irpJ^ | no • C,o| s «(.Eo — E,- ± hv)dv. (19) 

The function a has a peak of half width Av = 1/f at the resonance 
frequency. For the optical absorption and emission time in which we 
«hn.l1 be interested, t is of the order of 10 -8 sec, so that hAv is of the order 
of 10~ 8 ev, which is very small compared with ordinary values of v. 
Hence, we may replace o> by a delta function of the same area. Now, 

• 2 et 

f" Sm 2ft, 2Z P “ sin 2 x, 2rt 

J. = b ~ir- 

Hence, «(«) may be replaced by 

^5(0 (19a) 


where S(«) is a delta function that satisfies the equation 


Thus, P(t) is 



= 1 . 


P(t) = ^>o • C,o| W 


( 20 ) 


where p„ is the density at the frequency defined by Eq. (14) or (15). 

Equation (20) shows that the induced emission and absorption 
probabilities are proportional to the radiation density and that the 
selection rules for transitions are determined by the matrix components 

of the operator < e 2 «> ri . These matrix components can easily 

* i 

be expressed in terms of the matrix components of the atomic dipole 
moment 

M = — ^er, (21) 

i 

in the case in which n • r varies so little over the atomic system thai 
e 2 irti?T can k e replaced by unity. If the Schrodinger equation 

ffM'* = Ek&k 
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is multiplied by and the result is subtracted from the equation 

i 

H%* = Ej%*, 

after the latter is multiplied by it is found that 

i 

i i ■ i 


%■ 




( 22 ) 


The right-hand side may, by use of Green’s theorem, be transformed to 
^ j 2 O®'* S ra(ii ~ ^j* gradi y k )dT. (23) 

t 

It is assumed that SE'* vanishes at large distances, so that the surface 
integrals in Green’s formula can be dropped. In a similar way, the 
integral of the second term in (23) may be shown to be equal to the first. 
Hence, 

21 f g ra( ii ~i'kdT = — Eh) J* r >) *^kdr . (24) 

According to Eq. (11), 


efl J* ty*(gradi <Po)dr 

* 

when e 2 ”’ , ' r is uni ty, so that we find with the use of Eq. (24) 


^ ,l> 2m <m,* 




— + M,o* 


Here 


M,o = - f %*(£et^odr, 


(25) 

(26) 


and opposite signs are valid for the cases of Eqs. (14) and (15), respec- 
tively. 

Equation (20) may now be written 

P(f) - ^- 3 |M;o • no| W- 


(27) 
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The average value of the coefficient of p v t in this equation, namely, 

(28) 

is the Einstein B coefficient for induced transitions between two states ST'o 
and Here 

|M 3 -o| 2 = \M x ,jo\ 2 + \My^ + \M Zt j 0 \ 2 > (29) 

If the lowest atomic state is an 8 state, 1 which is spherically sym- 
metrical in electron coordinates, the dipole matrix components are finite 
only if the excited state is a P function, which has the symmetry of a 
first-order surface harmonic. If the three degenerate P functions are 



t i i 


respectively, and are labeled with indices x ) y , z, it may be shown that 

M x ,x0 = My,yQ = Mz,zO) 

M Xl yO = M x ,zQ = • • • = ]My tX 0 = ‘ * = JM Z,y0 — 0 . 

Thus, light polarized in either the y, or z direction may induce a transi- 
tion to one of the triply degenerate states. 

In order to discuss by the semiclassical method the scattering of 
light when the frequency is not near the resonance frequency, it is neces- 
sary to compute the mean value of the atomic dipole moment M for 
the state / of Eq. (5). The result is a time-dependent function that 
contains terms which vary harmonically. We shall assume that the 
real coefficient of the term that varies as e 2irivt is the amplitude of a 
forced atomic oscillation of frequency v. We shall also assume that 
e 2 Tri T x ma y b e replaced by unity. 

The mean value of M for the state f is 

M' = 

= f *o*M* 0 dr + (30) 

i 

in which terms involving squares of the a have been neglected. If it is 
recalled that a,- has the form 

2iri{Ea~~Ei — hv)t 

1 — e h I , . 

Eo-Ei- hv } (31) 

1 We shall use the conventional notation of atomic spectra in which the states 
having total angular momentum 0, 1, 2, 3, 4, etc., in units of h, are designated respec- 
tively by S, P, Z>, P, G , etc. See, for example, H. E. White, Introduction to Atomic 
Spectra (McGraw-Hill Book Company, Inc., New York, 1934). 


di = E 0 


Ei — Eo 1 — e 
*~h7~l El - E t 


2m(Eo — Ei-\-hv)t 
h 
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it is found that the terms that oscillate with frequency v are 
2 'Eo • M*oM*„* 1 T - ■=• l—r -Xe'™* + , 

hv \Eq — Ek — hv Eo — Ek + hv/ 
k 

= 2 E ° , MwMt0 * ■ 2y *° J e- 2 ™ 1 + e 2 ™*) (32) 


where 


(Ek — Eo) 

m ; Y~‘ 


Since the electrostatic field intensity is 

E = E Q (e~ 27rivt + e 2irivt ), 

the atomic polarizability tensor a for unmodified scattering is 


-2 


h 


This tensor is a constant with the value 




if the state 'to is an S state. The remaining terms in the mean value of 
M depend upon time through functions of the type 

-iCEo-JMi 

e h 

These terms do not have significance as induced scattering terms and will 
not be considered further. 

In order to discuss Raman, or modified, scattering of light, it is 
necessary to extend the preceding computation by considering matrix 
components of M between states /o and U By a correspondence- 
principle argument 1 that is not very satisfactory, one may then arrive at 
the equation 

2 ( Mo/fcMjm fXK\ 

" FT+Fj ( ) 

k 

for the polarizability tensor associated with the absorption of frequency v 
and the emission of frequency v + von- The final frequency must, of 
course, be positive. 

44. The Current Operator. — It is necessary to use the matrix com- 
ponents of the current operator in applying the semielassical method to 

1 0. Klein, Z . Physik, 37, 895 (1926). 
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solids, as we shall do in Chap. XVII. This operator may be derived in 
the following simple way. If we multiply the Schrodinger equation 

-?!** - ** + « 

i i 

by St 1 '** and subtract from it the equation for 't'** multiplied by 'Ek, we 
obtain 

®- 2 = <?>***** ~ ~ ^2 div< ( A ( r * W **)> ( 2 ) 

i i 

since div A = 0 for the fields in which we shall be interested. Now, 
V k *AcSr k - VkAc&k* = divi (^ 7 =* grad; ^ gradi ¥**), 
so that Eq. (2) may be written 

-e^f = ~2 div< [ gradi ** ~ * k grad< ^ r **) “ 

t 

|U( r< )*****]. (3) 

The quantity — e|^jb| 2 may be regarded as the charge density p in 
32V*-dimensional space. Hence, if we compare Eq. (3) with the equation 
of continuity, namely, 

s " -' a ' rJ ' 

where J is the current, we obtain 

Jjw = 2 [ ~^n^ k * grad< * k ~ * k gradi ***) ~ ^A(r<)’® r **¥*J- (4) 

t 

We shall regard this as the diagonal matrix component of the 3iV-dimen- 
sional current operator of which the general element is 

Jj* = 2[-^' K grad< * k ~ ** grad< - ~A( r <)^* , ® , ij. (5) 

i ~ 

Now, the charge density p(rO of the first electron is 

p(r 0 = J*p(r t n )dr' 


(e: 
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where the primed integral extends over the variables of all electrons 
except the first. Thus, the current associated with the first electron is 

ij&(ri) = J S radl ** “ S radl V) ~ 

^A(r 0^, (7) 


and the mean total current at the point ri is 

J»(ri) = wj [-^-(*** gr ad i ** “ ** S radl ***) “ 

— A(ri)¥*¥**V. (8) 

me J 


46. Line Breadth. 1 — The absorption and emission lines of an atomic 
system that has discrete levels obviously should be infinitely narrow m 
the delta-function approximation of Eq. (19a), Sec. 43. The same result 
is obtained even if u(<) is not replaced by a delta function, for the function 


may be made as narrow as we please by making t large enough. Thus, 
after a long time the frequency distribution of the total radiation from a 
system of excited atoms should be very narrow. This result is a conse- 
quence of the approximations that were used in solving Eqs. (7), Sec. 43, 
and does not occur if the equations are solved more accurately by taking 
into account the fact that the coefiicient a 0 (t) for the initial state is not 

a constant but varies with time. . 

It is possible to obtain a nearly self-consistent solution of Eq (b) 
Sec. 43, in a number of important cases by assuming that 

a 0 = e~ irTt (2) 

where r is a constant. With this assumption, the equation for a,- is 


KBOj rr 

~T~dt = 


(3) 


in the approximation in which terms other than a 0 may be neglected in 
the right-hand side. The solution of this equation is 


a ‘ = ~ E ° ' [ C '° E a - Ej — ihT + hv ~ Eo - E,- - IhT - hv J 


-\(E i~Ei-ihr+hv)t 

ihT + hv 

1 See the survey article by V. Weisskopf, Phys. Zeits., 34, 1 (1933). 


( 4 ) 
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A value of r may be obtained by substituting (2) into the equation 
for a 0 , namely, 


h dap 
i dt 


I i(Ej~ Eo)t 

.HojCLfi h 


(5) 


In the semiclassical theory, r is proportional to the energy density of 
radiation and is, as a consequence, very small when the radiation density 
is small. In the Dirac theory, however, it contains an additional constant 
term that is related to the probability coefficient for spontaneous emis- 
sion from the upper to the lower member of the pair of levels between 
which the optical transitions are occurring. 

The function a, -(0 given by Eq. (4) reduces to a,-(0 of Eq. (12), Sec. 43, 
when t is much smaller than 1/r. Hence, the results of Sec. 43 are 
valid only for comparatively short times. At times long compared with 
1/r, the square of the absolute value of one of the terms in (4) reduces to 

lEo - C?ol 2 

[(Eo - E s ) ± hvY + h 2 r 2 w 


a fact showing that the distribution of transition probability for different 
frequencies is governed by a function of the form 


1 

[(Eo - Ei) ± hvY + h 2 T*’ 


(7) 


which, as a function of v, has a peak at 

\Ep - Ei | 

v — ! T 

h 

of which the width at half maximum is 

Av = 2r. 

It may be shown that T is of the order of magnitude 10 8 sec” 1 for ordinary 
atomic transitions so that this natural width ordinarily is small compared 
with emission frequencies. 

The fact that an emission line or an absorption line has a finite natural 
breadth does not imply that energy is not conserved. This breadth 
finds its origin in the fact that the energy of the excited atomic state is 
uncertain because the interaction between the atom and the radiation 
field, expressed by the term Hr, is uncertain. Thus the half width 
could be made as small as we please by making Hr sufficiently small. 

Natural broadening'is usually masked by one or more kinds of broad- 
ening that have a completely different origin. In the case of gases, for 
example, lines are broadened by the Doppler effect, since the atoms 


( 8 ) 

(9) 
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move with different speeds, and by the interaction between atoms. 
Doppler broadening is not important in crystals, but the analogue of 
interaction broadening is important. We shall discuss it briefly here 
and in more detail in Chap. XVII. 

If we have a large number of free atoms that are infinitely separated 
from one another and are stationary, their electronic levels are discrete 

Solid 



Fig. 1 . — Tho discrete atomic energy levels may be broadened in the solid. If tran- 
sitions between many levels in each band are allowed, the resulting emission “line” will be 
broad. This occurs in metals. 

so that the energy levels of the entire system are discrete. Thus, the 
width of the emission lines is determined entirely by natural broadening. 
The atoms interact, however, if they are brought within a finite distance 
of one another, and this interaction broadens those levels of the entire 
system which were degenerate when the atoms were infinitely separated, 


Solid 



Fig. 2. — In this case the lowest level remains nondogenerate in passing from the system 
of free atoms to the solid. If selection rules forbid transitions from more than one o e 
excited states to the lowor level, tho emission lino should be sharp. In actual cases ot tins 
type the line is broadened because of coupling between tho electrons and the lattice. 

as we shall see in Sec. 66. If transitions are allowed between many of 
the levels in two bands, the corresponding emission “line* should now 
have a breadth that is determined by the selection rules and the width 
of the bands. Thus the lines may broaden because the atomic levels are 

spread into bands (c/. Fig. 1). . 

It frequently happens, in the case of solids, that selection rules forbid 
transitions from more than one level of a band to a nondegenerate level 
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of the entire system (c/. Fig. 2). The corresponding line would have 
only the natural breadth, in this case, if only the electronic states of the 
system had to be taken into account. An assembly of atoms, however, 
has, in addition to its electronic states, a system of energy states that 
are associated with internuclear motion. In the case of solids, these 
states may be described in terms of lattice oscillations, as we have seen 
in Chap. III. It turns out that the vibrational states may be excited 
during transitions between electronic states. Since the range of allowed 
vibrational frequencies is continuous, the amounts of energy that can be 
given to the vibrational system are spread over a continuous range. 
Now, the energy that is not given to the vibrational system during 
spontaneous emission is radiated as light; hence, the emission lines have 
vibrational broadening. This vibrational broadening is one of the most 
important of the factors that determine the shape of absorption and 
emission bands of insulating solids at temperatures above absolute zero. 



CHAPTER VI 

approximate treatments of the many-body problem 

46. Introduction. — This chapter deals with some of the methods 
that have been devised to handle the Schrodinger equation for a mechan- 
ical system in which there are at least two interacting particles. In 
practically all these schemes, an attempt is made to select one member 
of a given set of admittedly approximate wave functions by use of the 
variational theorem (cf. Chap. V, Sec. 39). In one method — the varia- 
tional method — the set of approximate state functions is obtained by 
writing down a definite function of the electronic variables that contains 
a number of parameters. The best function of the family is chosen by 
fixing these parameters so that the mean value of the Hamiltonian is a 
minimum. In another scheme — that of Hartree, Fock, and Slater — the 
starting set of functions is chosen as a combination of one-particle 
functions, that is, functions that involve the coordinates of only one 
particle. The one-particle functions are then determined by use of the 
variational theorem. 

Since the exact solutions of the Schrodinger equation for any many- 
body system usually are very intricate functions of all variables and since 
the functions that may be manipulated are restricted to fairly simple 
types, even the best function obtained by one of the approximate treat- 
ments usually leads to an energy that differs appreciably from the experi- 
mental value. There are exceptions to this statement, such a^ the case 
of the normal state of helium, which we shall find useful for locating the 
cause of error in other problems. 

We shall begin the discussion with a few remarks concerning the 
Hamiltonian operator that will be used in solids. These will be followed 
by a presentation of the two schemes that were described above. 

47. The Hamiltonian Function and Its Mean Value. — In order to 
place the problem of determining the stationary states of solids upon a 
working basis, it is necessary to overlook certain terms in the Hamil- 
tonian operator that are of secondary importance. First, we shall neglect 
the effects that arise from the motion of nuclei, assuming that the nuclei 
are at rest. The nuclear coordinates then enter into the Hamiltonian as 
parameters. In later chapters that deal with phase-changes, conduc- 
tivity, and optical properties, we shall be interested both in the motion of 
nuclei and in the effect of nuclear motion on electrons. Second, we shall 
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assume that there is no radiation present so that we shall not be con- 
cerned with radiation interaction terms. Neither of these neglected 
effects introduces appreciable errors, as long as we are interested only in 
the eigenvalues of the electronic system. 

In addition to the foregoing assumptions, it is expedient to assume 
that all extranuclear electrons may be divided into two classes: (1) the 
inner electrons, which belong to closed shells that are rigidly attached to 
the nuclei and are not affected appreciably by changes in interatomic 
distances; (2) the outer, or valence, electrons, which are affected by 
changes in interatomic distance. The latter are responsible for most 
of the ordinary properties of solids. We shall assume that the effect 
of the rigidly bound electrons on the valence electrons may be described 
by means of a potential term of the same type as that which takes into 
account the effect of the nuclei. In other words, it will be assumed that 
the valence-electron wave function may be determined by use of a 
Hamiltonian operator in which the effect of the rigid-shell electrons is 
taken into account by the presence of an ordinary potential function. 
The validity of this method must be investigated for each solid and will 
be discussed in particular cases later. It will be seen that this procedure 
is usually satisfactory for simple substances. 

According to these assumptions, the Hamiltonian operator tor n 

valence electrons is 


H 


2 ( 


2m 


A i + 



(i) 


where the indices i and j are to be summed over all n electrons, — h 2 &i/2m 
is the kinetic energy operator of the ith electron, and Vi, which is the 
sam e for all valence electrons, is the potential energy of the ith electron 
in the field of the nuclei and bound electrons. e 2 /n,- is the coulomb 
interaction potential between the ith and jth electrons, where e is the 
absolute value of the electronic charge and r the distance between 
electrons. It should be noted that the cases i — j are excluded in the 
last summation. Finally, I is a constant representing the interaction 
between the nuclei and between rigid-shell electrons on different atoms. 
Although this term does not enter into the determination of the valence- 
electron wave functions, it is included here to indicate that it may nol 
be neglected when the cohesive energy of the solid is computed. Il 
should be added that both Vi and I contain the internuclear distances 
parametrically. 

Now, the stationary state of lowest energy minimizes the mean-valu< 
integral 

E = .('S'*H'SrdT (2 
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according to the mean-value theorem. For this reason, the mean-value 
integral is of im portance and merits considerable discussion. Let us 
break the Hamiltonian (1) into two parts, namely, 


V = 



(3a) 

(3b) 


where T is the total kinetic energy operator and V is the total potential 
energy operator. In terms of T and V , Eq. (2) is 

E = f^TVdr + J**F*dr. (4) 


We may write the first integral in the form 


42 ! Jig rad **i 2 ^ (5) 

i 

if we apply Greenes theorem and assume that the surface integral vanishes, 
as is true in the cases in which we shall be interested. We may conclude 
that the mean value of T is a positive quantity since the integrand in (5) 
is positive. The second integral in (4) may be written in the form 

J\^\ 2 Vdr, (6) 

for V is simply a function of the variables of integration. This integral 
may be regarded as the classical potential energy of the charge distribution 

p = e|*| 2 ^ (7) 

in the potential field V/e, both the charge distribution and the potential 
function being static in the 3?z-dimensional space of all electronic coordi- 
nates. Thus, the mean value of the potential energy may be given a straight- 
forward classical interpretation in terms of Zn-dimensional charge and 
potential distributions. 1 

Since the mean value of T is positive, it follows that ordinary atomic 
systems are energetically stable only because the mean value of V can be 
negative. Evidently the first term of (36), which contains the energy 
of attractive nuclear-electron forces, is entirely responsible for the fact 
that (6) may be negative. At first sight, one might suppose that the 

1 Although ^ is a function of the spin variables as well as the space variables, it is 
possible to average over spin without affecting this conclusion, since neither T nor V 
depends upon spin. Thus p in (7) may be taken as a simple function of the space 
variables. 
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wave function * that minimizes E would distribute the electronic 
charge in such a way that the integral (6) should be as negative as 
possible. It is easy to see, however, that this wave function^ would 
have a very large kinetic energy associated with it. To minimize (6) , 
it would be necessary to choose ^ in such a way that p is small in regions 
where V is positive and large in regions where V is negative. This 
means, however, that ¥ would vary rapidly from point to point or that 
its gradient would be large. The mean value of (5) would then be 
large, and it is easy to show (c/. next paragraph) that E would not be as 
low as possible. On the other hand, suppose that we attempt to minimize 
E by makin g the mean kinetic energy as small as possible. In this case, 
we should choose * to be a very slowly varying function, so that its 
gradient might be very small. A function of this type would not give a 
charge distribution p that preferentially localizes the electrons in the 
regions of negative V, so that E again would not be as small as possible. 
Thus we see that the mean values of T and V tend to counterbalance one 
another. If the mean value of V is large and negative, the mean value 
of T is large and positive; if the mean value of T is nearly zero, the mean 
value of V is also nearly zero. Hence, the function that minimizes E 
must effect a compromise between both terms. 

This competition between T and V is indicated by the unceitainty 

relation 

ApiAqi =£ h. 

Any increase in the localization of electrons implies that the Aqt art 
decreased, a fact that in turn implies an increase in A pi. Since the mear 

value of T is roughly ^(Api) 2 /2m, the kinetic energy increases as th< 

% 

A qi decrease. Suppose, for example, that we have an electron movinj 
in the potential field e/r of a proton. The potential energy is roughl: 
— e 2 /Ar, where A t is the uncertainty in r, whereas the kinetic energy i 
roughly ft 2 /2ra(Ar) 2 . The sum of these two energies does not have ; 
minimum when A r is zero or infinite, which would respectively minimiz 
the two terms, but it has a minimum for A r = W/me 2 = 0.5 • 10“ 8 cm 
Incidentally, this example shows that the scale of atomic size, namely 
h 2 /me 2 , is determined by the compromise between kinetic and potenth 
energy. 

Although the competition between T and V tempers the wave fun< 
tion in such a way that neither of the terms is minimized, the wa\ 
function always favors both terms to some extent. Thus, it is foun 
that the wave function for the lowest energy state is generally smoot 
and yet localizes the charge in suitable regions of potential. Since tl 
potential (36) becomes very large and positive in regions of the 3n-dimei 



Sec. 48] 


TREATMENTS OF THE MANY-BODY PROBLEM 


231 


sional coordinate space where the variables r* are very small, we may 
expect that p will generally exhibit a smooth minimum of the type shown 
in Fig. 1 in the neighborhood of such regions. 

Upon these effects, which are related to the variational principle, are 
superimposed those which arise from the condition that ^ must be 
antisymmetric. Roughly, the lowest energy members of the family of 
antisymmetric functions usually have a higher mean kinetic energy 
than some of the functions that 
might be allowed were it not for the 
Pauli principle. The change in sign 
of under permutation of the vari- 
ables of any two electrons implies 
that ^ usually changes its sign in 
certain regions of configuration space. 

The word usually is employed 
because in some simple exceptional 
cases, such as that of the lowest 
state of atomic helium, the anti- 
symmetric condition affects only the 
spin variables. The change in sign of St' implies in turn that there is a 
nonvanishing gradient in the same regions, and this implies a contribu- 
tion to the kinetic energy (5). Unless this contribution is compensated 
by a drop in the mean potential energy, the best antisymmetric function 
does not give E an absolute minimum. Thus, the lowest states of all 
free atoms that involve more than two electrons (that is, atoms beyond 
helium) are raised because of the Pauli principle. On the other hand, 
we shall see that the potential energy of antisymmetric valence-electron 
wave functions in solids is usually lower than the energy of other func- 
tions and that the decrease in potential energy sometimes counter- 
balances the gain in kinetic energy. The origin of this decrease in V 
may be understood in the following way. As we remarked above, the 
antisymmetry of SE' implies that the wave function may change its sign at 
regions of configuration space where r# is zero. Hence, the Pauli prin- 
ciple may imply that p has a minimum at regions where t# is zero. This 
condition, however, is just that which must be satisfied if the positive 
contribution to the potential from the e 2 /ra terms is to be small. 

48. The Helium-atom Problem —We shall discuss only one of the 
important problems solved by the variational method, namely, that of 
helium. The Hamiltonian for this two-electron system is 



Pig. 1 . — It may be expected that the 
electron density function possesses a 
smooth minimum of this type because of 
electron repulsion. 


ft* 


h\ 


H = Ax - - 

2 jj. 2 1 u r is 


r i 


Ze? 

7*2 


( 1 ) 


where t\ and r% are the distances of the two electrons from the nucleus of 
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charge Ze (Z = 2 for He) and /t is the reduced electronic mass, namely, 

mM_ 

^ ~ m + M 

in which m is the electronic mass and M is the nuclear mass. The other 
quantities in (1) have been defined previously. In the approximation in 
which (1) is valid, the wave functions may be written in the form 1 

^ = $(ri,TsMfi,fs) ( 2 ) 

where $ is a function of the space variables, symbolized by ri and r 2 , and 
<r is a function of the spin variables. It may be shown from the sym- 
metry of (1) under permutations of electrons that the only forms of $ 
that lead to stationary values of /<&*!?< idr are either symmetric or anti- 
symmetric under interchange of ri and r 2 . This characteristic is peculiar 
to the two-electron problem. We shall designate a symmetrical by $s 
and an antisymmetrical one by $a. According to the Pauli principle, 
a must be antisymmetric when $ is symmetric and symmetric when $ is 
antisymmetric, in order that * may be antisymmetric. There are three 
symmetric spin functions for two electrons, namely, 2 

= jji( 1 )i? 2 ( — 1 ) ■'JiC — 1 ) 272 ( 1 ),/' (3) 

crj 1 = 77i( — l)i72(— T), / 

and there is one antisymmetric function, namely, 

oi = mOO^C-l) - *(-l)ui(l). W 

These functions are eigenfunctions of the spin operators 

5 2 = Or, + Ox.) 2 + Ovi + I/O 2 + 0=1 + O 2 0) 

and 

= 0« + <r«)- ( 6 - 

The functions (3) correspond to the eigenvalue 2ft 2 of (5) and to the eigen- 
values ft, 0 and -ft of (6), respectively, whereas (5) corresponds to the 
eigenvalue 0 of both (5) and (6). We may expect that a singlet staU 
$ scr o h as th e lowest energy, since the presence of implies a low kinetn 

energy (cf. Sec. 47). . . . A . , , 

The most extensive and systematic investigation of the mean vaiu< 

E = f$ s *H$sdr (7 

1 For simplicity, we shall designate the spin variable of the ith electron by i 

instead of by as in the preceding chapter. ^ 

2 The function ^(± 1 ) is identical with the function ± 1 ) of the precedin 

chapter. 
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has been carried through by Hylleraas, 1 who used functions containing 
an increasing number of parameters in successive stages of approximation. 
In the case of helium, his method leads to a total binding energy that 
agrees with the experimental value to within a few hundredths of a 
per cent. We shall discuss the various types of function that he employed 
and shall attempt to interpret his results in terms of the general remarks 
of the preceding section. In this discussion, it is convenient to replace 
the six Cartesian coordinates of the electron by the variables 


s = j*i + r 2 ,| 

t = n — r 2 ,> ( 8 ) 

u = r 12 , / 

and by three other angular variables upon which the wave function of the 
lowest state does not depend. 

a. First A'p'proximation. — The simplest function used by Hylleraas 
has the form 

= e~ as = e _ “ n e~“ ri , ( 9 ) 

which contains only one parameter, namely, a. The use of this function 
is equivalent to assuming that both electrons move in a coulomb field 
and have hydrogen-like wave functions corresponding to the Is state. 
Since a = Z/a h for one-electron atoms, where Z is the atomic number 
of the nucleus and ah is the radius of the first Bohr orbit in hydrogen 
(an = 0.531 JL), the value of ctau = Z' that gives its minimum 

value fur nish es a value of the “effective nuclear charge” in which each 
electron moves. It is found that Z' = Z - which is U for helium. 

The mean value of H is then — — — — ’ or 5.695 Rydberg units 

CLh 

(1 Rydberg unit equals 13.54 ev), which should be compared with the 

observed value of 5.810 Rydberg units. 

A part of this difference of 0.7 ev per electron may be removed by 
using a better eigenfunction of the one-electron type. The Hartree-Fock 
procedure, which will be discussed more fully in the following sections, 
starts from the assumption 

(r i) (r 2) 

and determines <t> in such a way as to minimize (7) ; that is, it determines 
the best $ that may be written in the form (10). The energy associated* 
with the Hartree wave function is 5.734 Rydberg units, which leaves 

1 E. Hylleraas, Z. Physik, 54, 347 (1929). See also H. Bethb, Handbuch der 
Phynk, Yol. XXIV/1, p. 324. 

2 Bbthe, op . cit p. 368. 
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about two-thirds of the difference, or about 0.45 ev per electron. This 
difference arises from the fact that electrons really do not move inde- 
pendently of one another but are correlated. The wave function not 
only is a function of the variables s = n + r 2 and t = n — r 2 but is also 
g, function of u — 7*12. This dependence has been discussed in Sec. 47 
and is related to the fact that a potential term of the type e 2 /u appears in 
the Hamiltonian. 

b. Second Approximation . — In the next approximation, Hylleraas 
chose the function 

= e — ““(1 -(- a-iu + bif 2 ) ( 11 ) 

and found 

E = -5.805 


for 


a 


1.82 

dh 


0.29 

a 1 = > 

a h 



This leaves a difference of only 0.03 ev per electron between the computed 
and observed values. The function (11) shows the expected correlation 
between electrons since the variable u enters in it. 

c. Higher Approximations . — Hylleraas extended these computations 
by using a power series in u, s, and f' 2 as the coefficient of e~" and arrived 
at a limiting energy of 5.80749 Rydberg units which actually is greater 
than the observed value by about 0.0002 Rydberg unit. This dis- 
crepancy does not imply any flaw in the variation method but is due to 
the fact that the Hamiltonian (1) neglects relativistic effects which would 
introduce a correction of this order of magnitude. 

One im portant fact that may be gained from this investigation is thal 
the method of one-electron functions yields an energy which is in error bj 
about 0.5 ev per electron, because it does not involve the necessarj 
correlations. Since the binding energy of many solids is of the order 0. 
1 ev per electron, we may expect that the cohesive energies dorivec 
from one-electron functions will often have a relatively high percentagi 
of error. 

49. The One-electron Approximation. 3 — The one-electron schem 
has proved to be the most fruitful of several approximate methods tha 

1 General discussions of this topic may be found in the tract by L. Brillouir 
Actualitis Sdentifiques iv (Hermann et Cie., Paris, 1934), and in E. U. Condon an 
G. H. Shortley, The Theory of Atomic Spectra (Cambridge University Press, 1935). 
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have been developed for obtaining qualitative and semiquantitative 
solutions of the Schrodinger equation when many electrons are present. 
As was mentioned in the introduction to the present chapter, this scheme 
is based upon a plan for constructing wave equations for an n-electron 
system from n one-electron wave functions. 

It was assumed in the introductory development of the one-electron 
approximation that the total state function can be represented by the 
product of n one-electron functions. Thus, 

^(* 1 , yi, 2l, • • • , %n, 2/n, 2n) = Vb z i)'P^( X ‘b 2/2, Zi) 

2/n> 2 n ). (1) 

Here the & are the normalized one-electron functions and x it yt, Zi are 
the spatial coordinates of the ith electron. Spin variables were not 
explicitly introduced. In accordance with the Pauli principle, as it 
had been introduced into the Bohr theory, it was assumed that no more 
than two electrons can have identical functions and that any two elec- 
trons that do have identical fa have opposite spins. The function (1) 
does not include electronic correlations explicitly since the state function 
for the ith electron is fa, regardless of the position of the other electrons. 

Hartree 1 suggested, on the basis of plausibility, that each one-electron 
function in (1) should satisfy a one-electron Schrodinger equation in 
which the potential includes a term that takes into account the coulomb 
field of the other electrons as well as the fields arising from nuclei and 
other charged particles. He chose this term as the classical electro- 
static potential of the n - 1 normalized charge distributions \fa\ 2 - In 
other words, his equation for fa is 2 

+ [v&i, yi, *) + 2 e 'f lj ^r dT ] h = (2) 

where V,- is the field arising from nuclei, etc. Hartree developed a prac- 
tical method, now known as the method of the self-consistent field, for 
solving the set of simultaneous equations, and applied this procedure to 
a number of atoms in a large-scale program of investigating the periodic 
chart. This program is still under way, although modified equations, 
which we shall discuss below, are now used in place of (2). 

1 D. R. Habtkbb, Cambridge Phil. Soc., 24, 89 (1928). 

t In the rest of this chapter, we shall designate the volume element for the ith 
electron by dr > when spin is not included and by when spin is included. In cases 
in which ambiguity may occur, however, we shall use the notation of the preceding 
chapter, namely, drix^Zi), etc. Similarly, the volume element for the coordinates 
of the ith and jth electrons will sometimes be written as dridrj and at other times 
as drij . 
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The mean value of the Hamiltonian 


»-2(-£*+") + i35 


for the function (1) is seen to be simply 

E = J* + J' 


(4) 


which reduces to 




i-= 1 U 


when the fr satisfy Hartrec’s equations. 

There is only one equation of the type (2) for the normal state of 
helium since the two t are identical in this case. The energy (5) that 
was derived by using the solution of this equation was discussed in part a 

of the previous section. , ... 

It was recognized during the period after Hartree s first work that 
the Pauli principle has a more natural position in the new quantum 
theory than in the old. In accordance with the discussion of Chap. V, 
the principle is taken to imply that all wave functions must be anti- 
symmetric under permutation of all electronic coordinates, including the 
spin variables. The function (1) is not a satisfactory wave function 
from this standpoint, for it is not antisymmetric. An allowable anti- 
symmetric function may be constructed from the same sot of one- 
electron functions, however, if each is replaced by a function <?. that 
is the product of ^t and a spin function i?<(ft)> thus. 

Vi, Zj)v<(fr) 

where r,- in the left-hand side of (6) stands for the four variables x f , y„ 
gj, ft. We shall assume in the following discussion that the m are eigen- 
functions of ff„ the z component of spin. Hence, they may be labeled 
as ij<(+ 1) or ijj( — 1), in the cases going with the eigenvalues h/2 anc 
-h/2, respectively. The antisymmetric function that may be con- 
structed from the <p< is 


¥ = ^(-l)»P*[<9i(ri)«(rs) • • ' 




( 7 ! 
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where P runs over the n! permutations of the n variables and p is the 
parity 1 of the pth. permutation. This sum has the property that it may 
be written in the form of a determinant 


<Pl(ri)<pl( r 2 ) ■ ' ‘ <Pl(?n) 
<p2(ri)p2(r2) * * ‘ ^2 (*n) 


( 8 ) 


<^n(ri)^n(r 2 ) • • * <pn(r*)| 


in which the <pi are elements. The antisymmetric properties of ‘'P are now 
evident from the properties of determinants, for the process of interchang- 
ing two columns, which reverses the sign of corresponds to a permuta- 
tion of the corresponding variables. Moreover, T' vanishes identically 
when two <pi are equal. Hence, the Pauli principle, as it was employed 
in the Bohr theory, is automatically satisfied. 

It may be shown from elementary principles of group theory 2 that (7) 
is the only antisymmetric combination of the <p;. This function is not 
usually the only antisymmetric combination of the i pi, however, for it 
may be possible to assign spin functions to the ^ in more than one way. 
This possibility will be discussed further in the following sections. 

The electrons do not move independently so long as there is more than 
one independent term in (7) ; that is, electronic motion is correlated 
in the antisymmetric wave function even though this function is com- 
posed of one-electron functions. These correlations are more or less 
accidental, for they arise from the Pauli principle rather than from the 
requirement that the electrons should keep away from one another. It 
turns out that these accidental correlations sometimes favor cohesion by 
keeping the electrons apart and sometimes hinder it by piling the elec- 
trons together. We shall have occasion to examine particular cases in 
detail in later chapters. 

The function (8) is not normalized when the <pi are normalized, so 
that (8) must be multiplied by a constant. Although this constant 
usually depends upon the choice of <p£, it is simply 1/ y/n\ in the particular 
case in which the <pi are orthogonal, that is, when 

= Si r ( 0 ) 

The integration in (9) implies a summation over the two values of spin 

1 The parity of a permutation is the number of interchanges that must be made in 
order to obtain the permutation from the standard arrangement. Thus, the parity 
of the permutation 2143 of the integers 1234 is 2, since the permutation may be 
obtained by interchanging 1 and 2, and 3 and 4, respectively. 

2 E. P. Wigner, Gruppentheorie (Vieweg, Braunschweig, Germany, 1931). 
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variable f. If V is given by (7), 

JV^dr' = 

• • • <p n *(r n )]P'[«5>i(ri) ' ’ ■ <Pn(r«) ]dr', (10) 


which is equal to 

^JP|^i(ri)| 2 |V' 2 (r 2 )| !! • • • |^n(r„)| 2 dr = n\ 


Deuause vl „ , r™ . 

We bV»« 0 assume hereafter that the condition (9) is satisfied. This 

does not place any important restriction upon the <p» since those which 
have opposite spins are automatically orthogonal and those which have 
parallel spins may be made orthogonal by the Schmidt method. 1 This 
orthogonalization process does not affect (8), for a determinant remains 
unchanged if a constant multiple of the elements in one row is added tc 
the corresponding elements in another, and application of the Schmid! 

method is equivalent to doing this. 

Let us split the Hamiltonian into kinetic and potential energy parts 

as in Sec. 47. The mean value of the former, namely, 




2(“ l) p 'P , (^t(ri) ■ ■ • <Pn(t n )) jdr(a;i, •••,«»,£ i» * * ' » f») 

P f 

71 (* ** ^2 f* 

= = “SamJ (i: 

ic-l t'“ 1 

when the eigenfunction is (7). This result is exactly the same as thi 
derived by use of (1). Hence, the mean value of T is unaffected by tl 
use of a determinants! eigenfunction. The same statement is true f 

n 

that part of the potential energy which can be written in the form 

t- 1 

1 See, for example, R. Courant and D. Hilbert, Methoden der maihematisi 
Physik (Julius Springer, Berlin, 1924). 
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where 7 t depends only upon the coordinates of the ith electron and is 
the same function of these as V, is of the coordinates of the jth electron as 
can be seen from the fact that the form of ( 11 ), as a sum of one-e ectron 
integrals, depends only upon the property that T is a sum of one-electro 
operators. Hence, 


( 12 ) 


If V is independent of spin, this is 

i 

The mean value of those terms of the Hamiltonian, such as 


ysri V 

r if 


(13) 


(14) 


in which the elements of summation depend upon the coordinate of two 
electrons, is affected by the use of an antisymmetric function. The mean 
value of a typical term of (14), e 2 /Vi 2 > is 

^/[_2 (_1)PiW(ri) ■ ■ ■ ^* (rn)) te' 

[^(-D^WrO • • ‘ v»(rn))]^ / = 

L P' 

^(-D^Jp^ArO • • • ?n*(rn)]£PVi(ri) ' * * MW- (15) 

P,P' 

If a given permutation P send., r, into r, and r, into r. *e ■em'.inmg 

n — 2 variables into r 3 , • ■ ■ W 

that contains this P vanishes unless the P’ in the same mtegrid sendsthe 
same set into r„ • • ■ , r. and either r, into r, and r, into 
and r, into r,. When P' does satisfy this condition, the integration over 
the variables r 3 , ■ * • > *n reduces (15) to 


n(n — 1 ) 


2[J- 

ij 


<P*(ji) <Pi*{ ra) <pi(t 1) W M dr'u - 


r 12 


J w*(ri)<w*(rQ»<(r«)w(ri) ^ i .j 


because of (9) . Since the result is the same for the other n(n 1) terms 
in the summation (14), the mean value of this quantity is 
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' " J kfrOlWrg)! 8 .^ _ J w*(ri)w*(r«)w(r«)w(ri) j J ./ a ' _ (16 


The summation over the spins in the first terms may be performed a 
once, giving 


e^' f hMri)l%M 
2^1 J r« 

ij 


2 

-dr(x i, • • • , z»). 


(17 


The corresponding sum in the second term is zero whenever m 9 * m 
however, we shall leave this result in the form given in (16) for th 
present. 

The expression (17) is exactly the same as the last term in (4), whic] 
was derived by taking the mean value of (14) for the simple produc 
function (1). Hence, the only effect on the mean value of H of usin; 
the determinantal form of St' is the introduction of the exchange energy 


This term results, not from any unusual nonclassical force betwee: 
electrons, but because we have used the determinantal eigenfunctio 
instead of (1). As we said previously, the product function (1) contain 
no interelectronic correlations, whereas the determinantal function (7 
does contain them. The exchange term (18) is simply the contributio: 
that these correlations make to the energy. If the exchange energy 5 
negative, the charge distribution e^l 2 , corresponding to (7), has a lowe 
self-potential than the charge distribution corresponding to (1), for th 
accidental correlations in (7) keep the electrons apart. On the othe 
hand, if (18) is positive, the accidental correlations in (7) raise the sel: 
energy of the charge distribution, because they push electrons togethe: 
We cannot predict the sign of (18) without knowing the form of the <p 
each case must be investigated separately. 

In order to illustrate the ways in which exchange terms are related t 
correlations, we shall derive the expression for the probability densit 
of two electrons in a set of n. Let ri and r 2 be the coordinates of th 
electrons and P(ri,r 2 ) the probability density. To find P(ri,r 2 ) we mu* 
integrate |^| 2 over all variables except ri and r 2 . The result, which ma 
be derived easily by the methods that were used in obtaining (16), is 

P(n,u) = ^ 1 r- 1 ) [2 , |^l , l^)l 8 - 

iJ 

r 

'W * (r 1) Vi * (r 2) ^ (r 2 ) <pj (r i) 

n <J - 
II spins 


w, *“ 

ij 


(15 
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where the second sum extends only over pairs of & with parallel spin. It 
follows from the manner of deriving PM that the eoulomb and 
exchange energy is simply n(n - l)/2 times the Integra 


. [r£xa>dr t dT» 
J r i 2 


( 20 ) 


which is the self-energy of the charge distribution eP( ri.rO- 

Let us evaluate (19) for the special case of perfectly free electrons 
in a large cubical box. If we use periodic boundary conditions, the wave 

functions are 

fa = — ^e 2 " k ' r . ( 21 ) 

Here, V is the volume of the box and k is the electronic wave-number 
vector, the components of which take the discrete values 


. n x , _ n v, lr = — 

fcx = 1’ k v = X 2 L 


( 22 ) 


where n„, n, are arbitrary integers and L is the length of an edge of the 
box. We shall assume that all values of k that lie witlnn a s P her 
radius ko appear in (19) with both spins. This system of free electrons 
evidently is equivalent to the system used in the simple Sommerfeld 

m °Shice ]fa\^= 1/7, the first sum in (19) is equal to the constant 
value 1/7 2 . The second sum may be written 

e 2 W(ki-ki).(n-r,) (23) 

ki,ka 

where ki and k 2 are to be summed over all values in the sphere of radius 
fc 0 . If the number of electrons is sufficiently large and the le vels 
sufficiently dense, this sum may be replaced 1 by an integral and the 

reduced to 

J* 2jrfc 0 r cos 2r kpr - sin 27r/c 0 r ~| 2 
2|_ (2ir fc 0 r) 8 J 

where r = |ri — r*|. Hence, 

1 ( 9f 2 tt k 0 r cos 2Ar - sin 2ir?cor T\ 

P(ri|f 2 ) — X 2 2L (2irfcor) 3 J ) 

The coefficient of 1/7 2 is plotted in Fig. 2 as a function of r. The 
1 E . P . Wignbr and P . Seitz, Phys. Rev., 43 , 804 ( 1033 ). 
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probability that the electrons will be at the same point is just half the 
probability that they will be far apart and varies smoothly in between. 
The second term ip (19) is entirely responsible for the correlation term 
which, in turn, gives rise to the exchange energy when (20) is computed. 
In cases in which the elections are not entirely free, some correlatior 
effect is provided by the first terms in (19). 



Fig. 2.— The relative probability ol Uncling two periecuy r 

r from one another. The parameter r, is the radius of the sphere whose volume is equal t 
the mean volume per electron. In this case the correlation effect corresponding to th 
minimum near r = 0 arises from exchange. 


The introduction of antisymmetric wave functions detracts considei 
ably from the plausibility of Hartree’s equations (2) since they do nc 
take into account the correlations that give rise to the exchange energy 
For this reason, Fock 1 and Slater 2 suggested independently that th 
variational theorem should be used to derive a set of equations for th 
best one-electron functions. We shall discuss these equations in Sec. 5 
after investigating the question of multiplicity in the next section. 
shall see that Hartrce 7 s equations are satisfactory when i' has the for] 
(1) but that additional terms must be added to these when the wa^ 
function has the form (7). 

50. Eigenf un ctions of Definite Multiplicity. — It was pointed out 
the discussion of Sec. 41, Chap. V, that the antisymmetric station a. 
states of any system can be chosen as eigenfunctions of both 22 2 and 2 
as well as of £7, as long as the Hamiltonian is independent of spin, 
was also pointed out that the functions that have the same eigciwal' 
h 2 S(S + 1) of S 2 can be divided into groups of 2S + 1 which have t. 
same energy. This (2 S + l)-fold degenerate level is said to ha 
multiplicity 2$ + 1. The constituent states may be chosen as eige 
functions of 2*, and there is then one state for each of the 2S + 1 possit 
eigenvalues of which range from S to with integer difference 
States of different multiplicity usually have different energies cxce 
in the special case in which accidental degeneracy occurs. For the 


1 V. Fock, Z. Physik , 61, 126 (1930). See also footnote 1, p. 234. 
■ J. C. Slater, Phy<t, Rev,, 35’, 210 (1930), 
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reasons, the eigenfunctions of H, that is, the functions that minimize the 
integral 

J^HVdr' 


are usually eigenfunctions of E 2 . The eigenfunctions may be chosen as 
states of definite multiplicity, however, even when there is accidental 
degeneracy. Hence, we shall consider this to be a general condition on SF 

The antisymmetric function (7) of the preceding section usually is not 
an eigenfunction of 2 2 when the are different and the t\i are selected 
at random. The determinant has unit multiplicity (that is, S = 0), 
however, in the special case in which the are equal in pairs and the 
spins of the members of equal pairs are opposite. 1 Hence, the deter- 
minant is a satisfactory function from the standpoint of multiplicity 
in this particular case. Fortunately, this case is an important one for 
all simple solids, since they have unit multiplicity in the normal state. 
As a result, the form of Fock's equations, which is discussed in the next 
section and is based upon a determinantal wave function, is valid for the 
normal state of simple solids. The exceptional solids are ferromagnetic 
and strongly paramagnetic substances. 

51. Fock’s Equations. — The results that are obtained by following 
Fock and Slater's plan for determining the best one-electron functions 
from the variational theorem are derived in Appendix I. It is found 
that these results depend upon the initial choice of the complete wave 
function. If the function has the form (1), Sec. 49, the equations that 
the \pi must satisfy turn out to be Hartree’s equations (2). If, in addition, 
we specify that the different ^ are to be orthogonal or that 


the best equations are 

+ (vi + 2 = efpi + 2 Xi ^ > - (2) 

j y 

These equations have the same form as Hartree’s except for the presence 
of the term 

3 

which arises from the condition (1). The X* are the Lagrangian param- 
eters associated with the orthogonality stipulation. 

The Pauli principle is not properly included m either of the total 
wave functions on which Hartree’s equations and the equations (2) are 
based. For reasons discussed in Chap. V, it is necessary to use an anti- 

1 See footnote 2, p . 210, 
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symmetric function of the electron coordinates. When this is done by 
employing a determinantal function of the type (7) of Sec. 49 with the 
condition 

f<Pi<PidT(x,y,z£) = (3) 

the best equations are found to be (cf. Appendix I) 

-^A«(rO + [VM + 2 (ri) “ 

; 

2 W ^f* 4** = w(ri) + 2 x ^ (ri) - (4) 

i i 

The par am eters X have the same significance as those in (2), whereas the 
essentially new terms, namely, 

_ ^ '[e 2 J (5) 

3 

which we shall call “exchange terms,” arise from the use of a deter- 
minantal eigenfunction. It should be noted that the integrals in (5' 
are functions of ri. The exchange terms may be regarded as “non- 
conventional” potential integrals that take into account the accidenta 
correlations of the determinantal wave function, just as the exchangi 
integrals of Sec. 49 may be regarded as taking into account the change ii 
self-energy caused by these correlations. 

Equations (4), which we shall henceforth call “Fock’s equations,’ 
have many symmetrical properties not possessed by Hartree’s equations 
If we add the expression 



to the first summation on the left-hand side of (4) and subtract the sam 
expression from the second summation, we obtain 

-£ 4 *<rJ + [ r + - 

3 

2 [ e 2 J = 2 Wn) > (f 

3 i 

in which X* = e* and none of the sums is primed. Next, let us set 
p(ri,r 2 ) = 2^j*(ri)<p;(r 2 ), 

3 


0 
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which is known as “Dirac’s density matrix.” In terms of this function, 
the first summation in (6) is simply 

( 8 ) 

and the second is 

P p( r *, r i)? i(£s) rfT >. (9) 

J r 12 

Following Dirac, 1 we shall define an operator A in terms of (9) by the 
relation 

A«(rJ - -,.J Va£? g kW. (10) 

Thus, the operator A, acting upon <?<( ri), multiplies this function by 
p(r 2 ,ri), changes the variable ri to r 2 , and integrates over r 2 . It may be 
readily verified that A is both linear and Hermitian. The integral 
that appears in (8) we shall designate by U) it is simply the coulomb 
potential of the three-dimensional charge distribution. If we use the 
foregoing terminology, (6) reduces to 

ri) = ^W;( r i) 
i 

where H r is the Fock Hamiltonian operator, namely, 

H > = + V + U + A, (12) 

AtTYl 

which is th.6 same for all electrons in the system. 

The parameters X tY in (11), aside from Xn, should be selected m such 
a way as to ensure the orthogonality of the A possible choice of these 
parameters when the spectrum is non-degenerate is Xi# - 0 (i ^ 3), since 
functions that satisfy the equation 

H F <Pi = U<Pi 

are orthogonal because H* is Hermitian. This is not the only possible 
choice of X* however, and others have been used on occasion; but we 
phfl.n find that this choice is a convenient one in a large part of the follow- 
ing discussion. 

The difficulties encountered in solving Hartree s equations also 
arise with Fock’s equations, for it is usually necessary to obtain a solu- 
tion by some method of successive approximations, such as Hartree s 
method of the self-consistent field. This procedure is more difficult 
to apply to Fock’s equations because the exchange terms introduce 
many complications. 

1 P. A. M. Dirac, Cambridge Phil. Soc., 26, 376 (1930). 
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In the next section, we shall give a brief summary of the solutions of 
Hartree’s and Fock’s equations for free atoms. The actual technique 
does not interest us so much as the results and their deviation from experi- 
mental results, for these give us an estimate of the error that may be 
expected when the equations are solved for solids. 

62. The Solutions of Hartree’s and Fock’s Equations for Single 
Atoms.— The simplest nontrivial problem to which the methods oi 
Hartree and Fock-Slater are applicable is that of the normal state oi 
helium, which we have discussed in Sec. 48. Hartree’s and Fock’s 
equations are identical in this case since the electrons have antiparalle 
spins and the exchange terms are zero. The total energy of the atom, as 
given 1 by this approximation, is found to be 0.076 Rydberg unit highci 
than the observed value of 5.810 Rydberg units, a fact indicating tha- 
electronic correlations are important to the extent of 0.45 ev per electron 
Henceforth, we shall call an energy difference such as this 0.45 ev, whicl 
measures the error in the energy derived from a one-electron approxima 
tion, a “correlation energy.” The connotation of this term is eviden 
from the discussion in preceding sections. 

The method employed to determine the one-electron function </* ii 
the case of helium is characteristic of the self-consistent-field compu 
tations of Hartree and his school. This procedure is completely describee 
by Condon and Shortley 2 and will not be thoroughly discussed here. I 
need only be mentioned that the procedure consists, essentially, i) 
assuming a starting function for each electron, determining the potentia 
integrals appearing in Hartree’s equation from these, solving the equa 
tions for the new wave functions, and comparing these functions wit 
the ones originally assumed. If the two sets agree, the system is sal 
to be self-consistent and the equations solved; if not, the procedure i 
repeated until the initial and final functions do agree. Naturally, ther 
is no fixed plan that ensures that this procedure will converge rapidlj 
since a great deal depends upon a good choice of starting function! 
Other workers, such as Brown 3 and Torrance, 4 have developed variation 
of the scheme originally used by Hartree. All these methods involv 
practically the same steps of approximation and will be regarded as th 
same here. 

We are fundamentally more interested in the solutions of Fock 
equations than in those of Hartree’s equations, since the former shoul 
lead to more accurate results. Solutions of one or both of these cqu; 
tions have been obtained for a number of atoms listed at the end of th: 

1 Hartree, op. tit. 

2 Condon and Shortley, op. tit. 

3 F. W. Brown, Phys. Rev., 44, 214 (1933). 

4 C. C. Torrance, Phys. Rev., 46, 388 (1934). 
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section. Among these, those for beryllium and carbon, determined 
respectively by Hartree and Hartree 1 and by Torrance, are of principal 
interest since the absolute binding energies of these atoms are known. 

We shall use the results of the atomic computations to study two 
topics, namely, the accuracy of the energy states of a given atom contain- 
ing n electrons relative to the lowest energy state of that atom with 
n — 1 electrons, and the error in the absolute energy of an entire atom. 
The first of the two quantities gives a rough estimate of the relative 
accuracy of Hartree’s and Fock’s equations, whereas the second indicates 
the absolute error and will give a correlation energy. To date, beryllium 
and carbon are the only cases, other than helium, in which the absolute 
energy has been completely investigated from the theoretical standpoint. 

When an atomic configuration involves only closed shells, it may easily 
be proved 2 that Fock’s equations possess a self-consistent solution for which 

where R , 0, 3> are functions of each of the spherical coordinates, respec- 
tively, and the spherical harmonics Gi vl (0), are chosen to agree 

with the conventions of the one-electron approximation for atomic 
spectra. This theorem is not valid for Hartree’s equations, for they 
do not possess the same symmetry as Fock’s equations. The effective 
potential for an electron in a closed shell arising from the same closed 
shell is not spherically symmetrical in Hartree’s equations, for the 
summations in these equations are primed. However, when dealing with 
closed shells, Hartree generally takes only the spherically symmetrical 
part of the potential in order that the equations may be separated in 
spherical polar coordinates. For this reason, his results are not exact 
solutions except in special cases, such as the normal states of helium and 
beryllium, in which the configurations are closed shells of s functions. 
We shall now proceed to discuss particular cases. 

a. Beryllium . 3 — Both Fock’s and Hartree’s equations have been 
solved for the normal ls 2 2s 2 state of beryllium to a high degree of accur- 
acy. The resulting Is functions are very nearly alike, but the 2s func- 
tions show considerable difference. The two types of 2s function are 
difficult to compare with one another because the solution of Fock’s 
equation is orthogonal to the Is function, whereas the solution of Har- 
tree’s is not. The latter may be made orthogonal to the Is, however, and 
the results are given in Fig. 3. 

The total energies of Be and of Bc“ H ", as determined by different 
methods, appear in Table XL VII. 

1 D. R. Hartree and W. Hartree, Proc. Roy. Soc. f 150A, 9 (1935). 

2 Condon and Shortley, op. cit. 

3 Hartree and Hartree, op. cit. 



248 


THE MODERN THEORY OF SOLIDS 


[Chap. VI 


The difference between the total energy of beryllium as computed from 
Fock’s equations and the observed value is about 0.19 Rydberg unit, or 
about 2.56 ev, whereas the difference between the two values for Be+ 
is 0.07 Rydberg unit, or 0.9 ev. In order to obtain an estimate of the 
correlation energy per electron, we shall divide the first of these by 4 
and the second by 2, obtaining 0.65 ev and 0.45 ev, respectively. It 



Fig. 3.— A comparison of the square of the 2s functions of beryllium ob tamed by solvi >g 
Hartree’s and Fock's equations. The full curve represents the solution of r°°k s equatmna, 
the broken curves represent the orthogonalized and non-orthogonalized solutions of Mar 
tree’s equations. 


might seem at first sight that it would be more proper to divide the first 
by 4! and the second by 2!, since there are 4! and 2! interacting pairs lr 
each case. This procedure would not be so reasonable, however, sinc< 
the correlation effect is larger for electrons in the same shell than foj 
electrons in different shells. According to these results, the meai 


Table XLVII 



Hartree 

Fock 

Experimental 

2S(Be), R.u. 

E(. Be ++ ) 

-29.115 

-27.235 

-29.140 

-27.235 

-29.331 ±0.008 
-27.307 ± 0.008 


correlation energy increases slightly as the number of electrons increase! 
a fact showing that the one-electron approximation becomes less accurati 
The correlation energy of 0.07 Rydberg unit for Be ++ is almost exact! 
the same as the value of 0.077 for He. 

If we assume that the error in jE(Be ++ ) — B(Be) arises purely froi 
the correlations between the 2s electrons } this correlation energy is foun 



cm" 


100,000 


50,000 h 
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to be 0.119 Rydberg unit, or about 0.81 ev per electron. Part of this 
error actually arises from correlations of the Is and the 2s electrons, bu 

this is probably a small fraction. , , 

b Carbon . — Calculations of the energy levels of carbon have been 
carried cut by Torrance- and Word.' Torrance solved Fock's «,uat,o» 
for the ls 2 2s 2 2p 2 configuration. The energies of the P, D , 
states were evaluated by Ufford using the functions obtained from the 
solution. Since this is not a closed-shell configuration, Torrance had 
replace the asymmetric fields that arise from p electrons by spherically 
symmetrical ones. In addition, he used the form of Focks equations 
discussed in Sec. 51, which is valid for a single determinantal eigen u 
tion. although the wave functions of the lowest states do not actually 
have this form. 3 For these reasons, Ufford’s results should be somewhat 
higher than those that would be derived from more accurate one- 
electron functions. The computed cohesive energy of the ™vm&Utomjs 
1,019.66 ev, which, may be compared with the observed one of 1,0 . 

The difference gives a total correla- 
tion energy of 5.18 ev, which is about 
0.86 ev per electron. 

Torrance also computed one- 
electron functions for the ls 2 2s2p 3 
configuration from which TJfford was 
able to derive energy values for 
excited states of the carbon atom. 

In addition, Ufford computed matrix 
components of the Hamiltonian 
between the two configurations and 
determined new energy levels by 
taking into account the perturbing 
effect that the configurations exert 
on one another. This procedure is 
equivalent to using new wave func- 
tions that are linear combinations 
of the unperturbed wave functions 
for the normal and excited states. 

The relative positions of the levels 
in both approximations are shown in Fig. 4 and are compared with the 
observed values. The computed cohesive energy of the atom is change 
from 1,019.66 ev to 1,020.09 ev by the interaction between configurations, 

1 Torrance, op. dt 

2 C. W. Ufford, Phys. Rev., 53, 568 (1938). r „ svmrtlev 

* Modified forms of Fock’s equations have been developed by G. H. Shortley, 

Phys. Rev., 60, 1072 (1936), 


~ 3 P— 

- 3 D- 


-»d — 

- 5 P— 


a b o 

Fig. 4.— The relative positions of the 
levels of the 2s 2 2pa and 2s2p 3 configurations 
of carbon in different approximations. 
a, strict one-electron approximation; o, 
approximation in which interaction between 
configurations is taken into account; c, 
observed term values. It should be noted 
that the positions of the >3 and ‘5 levels are 
inverted in going from a to b. 
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so that this perturbation does not account for a very large part of tht 
error in cohesive energy. 

c. Oxygen . — Hartree and Black 1 have solved Hartree’s equation foi 
oxygen in various states of ionization, using the approximation describee 
above, in which only the radial part of the field arising from p functions 
is employed. For this reason and because of the fact that Hartree’s 
rather than Fock’s equations were solved, the results are not so sig' 
nificant as in the case of beryllium and carbon. One point that may giv< 
us some confidence in them, however, is the fact that the energies derivec 
from Hartree’s and Fock’s equations do not differ appreciably in the cass 
of berylli um . The energies of several states of 0 ++ , 0 + , and O, relative 
to the ground state of the atom having one less electron, are fisted ir 
Table XLVIII. 


Table XLVIII 




Calculated, 
Rydberg units 

Observed, 
Rydberg units 

Difference 

o ++ 

zp 

3.976 

4.050 

0.074 


l D 

3.778 

3.868 

0.090 


l S 

3.482 

3.659 

0.176 

0+ 

*s 

2.516 

2.602 

0.086 


2 D 

2.258 

2.334 

0.076 


2 P 

2.084 

2.210 

0.126 

0 

IP 

0.832 

1.00 

0.168 


l D 

0.686 

0.856 

0.170 


l S 

0.468 

0.694 

0.226 


If the equations that were solved had been Fock’s and if they ha< 
been solved exactly, we might regard the energy difference on the righ 
of Table XLVIII as the correlation energy of the electron that is remove 
to give the ground state. Actually, these values are only approximate!; 
equal to the correlation energies. It should be noted that the corrolatio: 
energy is greater for the excited states, particularly for those having lo\ 
values of multiplicity and angular momentum. The dependence o 
multiplicity is probably related to the fact that states with low multi 
plicity are least affected by the Pauli principle so that the effects c 
“accidental correlations” are not so prominent as in the other cases 
hence, other correlations that are not provided by the Pauli principl 
are more important. 

d. Other Cases . — A large number of other atoms have been investi 
gated by Hartree and additional workers. Although the Hartre 
1 V . R, Hartree and M. M. Black, Proc. Roy. Soe., 139, 311 (1933). 
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potentials arising from inner-shell electrons prove to be very valuable 
for the process of determining wave functions of valence electrons in 
solids, we shall not discuss these cases here, since they would carry us too 
far afield. We shall refer to some of the results in later sections, how- 
ever, and so we shall list those atoms for which Hartree fields have been 
obtained. 


Ag + 

A1+ 3 

A 

B 

Be, Be+ 

Ca 

Cs+ 

ci- 

Cu+ 

F, F“ 

He 

Hg 

K 

Li 

Na 

Ne 

0 , 0 + 0 ++, 0+ 3 
Rb+ 

Si+ 4 

W 
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63. Types of Solution of Fock’s Equations for Multiatomic Systems. 

Two independent types 1 * of solution of Fock’s equations have been 
widely used in multiatomic systems, namely: the Heitler-London, or 
atomic, type; and the Hund-Mulliken-Bloch, or molecular, type. In 
the Heitler-London scheme, it is assumed that the \pi are large only 
about single atoms or ions. Thus, in H 2 , the two one-electron functions 
have the form shown roughly in Fig. 5a. This type of solution is accur- 
ate when the atoms of the multiatomic system are far from one another 
and the atomic or ionic properties of the constituent atoms are pro- 
nounced. In the Hund-Mulliken-Bloch scheme, on the other hand, it is 


1 The workers after which these schemes are named actually did not use them m 

connection with Fock’s equations but simply used one-electron functions of the cor- 

responding form. In the case of solids, we shall call the second scheme simply the 

** Bloch scheme” or the “band scheme. ” 
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assumed that each <p extends over the entire system of atoms and has 
equal amplitude at equivalent atoms. In H 2 , for example, both elec- 
trons have the type of wave function that is illustrated in Fig. 56. The 
use of this type of function is equivalent to assuming that the atoms 
of the system are affected by combination to such an extent that the 



a 



b 

Fig. 5. — In the Heitler-London approximation the electrons of H 2 have separate wavi 
functions of the type shown in a. In the Hund-Mulliken approximation both have th 
function b , which is distributed symmetrically between both atoms. 

valence electrons belong to the entire molecule rather than to a single 
atom. 

It has not been shown whether or not both types of solution alway 
exist and whether or not they are the only solutions of Fock’s equations 
We shall show, however, that both types can exist. 

Let us consider Fock’s equations in the form 



Ft(ri) + 



(1 


We shall discuss the case of atomic functions first. The coulomb term 



2 


obtained from Heitler-London functions screen part of the contributio 
to the ionic potential V from all atoms except the ith and make th 
attractive coulomb field largest at the zth atom. Thus, if we neglec 
the exchange term, we may expect the solutions of Eqs. (1) which ai 
obtained when the potentials have been derived from atomic functior 
to be localized about individual atoms, that is, to have the form c 
atomic functions. Hence, we may expect to find a self-consistent soli 
tion of atomic functions in Hartree’s case. This conclusion remair 
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valid when the exchange terms are included if the atoms are far apart, for 
then these terms are small. Since it has not yet proved possible to 
discuss the influence of exchange terms in any general way when the 
atoms are close together, it has not been demonstrated that atomic 
types of solution always occur in this case. 

It is easy to see that the molecular types of solution always exist, for 
if we write Fock’s equations in the form of Eq. (11), Sec. 61, it follows 
that no atom is preferred as long as the h prefer no atom. Hence, if a 
starting set of functions of the molecular type is used in applying a self- 
consistent scheme, all subsequent solutions, including the self-consistent 
one, will be of this type. 

We shall show in later chapters (cf. Chaps. VII and VIII) that the two 
types of solution lead to identical antisymmetric total wave functions 
in an important case, namely, that of the normal state of a molecule the 
constituents of which have rare gas structure. 

The molecular types of wave function, particularly those of lowest 
energy which have few nodes, are smoother than the atomic wave func- 
tions. Hence, we may expect that the mean kinetic energy usually will 
be lower when molecular functions are used. This advantage of the 
Hund-Mulliken-Bloch scheme is balanced by the fact that the scheme 
relies upon the accidental correlations introduced by the Pauli principle 
to reduce the energy of electron repulsion. The Heitler-London scheme, 
on the other hand, reduces this energy by keeping the electrons on 
separate atoms. The results for the problem of molecular hydrogen, 
which we shall discuss in the next chapter, show that in this case the 
advantages and disadvantages of the two schemes are about equal. 
Incidentally, the cohesive energy obtained by both schemes is in error by 
about 0.5 ev per electron, which shows that the solutions of Fock s 

equations are far from exact. , , 

Both these one-electron schemes have been used extensively in solids, 
since each has its advantage for different types of problem. For exam- 
ple, the Bloch scheme is preferable in discussing metallic conductivity, 
whereas the Heitler-London scheme is preferable in discussing cohesion 
in ionic crystals. We shall develop both approximations m the following 
chapters, letting physical reasonableness be our guide in their application. 



CHAPTER VII 
MOLECULAR BINDING 


54. Introduction. — There is an intimate connection between the 
binding properties of molecules and of solids as far as quantum mechanical 
principles are concerned. For this reason, we shall discuss some of the 
features of molecular binding. Since there are many important topics 
in the theory of molecules upon which we shall not touch, the following 
discussion should not be regarded as complete. 

A fairly complete investigation along exact lines has been carried out 
for many of the simpler molecules such as H 2 + , H 2 , and Li 2 . The Hartree- 
Fock scheme, discussed in the last chapter, plays a very minor role in 
this work, for the variational scheme has been employed directly. How- 
ever, we shall be able to interpret some of the results in terms of the 
Hartree-Fock scheme. In cases such as H 2 ' i " and H 2 , in which the final 
results are almost as accurate as those obtained by Hylleraas for atomic 
helium, it is possible to gain an abundance of valuable information. 

In addition to these quantitative investigations, there have been a 
number of qualitative discussions of more complicated molecules based 
on the Heitler-London and the Hund-Mulliken schemes. This work has 
proved to be extremely useful in the hands of the physical chemist who 
is willing to introduce an ample amount of empirical knowledge into any 
scheme he uses. 

The Hamiltonian operator used in discussing the electronic structure 
of simple molecules is generally the same as the operator (1) of Sec. 47, 
Chap. VI, in which nuclear coordinates appear parametrically in 7, 
and I and in which spin interactions are neglected. For this reason, we 
may take over all the general remarks of the last chapter. 

55. The Hydrogen-molecule Ion. — The simple molecule H 2 + ha& 
the Hamiltonian operator 



where r a and r b are the distances of the electron from the two protons, 
which are separated by a distance r a &. The corresponding Schrodingei 
equation 


ft 2 A t A 2 , e 2 e 2 \ r rp i 

- {?. + n " sy* = E * 
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Sec. 55] — 

is separable when expressed in terms of the elliptical variables 

r a - n 


„ r a + r b 

£ = — : — ' 
Tab 


V = 


Tab 


<t>, 


(3) 


where <t> is the angle that the plane containing the electron and the two 
nuclei makes with a fixed plane passing through the nuclei. In fact, if 


we set 

f = H(£)H(ij) $(</>), (4) 


the separated equations are 

|( <{! - r, f) + (- x?! + 2D * - + 0 s - °' 

|( (1 ~ , * ) ^) + ( v " _ t ) h ” “■ (5t) 
« - - a <« 

where 

x , D , ow 


and ji and r are separational parameters. 

From (5c), it is clear that $ = fiW, whence m may take on only integer 
values. In addition, we know that the two states for which n = ±m' will 
have identical energies, for only /z 2 appears in the other two equations. 
In other words, all levels except those for which fx is zero are two-fold 
degenerate. Since the angular momentum about the axis joining the 
nuclei is simply pA, it is conventional to designate the states for which 
ju = 0, 1, 2 • * ‘ by < 7 j 7 r, 5, respectively, in analogy with the atomic 
designation involving the angular-momentum quantum number. 

On general grounds, we should expect the lowest state to be one 
for which /z = 0 since this type of function does not have an angular 
nodal plane. This state was investigated first by Bureau,* but a more 
accurate treatment has been given by Teller 2 who, in addition, carried 
through an investigation of higher states. We shall not discuss Teller s 
work in detail, except to say that he solved (5b) by means of power series 
and found the eigenfunctions of (5a) by use of the variational equation 
going with this self-adjoint differential equation. If the number of nodes 
in S and H is designated by and respectively, it should be possible 
to label all the states by these two quantum numbers and /z. The 

1 0. Burratj, Danske Videnskab. Selskab , 7, 14 (1927). 

2 E. Teller, Z. Physik , 61, 458 (1930). 
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convention usually adopted, however, is to employ the quantum numbers 
n and l of the hydrogen-like state into which a given molecular eigen- 
function degenerates when r a t approaches zero. A simple investigation 
reveals that n ( goes into the radial quantum number and that n„ goes 
into the polar quantum number l— m, as may be seen from the fact that 
£ becomes a radial variable and 17 becomes the variable cos 6, where 6 is 
the polar angle in spherical polar coordinates. In other words 

n = n ( + 1 + 1;\ 

l = n, + ix. / w 

The energies of several states are shown as functions of r ah in Figs. 1 
and 2. In Fig. 1, the abscissa is the internuclear distance expressed in 
Bohr units and the ordinate is the purely electronic part of the energy 



Pig. 1. — The electronic energy of 
several states of Ii 2 + as a function of 
interatomic distance. ( After Teller.) The 
ordinate is in Rydberg units. 



of H 2 + as a function of interatomic distance 
These curves are derived from those o 
Fig. 3 by adding the energy of nucloa 
repulsion. ( After Teller.) 


(that is, the nuclear repulsion is neglected). In Fig. 2, the abscissa 
are the same as in Fig. 1, whereas the ordinates represent the tota 
energy. The stable states are those of Fig. 2 which possess a minimur 
for finite values of r ab . It may be seen that the only members of th 
computed set that possess this property are the lscr, Zdcr and 2pir states 
The energies of the minima relative to a zero in which all particles ar 
separated from each other by an infinite distance are given in Tab! 
XLIX. 
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Table XLIX 


State 

Nuclear separation, ah 

Energy, Rydberg units 

Energy of dissociation, ev 

lScr 

2.00 

-1.20537 

2.781 

3 dc 

11.5 

-0.350 

1.35 

2 pir 

8 

-0.265 

0.20 


The last column in this table is the energy required to dissociate the 
molecule into an atom and a proton. 

When the parameter r ab becomes very large, the amplitudes of the 
wave functions become negligibly small at distances midway between the 
nuclei. The wave function then reduces, for all practical purposes, to 
two hydrogen wave functions, each centered about one of the protons. 
Only one of these two states should be regarded as the final state if the 
separation is sufficiently large, for there is only a negligible probability 
of the electron jumping from one atom to another. The quantum 
numbers of this atomic state, which may be determined by a simple 
analysis involving parabolic coordinates, are connected with those of 
the molecule in the following way: The total quantum number n' of the 
final state is related to n n,, and m by the equations 


n ( + ^ + ju + 1 
n ( + + M + 1 


(ft* even) 
(n^ odd). 


(V; 


No definite l value may be assigned to the final state, for the hydrogen- 
atom wave functions obtained by removing a proton from H 2 + are not 
eigenfunctions of angular momentum. 

The values of l entering into these wave 
functions, when they are expressed as a 
linear combination of eigenfunctions of 
angular momentum, range over the 
allowed values that may be associated 
with n'j that is, from n' — 1 to 0. The 
value of m for the final state is the same 
as the value of ju before separation. It 
may be seen from (6) that the value of 
n obtained by coalescing the two nuclei 
is either greater than or equal to the value (7) obtained by separation. 

The electronic charge distribution of the lowest state is shown m 
Fig. 3, for equilibrium separation of protons. It should be noted that the 
amplitude is large and nearly constant at distances midway between the 
protons. The disadvantage of having two repelling protons is more 



Fig. 3. — The charge distribution 
associated with the normal wave 
function of Ha + . ( After Burrau.) 
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than compensated by the following two facts: (1) There is a larger region 
in which the electron may have negative potential energy when there 
are two protons instead of one. (2) The wave function may be smooth 
over a larger region of space. The first fact has associated with it a drop 
in potential energy; the second, a drop in kinetic energy. The 2 pc 
state, which combines with the Iso- at large internuclear distances, has £ 
nodal plane midway between protons. Thus, neither is it smooth, noi 
does it allow the electron to have an appreciable probability of being ai 
midway regions where the potential field favors binding. Figure 5 
shows that it is entirely repulsive, as we might expect. 

56. The Hydrogen Molecule. — The hydrogen molecule has beei 
treated approximately by a large number of workers. We shall conside 
first the solution obtained by James and Coolidge, 1 since it is considerably 
more accurate than any other. Their procedure is patterned after th 
one Hylleraas followed when working with helium (c/. Sec. 48, Chap. VI) 
We shall see that there is a close correspondence between the conclusion 
that may be drawn from the solutions of both problems. 

a. James and Coolidge expressed the Hamiltonian operator 


2 m> Al + r ia r lt r 2a r 2b r 12 r ab 


(1 


in terms of the four elliptical variables 


.. ria + r if, r 2o + r 2b 

|i = — > 62 = 


’ll = 


Tab 
Ti g — r W 
Tab 


*72 = 


Tab 

r 2 a ~ r 2b j 

Tab 


(2 c 


which are analogous to the set (3) of the previous section. Instead < 
using 4>i and <£ 2 as the remaining pair of electron variables, they chos 
the set 

2r 12 


= <f > i “I - </>2 and p — 


Tab 


(2 1 


The interelectronic distance was used explicitly in order that electron 
correlation, discussed in the last chapter, might play a role appropria - 
to its importance. The variable d does not enter into the wave functic 
of the lowest state for the same reason that 4> does not enter into the wai 
function of the lowest state of H 2 + . 

The starting wave function for the lowest state was taken in tl 
power-series form 

e - S(tl + £l) ^ Cmn . fcj)(|r| n^p + C 

1 H. M. James and A. S. Coolidge, Jour. Chem. Phys., 1, 825, (1933). 
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where 5 and the C are parameters that must be determined. Naturally, 
only the first few terms of the series were used. The various steps that 
were taken in extending the computation may be summarized in the 
following way. 

1. Only the exponential term was retained in the first approximation. 
The best value of S depends upon r ab and is 1.696 for the observed separa- 
tion of 1.40 Bohr units. In this case, the binding energy of the molecule 
is 2.56 ev, which should be compared with the experimental value of 
4.73 ± 0.04 ev. 

The wave function 

e -5(fi + ?2) 

may be written in the form 

5(rig+nfr) 3(r2a-|-7‘a&) 

e~ r °‘ e Tab , (4) 

which corresponds to the product of two one-electron wave functions of 
the Hund-Mulliken type. Hence, the results for this case give us a lower 
limit to the accuracy that should be expected if the Fock-Hartree pro- 
cedure based on the Hund-Mulliken scheme were employed. From 
this result, it is difficult to say to what extent a rigorous solution of 
Fock’s equations would improve the calculated energy. A more accu- 
rate solution of the Hund-Mulliken type will be discussed in part b. 

2. Neglecting all terms in (3) that depend upon p, James and Coohdge 
found that the best energy they could obtain for r ah = 1.40a 7l is about 
4.27 ev, which differs from the observed value by approximately ev. 
Since this approximation is the best possible one in which correlations 
are not included, it gives an upper limit to the possible accuracy of the 
Fock-Hartree procedure. It is doubtful whether the energy of the Foclc- 
Hartree approximation would be nearly as good as this, however, since 
(3) is much more intricate than a product of one-electron functions even 
when terms in p are neglected. Thus, the correlation energy correction 
would be at least i ev per electron, if the Hund-Mulliken scheme were 
used. 

3. The sim plest function employed in which the variable p occurs is 
the five-parameter expression 

+ 7}l) + Ci2VlV2 + G>z(fa + fa) “1" a <lP]* ^ 

This leads to an energy of 4.507 ev with r a b = 1.40a; t . The parametei 
values are listed in Table L. It should be noted that 5 has a value 
considerably different from that discussed in case 1. Thus, just as in 
the case of helium, the inclusion of a linear term in p leads to a better 

energy. . . 

4. As a final step, a thirteen-parameter expression involving quadratic 
terms in £i, £ 2 , and p, as well as those appearing in (5), was employed. 
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The parameters CW P are tabulated in Table L, and it may be seen 
that in some cases they differ greatly from the values discussed m case 3 
The final energy is about 4.69 ev, which lies within the experimental 
error of the observed value. The computed internuclear distance is 
identical with the observed one. 


Table L 



Case 1 

■ Case 3 

Case 4 

5 

C 00020 

C 00110 

C 10000 

C 10200 

C 10020 

ClOllO 

C2OOOO 

C 00001 

Cqqq21 

Cooill 

C 10001 

C 00002 

1.69609 

2.23779 

0.80483 

-0.27997 

-0.60985 

2.2350 

1.19279 

-0.45805 

-0.82767 

-0.17134 



-0.12101 



0.12394 



0.08323 


0.19917 

0.35076 

0.07090 



—0.01143 



-0.03987 



-0.01197 





b. We shall now compare the accuracy of the Heitler-London anc 
Hund-Mulliken schemes in so far as computations on H 2 allow us 1< 
make a comparison. It is easy to show that Fock’s equations for tb 
two schemes are essentially different in this case, as they are in mos 
multiatomic systems (an exceptional case will be discussed in Sec. 58). 

For a two-electron system, the singlet eigenfunction based upon one 
electron functions is 


•\/2 


:[l/'l(ri)'^'s(r2) "1“ 'Al(r2)^2(ri)]hl(l)’72( 1) ^CQ’hC !)]• 


Here, 4*i and are the one-electron functions that, in the Heitler-Londo 
scheme, are centered about different nuclei. Fock’s equation for 


-ilA.Wr,) + (-‘L - ffeSa^Awr.) + 

2 m K \ ria r lb J r n / 

= ^ l(ri) + X ^ (ri) ’ C 


and there is a similar equation for 

The space part of the total wave function (6) reduces to 
when i/'i and ^2 are equal, as m the Hund-Mulliken scheme. In tt 
case, Fock’s equation for f(r) is 
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Equation (7) reduces not to (8) when we set = fa, but instead to 


+(-£-£ + - * <9 > 
in which the coulomb integral contains a factor 2. Thus the different 
assumptions of the two cases lead to different systems of equations. The 
two schemes should be regarded as different approximate solutions of the 
same problem rather than as different solutions of the same set of one- 
electron equations. 

The most accurate attempt to apply the Heitler-London scheme to the 
hydrogen molecule was made by Wang, 1 who used hydrogen-like atomic 
wave functions of the form e~ ar , where r is the distance of an electron 
from the nucleus and a. is an adjustable screening parameter. The best 
value of the cohesive energy obtained by this procedure is 3.76 ev cor- 
responding to r ab = lAla h . The effective proton charge Ze is related 
to a by the equation 

Ze = eaCLh. 


For the best value of a, one finds that Z = 1.17. At first sight, it may 
seem surprising that this is greater than unity. It should be recalled, 
however, that Z must increase from unity to the value of for atomic 
helium (c/. Sec. 48) as r ah decreases from infinity to zero. 

On the other hand, the most accurate attempt to apply the Hund- 
Mulliken scheme to the hydrogen molecule was made by Hylleraas. 
He constructed a determinantal eigenfunction from one-electron solutions 
of a two-center system, similar to H 2 + . He assumed that the charge 
on the centers was e/2, rather than e as in H 2 + , in order to compensate 
for the nuclear screening effect that one electron exerts on the ot er. 
The cohesive energy obtained by taking the mean value of the Hamil- 
tonian of H 2 with this determinantal eigenfunction is 3.6 ev for an inter- 
nuclear distance of 1.40a/i. This fact shows that Fock s equation wo 
lead to the correct energy to within at least 0.55 ev per electron if the 
Hund-Mulliken scheme were used. In view of the remarks made under 
2, part a, we can say that the correlation energy of H 2 for the Hund- 
Mulliken scheme lies between 0.55 and 0.25 ev per electron. 

We may conclude 3 from these two cases that the Heitler-London an 
Hund-Mulliken schemes are about equally successful as far as the 


1 S. C. Wang, Phys . Rev., 31, 579 (1928). 

2 E. Hylleraas, Z. Physik, 71, 741 (1931). __ , , » Q i oriT , n - 

» Other methods of treating H a are surveyed by J. H. Van Vleek and A. Sherman, 

Rev. Modern Phys., 7, 167 (1935). 
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problem of minimizing the energy is concerned. The error in each case 

iS ° 57 ^^otectdar^LitWuml— Next 'to hydrogen, diatomic iithinm is the 
simplest stable molecule that contains only one type of atom, 
outline briefly the computations that deal with it. 

In early work, several attempts were made to compute the binding 
v of Ti bv taking into account only the two 2s valence elections 
Z Zh’u**. - though rigidly fixed. The 

used “ lxeJng «. 

two valence electrons give a binding energy that agrees with the experi- 
mental value of 1.14 ev only because the closed-shell interactions aic 
neglected. He carried out several types of calculation that show the 

Mowing f “ ts cbsed _ shell i nterac tions are neglected, a binding energy 
greater than the observed value may be obtained by using essentiall 
the same procedure that James and Coolidge employed for H*. Then 
are two reasons for this fact: (1) The ion cores repel one another mon 
strongly when the shells are taken into account than when they are not 
The origin of this additional repulsion will be discussed in the nex 
section (2) The wave function obtained by a variational procedui 
usually violates the Pauli principle unless the closed-shell wave function 
are explicitly included in the varied wave function. 

b. A binding energy of 0.62 ev may be obtained by an involve 
variational computation in which closed-shell wave functions are inc u c 
in the varied function. The interelectronic distance variables wcie m 
introduced into this wave function since they would have made tl 

computations prohibitively complicated. nmroiU ,.. 

James’s work on Li 2 is interesting from the standpoint of computatioi 
dealing with monatomic solids, for many features of the two cases a 
identical. Since closed inner shells are present m all the uteres 
solids, it is important to know the extent to which they can be neglecte 
The preceding discussion shows that the problem of closed shells mu 
be approached with care if relative binding energies are to have mu 
significance. It will become apparent later that there are sevei 
redeeming features in the case of solids. Most important among the 
is the fact that equilibrium distances in solids are usually much m 
than in molecules. For example, the closest distance of approach 
lithium atoms in the metal is 5.65a*, whereas it is 5.05a* m the molocu 
58 Closed-shell Interaction and van der Waals Forces. lh< 
is one case in which the Heitler-London and Hund-Mulliken schemes : 

>H. M. Jambs, Jour. Chem. Phys., 2, 794 (1934). 

* See review article by H. Margenau, Rev. Modem Phys., 11, 1 (19391, for 
mary of the development of the theory of van der Waals forces. 
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identical, namely, the case of electron configurations that correspond 
to the interaction of closed shells. In this case, the singlet eigenfunction 
is a simple determinant, for all elec- 
tronic wave functions appear in pairs 
with opposite spin. The determinant 
formed from Heitler-London wave func- 
tions may be rearranged so as to satisfy 
the Hund-Mulliken conditions. We 
shall demonstrate this theorem by con- 
sidering the interaction of two normal 
helium atoms. It will be evident that 
the principles involved in this particular 
case are generally applicable. 

We shall designate the wave func- 
tions centered about one of the atoms 
by i/'a and those centered about the 
other by We may assume that ^ a 
and i J/b are symmetrical in the sense that 
they become interchanged if the two nu- 
clei are interchanged (c/. Fig. 4). The 
wave function for the molecule is then 


y 

\^y/ 


a 1 

b 

(b) 



fn j 

v 

a 

y 



^ Cc) 


Fig. 4. — a , the two' Heitler-London 
functions of H a . Their sum b and 
their difference c are Hund-Mulliken 
functions. 


|^a(ri)rji(l) 
ia( ri)l7l( — 1) 

f&( ri)r?i(l) 

|>M r 0i7i( — 1) 


&.(rj)i?2(-l) 

^b(r 2)172(1) 


taiuhaO-) 
\pa{r 3 )va( — i-) 
tb{ r s) 173(1) 
'Phi rs)»fo( — 1) 


'Pa(u)v*(l) 

^o(r4)i?4(-l) 

'Pbi r 4 ) 174 ( 1 ) 

'Pb(^i)vt(~ 1) 


( 1 ) 


It should be noted that corresponding elements in the first and third 
rows have identical spin functions, as do those in the second and fourth 
rows. Let us now add the third row to the first, subtract the first row 
from the third, and repeat this procedure with the second and fourth 
rows. We then obtain the determinant 


'pi(h)viW 

<Mri)i?i(— 1) 
Mri)»h(l) 
>/'ii(ri)rji(— 1 ) 

where 


1 ) 

^n(r 2 )i72(l) 

'Pn(tz)vi(—1) 


^ 1 ( 13 ) 173 ( 1 ) 
'Pi(ta)ya(~ 1) 
^ 11 ^ 3 ) 173 ( 1 ) 

•p n(rs)i)3( — 1) 


^ 1 ( 14 ) 174 ( 1 ) 

TAi(r 4 )i74( — 1) 

^ 11 ( 14 ) 174 ( 1 ) 
'pn(u)rii(— 1) 


= 'Pa + 'Pb, 'pn - 'Pa — ib- 


(2) 


( 3 ) 


Since (2) has been obtained by adding other rows to the rows of (1), 
the two determinants are equivalent, 'pi and \ pa, however, are Hund- 
Mulliken wave functions, (cf. Fig. 4). Hence, in this case, the two 
schemes are equivalent. In more general cases, the determinant corre- 
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sponding to (1) has more rows and columns, but alternate rows have equal 
spL functions and may again be combined to form Hund-Mu hken wave 
functions. We shall discuss the crystalline case in Chap. Vlll. 

The Heitler-London scheme has been used to compute the energy of 
interaction between closed shells. For convenience, the one-electron 
functions employed in these computations were based upon approxuna e 
atomic functions rather than upon solutions of Fock’s equations. We 

shall discuss several examples in detail. 

a Helium Interaction.— The most accurate treatment of the repulsnc 
interaction of two helium atoms has been given by Slater 1 who computed 
the mean value of the interaction potential Ih of the two molecules, 
nging a total wave function that was constructed by taking an appropri- 
ate linear combination of atomic eigenfunctions. His work is not a 
strict application of the Heitler-London method, since the atomic wave 
functions that he used were not constructed of one-electron functions 
alone but contained the interelectronic distance variable. In analytical 
form, his atomic wave function $(1,2) is 


1 3926 -2<ri+rs)+0 ' 6rii+0 ' 0107lril+r)!) > ( r i) r ‘i < 3), 


$(1,2) = 


) 1.241e -s ” -1 ' S44r, »T 


1.241e -2n-l ' 344r2r 2 


- 0 . 255 ^; 

— 0 . 265 ^] 


1 + 
1 + 


0.0707\ . 
ri )’ 

0.0707\ 
r* /’ 


(ri > 3; r 2 < 3), (4) 

(r 2 > 3; ri < 3). 


Here n, r 2 , and r 12 , are the radial distances between the electrons anc 
the nucleus and between the electrons, expressed in units of the Boh 
radius. If we designate the two nuclei by a and b and let a subscrip 
on $ indicate the nucleus about which the electrons are centered, th 
complete antisymmetric wave function for He 2 that is obtainable fror 

(4) is 

$(1,2, 3, 4) = $.(1 > 2)$ J (3,4) - *.(1,4)#5(2,3) - ^2,3)$*(M) + 


in which it is implied that each $ has an appropriate spin factor. Tt 
function (5) reduces to (3) when $(1,2) is simplified to a product of on 

electron functions. , . . . . 

The repulsive interaction V(R) that is derived from (5) is a fair 
complicated function of the internuclear distance R, but it may 1 
accurately approximated by means of the analytical expression 

_ _R__ 

V(R) = 481e °- 412 , 

in units of ev, for R greater than 2 
i J. C. Slatdr, Phys. Rev., 32, 339 (1928). 


( 
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b. Neon Interaction .— Bleick and Mayer 1 have determined the inter- 
action energy in the case of two neon atoms, using one-electron atomic 
functions that were obtained by approximating Brown’s results 2 ana- 
lytically. The radial parts of the 2s and 2 p functions are 

R 28 = 13.6e“ 8,22r - r(14.7e“ 3,69r + 4.76e“ 2 - 16r ),'l (?) 

R Zp = r(17.9e“ 3,80r + 2.30e” 1 - 69r ). / 


The internuclear distances used in their work were so large that the 
Is functions did not overlap appreciably. The results of a straight- 
forward, though laborious, computation of the interaction energy are 
given in Table LI for three values of the internuclear distance. 


Table LI 

R, Bohr Units V(R), ev. 

3,41 2.15 

4.35 0.22 

6.05 0.003 

These three values may be fitted by the simple function 

R 

1.18 -10 4 e °- 395 (8) 


with an error of about 10 per cent. 

The fact that V(R ) is approximately exponential in both the cases 
a and b provides a rough justification for the exponential term that Born 
and Mayer used to express the repulsive interaction of ions in crystals. 

These repulsive terms do not describe the interaction energy properly 
at large distances since the tendency of electrons to avoid one another 
has not been taken into account. An additional attractive term is 
found when this is done. Since the additional term was implicitly 
postulated by van der Waals when he proposed his equation of state for 
gases, it is called the u van der Waals interaction. 

Let us co nsi der the van der Waals energy 3 for two atoms a and b 
that have m and n electrons, respectively, and are separated by a dis- 
tance R. We shall assume that the atoms lie along the x axis and shall 
designate the Cartesian coordinates of the electrons relative to the 
nucleus of the atom on which they reside by ( Xa^Vai^ai ) &ftd 
respectively, where i ranges from 1 to in and j ranges from 1 to n. The 
interaction potential Hi of the two atoms may be computed by straight- 
forward principles of electrostatic theory and may be expanded in terms 
of the Cartesian variables. The result is 

1 W. E. Bleick and J. Mater, Jour . Chem, Phys. 7 2, 252 (1934). 

2 W. G. Brown (cf. Sec. 52). 

8 F. London, Z . 63, 245 (1930). 
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m n 


H 


■, . 2 2{-f (2w - »•**' - w) + - i - ,r “ + 


i-1 J = 1 


(2j/„<j/w + 2z oi Z!,; - 3®«i»w) (*«»< - *w)l + 4 R ^i r l 5r <* x >»' 

Srfcli - 15 xlxl- + 2(4x a iXbj + Vaiyu + ««<*«)*] + ' ' ' }* (9) 

The terms in 1 /R\ 1/-R 4 and 1/B» are called, respectively, the dipole- 
dbole Zole-qnadrupole, and quadrupole-quadmpole interaction terms 
because they are similar to the interaction energy of the corresponding 

,yP ?^Si (6) and (8) are mean values of if, for the app«te 
wave functions constructed from atomic wave functions, 
be looked upon as the first-order terms in the perturbation formu 

C . ^IfS^Hi^adrl 2 . . . nn'i 

Ei(R) = J - 2i IL -e^Te7~ + (10) 

where *o is the lowest state and the ** are higher states. Hence, the 
second term is the van der Waals energy, if we may assume that highei 

terms in the expansion (10) are negligible. . 

London has derived a somewhat rough but general expression fo 
the contribution to the van der Waals energy from the dipole-dipoh 
potential in (9). For simplicity, he assumed that the unperturbec 
wave functions of the normal and excited states may be represented b : 
products of functions of the separate atoms, thus, 


■q, = 


(11 


in which m and r correspond to different atomic states. This approxim 
tion is poor when the atoms are very close together, for it violates th 
Pauli principle. It is accurate, however, for large atomic separatior 
when the wave functions of different atoms do not overlap. On th 
assumption the integrals in the numerator of the sccondtcrmmd 
degenerate into sums of products of integrals over separate atoms f< 
each of the terms in (9) is a product of terms i mvo vi ^ vanabtes - 
electrons on different atoms. These one-atom integrals, which have tl 

form 

(i 




play an important role in the theory of optical radiation (cf. Chap J 
They vanish unless a dipole transition is allowed between the states 
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and $/. Moreover, there is a close connection between the integrals 
which involve Vi«i and those which involve ^j/ai and ^Sai, for the 

i * » 

$ are wave functions for spherically symmetrical atoms. For these 
reasons, the numerator of the second term in (10) may be simplified 
considerably, and the sum may be reduced to 

|(S*-)J1(?»0 


where 


E d . d (R) = + El - E a “ - E? 

HV 


(13) 


(14) 


and the E are the energy values of the wave functions that appear m 

these integrals. , 

Eji an( j Et" are sometimes replaced by constant mean values M a and 

Et in order that the numerator may be summed alone. These mean 
values, which are not defined independently of Eq. (13), are usually 
assumed to be approximately equal to the ionization energy of the atoms. 
By the use of this approximation, Eq. (13) becomes 


EUR) = 6 


since 


[(X 2 -)']..[(?*‘T] 

i i 

R 6 El + El - Ea - E„ 


(15) 


(16) 


The polarizability a of an atom is related to its energy 25(E), in a field 
of intensity E, by means of the equation 

25(E) = E 0 + i«E 2 . (17) 

Thus, according to perturbation theory, we have 

|(2 So< )oJ 


a = ~ 2e2 %~iu 


E. 


( 18 ) 


which is approximately equal to 


— 2e 2 - 


[(2 Zai ) ]c 


E o - E„ 
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3 1 

Md ' d ~ 2 R B (E° + El- E a - E h ) 


[Chap. VII 


(19) 


where «„ and at are, respectively, the polarizabilities of atoms a and b. 

Margenau 1 and Mayer 2 have applied similar methods in order to 
obtain the contribution to the van der Waals energy from the dipo e- 
quadrupole and quadrupole-quadrupole terms. The end result for the 
dipole-quadrupole term that corresponds to (19) is 

3 i f oaoHEl - EaKE£ - %hY ± z. ~ ^3. 

Ei -< ~ R* {El + E° b -E a - E b ) 

The quadrupole-quadrupole term may be developed in a similar way, as 
is described in Margenau : s paper. 

We shall now discuss the results of computations for hydrogen and 
helium. 

a. Hydrogen— For two hydrogen atoms, (19) becomes 


_6 £ 
R 6 a h ’ 


( 21 ) 


in which R is expressed in units of a h , when E - E 0 is set equal to the 
ionization energy e 2 /2 a h . In the same approximation, the complete 
expression for the van der Waals energy, through quadrupole-quadru- 
pole terms, is 

( 22 ) 


a e 2 f 1 , 22.5 , 236\ 

- Q a,\R« + IF ^ R 10 / 


This may be used to estimate the relative magnitude of the different terms 
More accurate expressions for the dipole-dipole term have beer 
derived by Eisenschitz and London 3 and by Slater and Kirkwood. 
The first workers summed (13) directly and obtained 


6.47 e 2 

’ E 6 a h 


(23 


whereas the second employed a variational method and found 

6.49 e 2 

R i at 

iH. Margenau, Phya. Reo., 38, 747 (1931); 40, 387 (1932); see also op. dt. 
! J. E. Mater, Jour. Chem. Phys., 1, 270 (1933). 

* R. Eisenschitz and F. London, Z. Physik, 60, 491 (1930). 

4 J. C. Slater and J. G. Kirkwood, Phys. Rev., 37, 682 (1931). 


(24 
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b. Helium. — Margenau 1 has derived an expression equivalent to (22) 
for helium. The result is 


1.62 e 2 / 1 7 - 9 i 30 \ 

fl 6 cuV# 6 + R* + R 10 / 


(25) 


A more exact expression for the dipole-dipole term, which was derived 
by Slater and Kirkwood, is 2 


1.59 e 2 
R* a h 


(26) 


The sum of (26) and (6) has a shallow minimum with a depth of 
0.75 X 10” 3 ev at 5.5 a h . This minimum accounts for the weak cohesive 
energy of liquid helium (see Fig. 5). 


20 


10 


OJ 

is 0 

o 

X 

*u 

-10 


-20 


Fig. 5. — The total interaction energy of two helium atoms. The dotted curve is the van 
der Waals interaction. ( After Slater and Kirkwood .) 

A similar minimum should be expected for all rare gas atoms. Bleick 
and Mayer find that the total interaction energy for neon, obtained by 
adding (8) and (19), has a minimum of 1.3 • 10“ 3 ev when R is equal to 
6.5a&. These values agree roughly with those obtained from empirical 
data by Lennard-Jones. 3 

1 Margenau has recently developed a revised form of Eq. (25) which he regards 
as a more accurate representation of the true van der Waals energy than either 
Eq. (25) or (26) (see Phys. Rev., 55, 1137 (1939)). 

2 Slater and Kirkwood, op. cit. 

8 See survey by J. E. Lennard-Jones, Physica , 4, 941 (1937). 
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59. Molecular Valence. 1 — The problem of providing a reason for 
the inertness of the rare gas atoms in their interaction with one another 
is solved by the computations discussed in the last section, for they show 
that closed-shell structures have very weak attractive forces A similar 
problem arises in connection with molecules such as H 2 , N 2 , CPU, 
since they also form very stable units that do not interact strongly with 
one another. This problem is of importance to us because these mole- 
cules are constituents of an important class of solids. 

The origin of the weak intermolecular forces is believed to be largely 
the same as that in the case of the rare gases, namely, the van der Waals 
interaction. Computations that support this are discussed m Sec. 88, 
Chap X The problem of understanding the internal stability of these 
molecules, however, is not so easy to answer in a quantitative way. 
Since the internal binding energy of the stablest molecules is of the 
order of magnitude of 1 ev per electron this problem can be solved 
quantitatively only by solving the Schrodinger equation for molecu ar 
systems to a higher degree of accuracy than is generally feasible at present. 

Physical chemists have attempted to avoid some of the difficulties 
associated with solving the Schrodinger equation accurately by introduc- 
ing semiempirical schemes. These are usually patterned after one of the 
one-electron schemes, the matrix components that enter into the theo- 
retical results being judiciously replaced by quantities derived from 
empirical data. From what is known of the accuracy of one-electron 
approximations, it is doubtful whether actual computations based or 
these one-electron schemes would yield results that agree with experi- 
mental results as well as those of the semiempirical schemes do. lh< 
latter are such a distinct improvement over older valence theories, how 
ever, that they have great value in discussing many properties of mole 
cules. We shall present some of the qualitative results of these scheme 
in the sections of Chap. XIII that deal with valence crystals. 

i See the review article by J. H. Van Vleck and A. Sherman, Rev. M odern Phys 
7 , 167 ( 1935 ). 



CHAPTER VIII 

the band approximation 

60. Qualitative Importance of the Baud Scheme.-Prior to- the 

introduction of quantum mechanics, it had been believed that insulators 
have low electronic conductivities because their valence electrons 
localized on definite atoms or molecules and cannot jump from one 
atom to another. The electrons in metals, on the other hand were 
considered to be free to roam throughout the lattice, and the high con- 
ductivity was believed to arise from this freedom of motion. If we 
attempt to use these qualitative notions in order to understand both the 
conductivities and the cohesive energies of solids, we face considerable 
difficulty unless we are willing to assume that the binding forces arise 
from essentially different sources in each type of solid. 

Suppose, for example, we assume that there are only two kinds of 
interatomic force, namely: (1) electrostatic forces j between bound charge 
distributions, and (2) undefined forces that are ultunately connected w 
the presence of free electrons and are of primary importance m metals 
It is ? possible to account for the cohesion and insulating properties o 
ionic and molecular crystals in terms of (1). We may assume, as is 
done in the Madelung-Born theory, that the constituents ofiomc crystals 
are ions and that the main part of the cohesion arises fiom the electro 
static attraction between these. Similarly, we may ^umethatt 
molecular constituents of molecular crystals are e ectrostatically neutr 
and that the cohesive energy arises from mu tipole forces of an electro- 
static type. Since these forces should be weaker than the forces between 
ions, we are able to understand the relatively smaller cohesive energies 

° f ^m^eVwfih^difficulty in discussing insulating valence crystals 
such as diamond. In this case, the atoms are electrostatically neutral, as 
in molecular crystals, and yet the cohesion is as grea ' as m 
and metals. This difficulty was removed m classical theory by assuming 
that in addition to (1) and (2) there are valence forces which are respon- 
sible for the large cohesion of diamond and quartz. 

As in many other cases in which classical views led to complication 
the introduction of quantum mechanics produces order in i a re a iv ^ y 
simple way. In particular, the band concept of solids, which is based 
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may happen that a low-lying set of zones is completely occupied an -nr 
the levels in zones of higher energy are completely empty. The ul> 

tions that must be satisfied if this is to occur in the lowest state ti 

follows: 

a. The number of electrons present must be exactly equal ti. 

number of states in an integer number of zones. It turns out thi hi 

condition is satisfied in all insulators and in the alkaline earth r a! 

It is not satisfied in the alkali metals, for in these there are twice as u:;, 
states per zone as there are electrons. 

b. The highest filled zone must not have any energy levels t i; 

above the lowest energy levels in the next highest zone. If these i nr. 

bands overlap, the energy of the system could be lowered by trans: v j 
electrons from the highest levels of the last filled zone to the lower o- - 
of the next zone. Complete filling of zones is prohibited in the a lij 
earth metals because condition b is not satisfied. 

Let us consider the difference between the properties of a sub n 
in which occupied zones are completely filled and those of one in iir 
they are not. In both cases, the electrons normally are paired in h . 
way that for each electron moving in a given direction there is a h 
moving in the opposite direction with the same speed. Henc t . 
current carried by each electron cancels that carried by the othc ;t: 

the resultant current of the entire solid is zero. This statistical h ,i 

may be disturbed easily in a substance that docs not have com t» , 
filled bands; for, by the application of a weak electrostatic field, s r 
the electrons may be made to jump to the near-lying unoccupied v - 
thus changing the average velocity from zero to a finite value. Th y^ 

of shift in statistical balance was described in the sections of Ch 1 ' 
that deal with the Lorentz-Sommerfeld theory of conductivity. ' ' 
other hand, the highest occupied levels may be separated from the u n 
pied ones by several electron volts if the solid has completely filled u> ; 
In this case, a very strong electrical field would be required to indi n 

electrons to jump from occupied to unoccupied levels. Hen< t) 

crystal with completely filled bands is an insulator even thoi 
electrons are wandering throughout the lattice. 

Thus, we see that the electrical properties of two substances ths in 
similar one-electron functions may be vastly different. In this c 11* 
tion, we may anticipate that the one-electron functions of diamo ,v 
of metals are similar so that the cohesive forces have similar 01 n 
both cases. 

Since the introduction of the band scheme permits us to mod t : 
classical concept of “bound electrons” in valence crystals, it is : in 
to ask whether or not we need retain the classical concept when dis 
ionic and molecular crystals, This question may be answered ti* 
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unambiguously in both cases. In ionic crystals, _ the classical picture is a 
fair approximation but is not rigorously correct since the valence-electron 
wave functions are not entirely localized about the cations. . This means 
that the Bloch functions of ionic crystals possess properties similar to 
those for metals. Conductivity is absent because of the way in which 
zones are filled rather than because the electrons are not free to move from 
one atom to another. Since the amplitude of the wave functions unques- 
tionably is small at regions midway between molecules m molecular 
crystals, we should expect small electronic conductivity even if the zone 
structure did not exist. Nevertheless, the presence of filled zones plays 
a predominant role in entirely prohibiting electronic conductivity. 

It should be kept in mind that the zone scheme rests upon an approxi- 
mation. Although it servos a useful purpose in providing a model of a 
solid that is adequate for describing many important properties m a 
simple, straightforward way, the picture is not a perfect one, and it may 
lead to incorrect results if it is not used with sufficient care In par- 
ticular, it should not be applied without reserve to problems that involve 
excited states of insulators, for reasons which arc discussed m Chap. XI . 

61. The Connection between Zone Structure and Crystal Symmetry. 
Since the concept of zone structure is based upon a particular type of 
one-electron approximation, it is natural to aslc for those propeities 
of the Fock-Hartrce equations that m this case lead to the existence of 
zones. This question has the relatively simple answer that zone struc- 
ture is characteristic of any eigenvalue equation in which the operator 
remains unchanged under the primitive translations of the lattice. Ih . 
the eigenvalues E of any equation that has the foim 

Hi = Et, W 

where H has crystallographic symmetry, are practically continuous except 
for certain unallowed regions. This topic may be made the basis of a 
very elegant and practical group-theoretical discussion in which we shall 
not indulge at this point. We shall consider, instead, several examples 
of equations of type (1) in which the symmetry conditions that aie 
required for zone structure occur. From these, we may derive geneia 
conditions from which the precise form of zone structure may bo de er- 

mined in any case. . , u u 

Case a The One-dimensional Oscillating Lattice m Classical Mecha - 
ics . — One of the simplest problems in which zone properties occur is 
that of determining the vibrational inodes of a long one- lmcnsiona 

i The group-theoretical side of the existence of zones is discussed in the following 
pf Seitz, A«. Math., 87, 17 (1838): L. P B.uctart, R. 

E.Wigner, Phy,. Err., 80, 88 (1936); C. Herring, PI iys. B, 301 (1937), 5 , 3 

(1937); M. I. Chodorow and M. F. Manning, Phys. Rev., 62, 731 (1S3/J. 
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lattice of particles that interact with harmonic forces. Several >cial 
cases of this problem were discussed in Sec. 21, Chap. III. "W hall 
review these now. 

First, we considered the case in which the particles have equi aass 
and are separated by a distance a. The equations of motion J this 
case are 

= “ ^«-0 ~ ( r «+i “ Xn (2) 

where x n is the displacement of the nth atom from its equilibrium p ion, 
jjl is Hooke’s constant for interaction between nearest neighbors, d m 
is the mass of a particle. Since we are searching for solutions t are 
periodic in time, we may replace Eq. (2) by 

m(2 r Kv)~x n ~ /^[(^n *£«.— i) (r n _i_i (r n )]. (3) 

This equation is of the type (1) since we may regard the x n as com] ents 
of a vector X. Thus, 



Using (4) we may write Eq. (3) in the form 


ti) 



(5) 

or 




M -X = -v 2 X 



(5a) 

where M is a tensor or matrix the components of which arc 



,, 2/1 

Mn,n ~ 4irW , r 

\ 

n 


Mn, m = 0, 

m \ 

or 


M n ,^l — Mn- l,n — 

U 

± 1 



The matrix M clearly has the symmetry of the lattice sinco Eqs. ) are 
the same for all masses. The solutions of these equations were f id to 
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have the form 


x n = Ae 2rirna . 


( 6 ) 


Here <r is the wave number l/Na, where l is an arbitrary integer and N is 
the number of cells in the lattice. The frequency associated with (6) is 



The independent values of l may be chosen to range from -fV/2 to +N /2. 
Equation (7), for the corresponding range of a, is shown in Fig.7, Sec. 21. 
This curve does not exhibit the discontinuities characteristic of zone 
structure, for only one zone occurs in the present problem. 

Next, we shall consider the extended problem in which two different 
masses occur in the unit cell. If the particles are separated uniformly 
by a distance a/2 and are labeled by integers extending from zero to 2 N , 
the normal modes are 


x in = Be 

X 2 »-J-l = Ae 


2'iritr 


m, 

2n + l„) 




( 8 ) 


where the wave number <r is again equal to l/Na. The frequencies and 
the constants A and B may be determined by solving an appropriate 
second-order secular equation which was discussed in Sec. 21. We there 
found the result 


ir 2 v 2 = ** 


^— (M + m ± VM 2 + m 2 + 2 Mm cos 2t < ra), 
mM 


in which we may choose the independent range of a to extend from - 1/a 
to 1/a and obtain the, result shown in Fig. 8, Sec. 21. Discontinuities 
characteristic of zone structure occur at a = ±1/2 a, so that there are 
two zones in this case. 

If another mass is added to the unit cell in such a way that neighbor- 
ing masses are separated by a distance a/3, the new normal coordinates 


are 


2t ricr—O 

x Zn = Ae 3 , 


Xzn-\-X 


= Be 


- . 3n + l_ 
2 ttwt — 5 — a 


_ . Zn J r2 
2 ir nr- — 


Z 3 „ +2 = Ce 3 , 


(9) 


and so forth, if the masses are at points labeled by integers extending 
from zero to 3 N. There are three zones in this case, since discontinuities 
occur when <r is equal to ±l/2a and ±l/a. 
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It should be noted that we may write Eqs. (6), (8), and (9 
form 

*(€) = x(l)e 2lrtVf 

where £ is the positional coordinate of a given mass, x(tj) is 
placement of the mass from its equilibrium position, and x(£) 
continuous function having periodicity a that takes values differ* 
zero only at points where atoms are situated. Thus, in the caj 

sponding to Eq. (9), x is equal to A at £ = 3na/3, to B at £ = (3? 


and to C at £ = (3 n + 2)| and 



Fig. 3. — u 2 (<r) curve for the normal 
modes of a continuous string having 
periodically varying density and Hooke’s 
constant (extended zone scheme). If 
the string were perfectly uniform the 
v 2 (cr) curve would be a parabola. This 
curve should be compared with that of 
Fig. 2. 


is zero everywhere else. The 

the function (10) evidently is i 
as that of the function (1) 
preceding section. 

If wo continue to add m 
equivalent points within the i 
we eventually find it convc: 
use a density function p(£) an- 
function /x(£), both of which 
tinuous and have periodicity 
normal coordinate should stil 
pressiblc in the form (10) 1 
should now be a continuous fui 
£ with periodicity a. Theinde 
modes of vibrat ion then corm 
values of<r ex tending from — «> 
and v 2 is discontinuous whcn< 
equal to ± r/2a, where r is an a 
integer. This case, in whic 
evidently is an infinite nui 
zones, is represented schemata 


Fig. 3. The differential equation that is satisfied by x(£) is t] 
equation 


-Wx = -%§, 

P d£ 2 


which has the eigenvalue form (1). 

Case b. The One-dimensional Schrodingcr Equation. 1. I\ 
general treatment . — From among the many methods that ha 
developed to show that the eigenvalues of the Schrodinger e 
exhibit band structure when the potential function is periodic, 
select a particularly good one that is due to Kramers. 1 


1 H. A. Kramers, Physica , 2, 483 (1935). 
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Suppose that we have an equation of the form 

+ IB ~ V(x)]t = 0 (11) 

where 

V(x + a) = V(x). (12) 

Then, if ^ i(m) and ip 2 (x) are solutions of this equation, the functions 
\pi(x + a) and fc(x + a) also are solutions. Since a second-order 
equation possesses only two independent solutions, we must have the 
relationships 

x + a) = a n\h{x) + ai 2 ^ 2 (x), 

\J/ 2 {x + a) = + <***,(*), (13) 


if \f/i(x) and 4/ 2 (x) are independent. From these equations, we may 
derive the relationship 

\f/i(x + a) i 2 (x + a) I 
\p[{x + a) 4> 2 (x + a) 

where = df/dx. Now, the quantity 


fl(x) j/ 2 (x) 


an CL12 

Mix) Mix) 


&21 <x 22 


(14) 


’/'i(z) iM®) 

#(*) ^*(») 


(15) 


which is called the “ FrondKan,” is a constant in the present case. 1 
Hence, we may conclude that 


an 

&21 



(16) 


We may now choose linear combinations <pi and v? 2 of fa and fa that 
have the property 

<px(x + a) = Xi<^i(cr) 

ip 2 (x + cl) = \ 2 (p2(x). (17) 

The coefficients Xi and X 2 may be determined from the a in Eq. (13) by 
means of the equation 

= X 2 — (an + &22)X + 1=0. (18) 

The quantity = (a u + a 2 %) is real since fa and fa may always be 
chosen to be real functions. 

Kramers distinguishes between the three cases \y\ > 2, \y\ < 2, |m| — 2, 
which we shall discuss categorically. 

iSee, for example, Whittaker, and Watson, Modem Analysis (Cambridge 
University Press, 1935). 


an — X di 2 
cl 21 u 22 X 



280 THE MODERN THEORY OF SOLIDS [Chap. VI 

i. When |m| is greater than 2, Eq. (18) has unequal real roots so th 
<pi and <Pi satisfy the equations 

<pi(x + a) = <p t (x + a) = ^-<p 2 (x). (1 

Al 

ii. When |/z| is less than 2, the roots are complex conjugates of o: 
another, whence 

<P\(x + a) = e ia <pi Or), 

<p 2 (x + a) = e^tpzix). (2 

It may be shown very easily that in this case <pi and <p 2 are complex co 
jugates of one another. 

Hi. When \fx\ is equal to 2, X is ±1, both roots are equal, and Eq. ( 
is replaced by 

<Pi(x + a) = ±<pi(x) y 

<Pi(x + a) = ±<p 2 {x) + b<p 2 (x). (2 

Thus, both functions <pi and cp 2 satisfy the equation 

cp(x + a) — ±<p(x) (21 

only when b vanishes. 

In case £, the ratio 

cp(x + no) 

<p(x) & 

certainly becomes infinite when n approaches either + oo or — c 
Hence, this type of eigenfunction must be excluded if the periodic fie 
extends over the entire range of x between + oo and — oo . 

In case ii, both eigenfunctions are periodic and satisfy the relation 

\<p(x -f a) | = \<p(x)\. 

These solutions are allowable as long as they remain finite in any ur 
cell. 

In case Hi, there is at least one solution of type (21a) and possib 
two, depending upon whether b is zero or not. 

The solutions for case i correspond to the unallowed regions of energ 
whereas those for cases ii and Hi correspond to the allowed regions. V 
shall see that the functions corresponding to case Hi are solutions asso< 
ated either with points in wave-number space at the zone boundaries 
at points such as <J = 0 for which the solutions have periodicity a. 

It should be mentioned that the solutions for case i need not alwa; 
be excluded if the periodic field does not extend to infinity; for in tl 
finite case, which corresponds to an actual crystal, the wave functio 
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associated with some values of E in the allowed region may not diverge. 
In these cases, which were first pointed out by Tamm, the functions have 
their maximum absolute values near the boundary of the lattice and 
decrease rapidly on both sides of this point. We shall discuss these 
solutions further in Sec. 70. 

Kramers was able to express the quantities p , dii/dE , and d 2 jj,/dE 2 in 
terms of integrals that involve the functions <pi and <p 2 - From these 
expressions, he deduced that fx(E) has the form illustrated in Fig. 4, 



Fig. 4. — The n(E) curve. The allowed values of E correspond to the ranges in which 
lies between 1 and —1. ( After Kramers.) 

which approaches 2 cos a\/~E when E approaches and approaches 
e aV~E w j ien approaches — oo . In intermediate regions, it oscillates 
between values greater than 2 and less than —2, in the manner 
shown. Thus, there are alternate continuous bands of allowed and 
unallowed levels. The unallowed bands become vanishingly small when 
E is large and positive. All values of E that are sufficiently negative are 
unallowed because of the monotonic increase of p. 



Fig. 6. — The one-dimensional periodic potential of Kronig and Penney. 


2. The case of Kronig and Penytey . — One of the simplest examples of a 
one-dimensional periodic field has been treated by Kronig and Penney. 1 
This example merits attention because of the direct way in which it 
yields the general features of zone structure. Let us consider the 
periodic potential illustrated in Fig. 5, for which 

i Kronig and Penney, op. tit., 499 (1931). See also V. Rojansky, Introductory 
Quantum Mechanics, Sec. 49 (Prentice-Hall, Inc.* New York, 1938). 
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7 = Vo, -b£x£ 0, 

7 = 0, 0 £ x ^ a — b, 

V(x + a) = V{x). (S 


Thus, 7 has the. constant value Vo for a range of length b in each u: 
cell. In the regions where 7 is zero, the general solution of the Schi 
dinger equation is 


where 


= Ae iax + Be - *' 0 * 


•y/2 mE 


(5 


In the other region, we have 

\p 2 = Ce? x De~? x (2 

where 

p _ V2m(7 0 - E) 
h 

Since we are searching for solutions of Kramers’ class ii, we must ha 
Pi (—6) = e~ , ' Xa ^ 1 (a — b), 

'P'i(-b) = e^ip'^a - b), (2 

where X/2ir is the wave number. In addition, we must have 

MO) = MO), 

Mo) = Mo), (2 

because of the continuity requirement at x — 0. W"e find, after su 
stituting (24) and (25) in (26) and (27) and solving the determinant 
compatibility equation, the condition 

(32 _ a 2) 

cos X ° = — 2a(i — sinh ^ sin a( - a ~ b ) + cosh 0b cos a(a - b), (2. 

which may be used to determine the allowed values of E. 

Following Kronig and Penney, we may, at this point, introduce tl 
simplifying conditions 


&-0, 

Vo — » oo, 

and we may stipulate that these limiting values are approached in such 
way that the quantity 
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remains constant. This restriction assures us that the “potential area” 
Fob is finite. With these conditions, the quantity 06 in Eq. (28) is 
equal to 



6 


where c is the limiting value of (29). Equation (28) approaches the 
value 

cos Xa = — sin aa + cos aa (30) 

aa 


in the limit as 6 — * 0. This equation may be satisfied whenever the 
quantity on the right-hand side lies in the interval from —1 to +1 since 
X may then take real values. As is shown in Fig. 6, we obtain allowed 


Fig. 6. — The function {c sin ota/aa + cos aa}. The allowed values of E are given by 
those ranges of a - V 2 mE/ft in which this function lies between -1 and +L It maybe 
seen that the unallowed ranges become smaller as E increases. This curve is analogous 
to that of Fig. 4. ( After Kronig and Penney.) 

bands of energy that become closer and closer as E approaches infinity. 
It may be verified that the coefficients A and B in (24) have the ratio 

__A 1 - (31) 

B 1 - 

in the range of x that extends from 0 to a. The values of A and B in any 
other range, such as that extending from na to ( n + 1)g> may be obtained 
from the values in the range from 0 to a by multiplying by the factor 

giX(n+l)a^ 

Case c. The Two-dimensional Schrodinger Equation .— By discussing 
three types of two-dimensional cases, we may obtain some of the most 
important principles of zone-structure theory. The first case, which was 
investigated by Brillouin, 1 deals with electrons that are practically free. 
The periodic potential then may be treated as a small perturbation, n 

1 Cf. Quantenstatistik, op. cit. 
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the second case, the periodic potential is larger than in the first but may 
expressed in the form 


V(x,y) = V x (x) + V v {y) + V p (x,y) (; 

where V x (x) and V v (y) are large compared with V p (x,y). The Sch 
dinger equation is separable in this case if V p {x,y) is neglected. 1 
zones that are obtained when V p is included by perturbation the* 
usually do not have the same form as in Brillouin’s case. We shall s 
however, that the two sets may be made identical by suitable rearran 
ment. The third case to be discussed is the more general one in wh 
perturbation methods cannot be employed. 

1. Brillouin’s case . — We shall assume that the Schrodinger equati 
has the form 


-fi(® + 80 + ium) - m - o. 

For simplicity, we shall discuss the case in which V (x,y') has the period 
lty a in both the x and y directions. The normalized unperturbed eige 
functions then have the form 


W* = ;^=e 2rf ” (3 

where S is the area of the lattice, which we shall assume is a square ha/vi 
the edge length Na. If we adopt the Born-von K^rmdn bounda 
conditions, the permissible components of k are 


k a 


Tlx 

Na’ 



(3 


where n £ and riy are arbitrary integers. The unperturbed energy of tl 
wave function (33) is 


- a*’’ 


(3 


and the entire energy spectrum above zero is quasi-continuous. 

„ T ,°J he ^ ° rder in P erturbed quantities, the eigenfunctions 
-kq. (32) are 


(X,y) = — h = ^2irok- 

Vs 


"+2 


£sj* e 2irik’-i’ y e^^dx’dy' j e 2nV ' T (3l 


E k ° - Ew° 


where the summation extends over all values of k' x and k' and the 
gration extends over the entire lattice. The integrals in Eq. (36) 


inb 

ma 
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be simplified by use of the translational symmetry of V(x,y). We have 
in fact 

j^ck-ko-r V (x,y)dxdy = [// ri(k - k ' ) ^(*.3/)^]X^ (k - k ' ) - 4 (37) 
where d is the vector 

d = ( n °Y (m,n = 0,1,2, • • • ,ff) 

and the integral in the right-hand term extends over the unit cell, that is, 
over the ranges of x and y lying between zero and a. The summation in 
(37) vanishes identically unless the vector (k — k') satisfies the relation 

(fcx - K)a = PxX (38) 

(ky - k' y )a = pyj 

where p x and p v are integers. Hereafter, we shall reserve the letter 
K for wave-number vectors of which the scalar products with the primi- 
tive translation vectors of the lattice are integers. Thus, we may write 
Eq. (38) in the form 

k' - k = K. (39) 

Vectors of type K possess the important property that the functions 
e 2 «K-r h ave the same periodicity as the lattice. Using (38), we may now 
write Eq. (36) as 

in = Xk (x,y)e 2n *' T (40) 


where the function 



has the periodicity of the lattice. As we have remarked previously, the 
form of (40) may be deduced rigorously on the basis of symmetry. 
Turning now to the energy, we have in the second approximation 


1,2 if 1 "^1 |f e 2«(k — kO-ry^l/l 2 

Ek = 2 m k * + 3 J Vdxdy + Ek° - Ek'° 


The first two terms on the right do not affect the continuity of E as a 
function of k. It may be seen, however, that the third term becomes 
infinite when k and k' satisfy Eq. (39) and the relation 


E k ° = 2?k'° 


(42) 
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is fulfilled. It is precisely in this case that the perturbation method 
have used needs revision. Instead of using the unperturbed wave fu: 
tions (33), we should select those “proper linear combinations” of i 
degenerate functions that make the integral 

FVk = jipk'°*V (x,y)\p k °dxdy (< 

vanish. Then the numerators of the troublesome terms vanish, and i 
degeneracy (42) is removed, so that there is a discontinuity in E at 1 
points where Eqs. (39) and (42) are satisfied. 

The origin of this discontinuity may be illustrated by approximi 
considerations of the following type. We shall assume that the vah 
of k and k' for which degeneracy nearly occurs and for which Eq. (5 
is satisfied occur in pairs. If i/'t 0 and are the functions associat 
with these pairs, the proper linear combinations ^ k 0 ' and ifv 0 ' have t 
form 

V'k 0 ' = + ty» k+ K,l 

W = cA a + # 0 k+K ,j 

in which a, b, c, and d must be chosen so that the off-diagonal componer 
of the energy matrix 

(W+V** F<W \ 

V F<W EVk + V\ +K , b+ J 

vanish. We shall assume that the V° are continuous functions of 
The equations corresponding to this condition are 

«k a + F° k>k <f) = \a,\ 

V\' ik a + e k ’b = \b,j ™ 

in which we have set k' = k + K and 

«k = E k ° + FW 

The X for which Eqs. (44) have solutions are the new unperturb 
energies and satisfy the equation 

X _ ( £ h + fkp + V(ek - e k >) 2 + 4|FWp 

2 ^ 

When |F°kk'| is negligible in comparison with the roots of tt 

equation are and e k '. When e k and e k > become nearly alike, howevc 
the roots do not become closer than 2|F° kk >|, which implies a discontinui 
in the energy versus k curve. This is illustrated schematically in Fig. 
Now, Eq. (42) is satisfied whenever 
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because of Eq. (35). Hence, (39) and (46) are the only equations that 
must be satisfied if there is to be a discontinuity. It may be seen that 
these conditions determine a set of lines which satisfy the equations 



(47) 


where K may be any one of the K-type vectors. These lines are illus- 
trated in Fig. 8 for the lattice under discussion. 

Brillouin has pointed out that all similarly shaded regions in Fig. 8 
may be pieced together in a unique way to form a square that is identical 


with the central zone. When this is 
done, points in any two squares that 
overlap when the squares are placed 
on top of one another differ by a 
vector of type K. For this reason, 
similarly shaded regions are said to 
belong to the same zone. It may be 
observed that this piecing process 
requires only that the sections be 
translated to the central zone by a 
vector of type K; that is, the sections 
do not need to be folded or rotated. 
If it is recalled that e 2 " 2 * has the 
translational periodicity of the lattice, 
it may be seen that the functions 
that go with a given zone may be 
written in the form 

Xke 2«k-r, 



Fig. 7. — Schematic diagram showing 
the effect of the perturbing potential V 
on the energy levels. The unperturbed 
energy curve 2£k° is continuous and the 
energy associated with the state k is equal 
to that of the state -k. The matrix 
components of V vanish unless the two 
states satisfy the relation k' = k + K, 
where K is a principal lattice vector. 
If the matrix of V connecting these two 


where k ranges over all points in the states is diagonalized, the now M .curve 
inner zone and xk has translational 

symmetry. In addition, it may be seen from Eq. (45) that Et is con- 
tinuous when regarded only as a function of the values of k in the first 
zone. In other words, we may represent E* as a multiple-valued function 
of the points in the first zone instead of as a single-valued, discontinuous 
function of the points in the entire k plane. The correspondence between 
the two types of representation may be made clear by cutting up each 
of the surfaces in the multiple-valued representation and by placing 
them over the outer zones. The reduced-zone scheme, which uses only 
the inner zone, has the advantage that it requires knowing the geometrical 
form of only one zone. 

It should be emphasized that the symmetry of the zone structure 
shown in Fig. 8 arises from the high degree of symmetry of E^ 0 , the 
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unperturbed energy surface. The zone structure does not have the sai 
form when this symmetry is absent, We shall illustrate other possib. 
ties in case II. 

The important zone relations 

k' - k = K, (45 

k 2 = k' 2 , (4£ 

occur in the theory 1 of diffraction of X rays by crystals in which, th 
are called Laue’s equations. An X ray having wave-number vector 
that impinges on a crystal can have its wave-number vector changed 
k' by diffraction only if these equations are satisfied. Thus, we ma 



si milarl v S A « I,*!) 6 arlf f0Ur ? r l lloui ? z T ea for a square, two-dimensional lattice. T1 
pvLi d ar ?v may be j£f' ns _ lated mto the first zone by vectors of type K and wi 
then exactly cover this zone. The heavy dots indicate principal vectors in k space 


determine the X-ray diffraction pattern of a crystal from the Brill oui 
zone pattern, and vice versa. This identification of Eqs. (48a) and (48E 
with Laue’s equations shows that the occurrence of zones in the electroni 
probiem is intimately connected with the wave properties of electrons. 

2. Case II.— We shall now consider the Schrodinger equation who 
the Potential has the form (32). If V p is neglected, we know that th 
unperturbed equation may be separated into the ordinary equations 


h 2 d 2 n(v) ( 

" 2 mW + (7 “ ~ = °) 

:°4±^:r mnd S ' K ' ALLIS0N ’ X ' Rays (D * Van Nostrand 


(49 


Company, Inc, 
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The complete unperturbed wave function is 

^(x,y) = fa)v(y), (50) 

and the unperturbed energy is 

E° = E x + E v . (51) 

From parts a and b of this section, it follows that 

e = xk t (x)e 2 ^,) (52) 

v = xu y {yW Tik ’ v J 

where k x and k v satisfy Eqs. (34). Hence, 

*k° = XkV'**, (53) 

just as in Eq. (40), where 

Xk° = Xk.Xk,- 

Moreover, both E x and E y possess discontinuities at points that satisfy 
the relations 


K 

ky 


nx 

2 a 

Ita 

2a 


(n x , n v = 0, ±1, ±2, * * * ). 


Since E° has the same discontinuities as E x and E v , we know that dis- 
continuities appear in the unperturbed problem along the lines shown in 
Fig. 9, which illustrates the energy contours of the unperturbed energy 
function in a typical case. 

When applying the perturbation theory, we may use the same simpli- 
fications that were used in simplifying Eq. (36). This procedure is 
permissible because x in Eq. (53) has the same translational periodicity 
as V p . The perturbed functions now are 



Hence, the form of Eq. (40) is maintained, and many of the remarks made 
in co nn ection with Z?k° in the preceding case are valid again. Thus, E k, 
the perturbed energy, is discontinuous whenever 

F k ° = E ° k+K . (55) 

This fact may be derived from an equation analogous to (41). One 
difference between this case and the last is that Eq . (55) is not necessarily 
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satisfied when |k| = |k + K|, as it was in Brillouin’s problem, for t 
energy contours usually are not circles. Instead, they have lower syi 
metry which depends upon the symmetry of V x + V„. Let us assur 
for simplicity that the unperturbed potential has the symmetry of 
square, which is the highest possible. We may then use one of t 
elementary results of the theory of symmetry, 1 which states that Eq. (5 
is satisfied whenever is sent into y^k+K by the symmetry operate 
under which the Schrodinger equation is invariant. From the form 
(54), it follows that this happens in the present highly symmetric ca 



h = ±(K + K X )\ 
*» = ±(h + K w )f 


h = + (Jty + Ky) 

K = ±(h + K x y 


(« 


The i signs in the two sets of cases may be taken in arbitrary combin. 
tions. The conditions (56) include all the lines shown in Fig. 9 and a 
the additional straight lines shown in Fig. 10. Many of the lines ths 
appear in Brillouin’s pattern are absent, however, because (56) is not s 
stringent as the condition |k| = |k'|. 

There is a large amount of accidental degeneracy in addition to tt 
symmetrical degeneracy that occurs at the points satisfying (56). It : 
not difficult to see that this accidental degeneracy adds just enough zont 
to make up for the difference between the pattern of Fig. 10 and Bri 


1 Cf. E. Wigstbb, Gn.tppeniheorie (Vieweg, Braunschweig, Germany, 1931). 
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louin’s pattern. The additional zone boundaries, however, are usually 
curved rather than straight lines. The amount by which these curves 
deviate from straight lines depends upon the amount by which the energy 
surface E*° — E x + E v deviates from a parabola of revolution. An 
additional curved zone is illustrated in Fig. 10 for the case corresponding 
to Fig. 9. The resulting pattern possesses square symmetry. 

The sections having similar shading in Fig. 10 have the same total 
area as the central zone and fit exactly into the first zone if cut along the 
lines of the Brillouin pattern. Moreover, overlapping points of the two 
squares still correspond to values of k that differ by a vector of type K. 


■ 
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Fig. 10.— The linos of discontinuity in the case in which the non-diagonal matrix com- 
ponents of the perturbing term in (11) are taken into account. Only t e s raig 'j ies ' 
the same as for Brillouin’s case, in which the zero-order eigenfunctions are free-electron 
functions (c/. Fig. 8). The additional straight lines of Brillouin s pattern are replaced by 
curved lines, of which one set is shown. Tho corresponding Brillouin zone is represented 
by dotted lines. 


We shall present these statements without proof since they are easy to 
demonstrate. It follows that the differences between Brillouin’s pattern 
and Fig. 10 have only superficial importance, for by properly cutting 
and translating the zones of Fig. 10 it is possible to piece them together 
to form the Brillouin pattern. As a result of this process, some of the 
starting eigenfunctions are relabeled, since a $ previously associated 
with a point k may be associated with a point k + K after the redistribu- 
tion. These facts show that knowledge of the central zone is sufficient 
to provide a complete description of zone structure, for we may always 
regard the energy surface as a multiple-valued function in this domain. 

If the potential function (32) has no symmetry, aside from transla- 
tional periodicity, we may anticipate that the symmetry of E^° is much 
lower than it was previously. It is true that the separation into Eqs, (49) 
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proceeds as before and that the unperturbed energy (51) has the d 
continuity pattern of Fig. 9, but E k does not have equal values at poii 
that are connected by Eqs. (56). The remaining symmetry, which 
called the “natural symmetry of the Schrodinger equation,” is express 
by the theorem that ^ and i* are independent solutions of the Schroding 
equation having the same energy, if \p is a complex solution and the pote 
tial function is real. Now, the conjugates of the solutions and • 
of Eq. (49) are £_i„ and respectively. Thus, the symmetry of t 
one-dimensional energy curves relative to the ori gin of k space is due 
the natural symmetry 1 of the Schrodinger equation. This symmet 



As before, the similarly shaded regions may be cut and pieced togeth 
to form the Brillouin pattern. 

3. The general case . — It follows from the discussion of the two pr 
ceding cases that Brillouin’s zone pattern usually does not occur unless 
perturbation method in which the unperturbed wave functions are fre 
electron functions is used. The only unambiguous way in which 

1 Of. E. Wigner, Gott. Nachr., 546 ( 1932 ). 
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arrive at Brillouin’s pattern in a general case is to use the reduced-zone 
scheme, in which E& is determined as a many-valued function in the first 
Brillouin zone, and to cut and distribute the energy surfaces among the 
outer zones. The distribution must take place in such a way that an 
energy value associated with the point k in the inner zone goes to a point 
k K in an outer one. If the single-valued representation is obtained 
by another method, the zone structure usually depends upon the method 
employed. Certain zone boundaries, which may be established by an 
investigation of symmetry degeneracy, always appear in cases of high 
symmetry. Other boundaries are not unique and may be altered by 
choice. There will be certain fixed points through which the zones must 
pass, however, even in the case of lowest symmetry. These points are 
determined by the relation 

Efc = E-. k, (57) 

which expresses the natural symmetry of the Schrodinger equation. 
Thus, the zone lines must pass through the points 

b = (58) 

The natural advantages of the Brillouin zone scheme are (1) that it 
determines zones by the Laue conditions, which have significance in the 
theory of X-ray diffraction, and (2) that it preserves a correspondence 
between the k vectors for perfectly free electrons and those in the lattice. 
If the wave functions for electrons in the crystal are labeled according to 
Brillouin’s scheme and if the crystalline potential field is adiabatically 
decreased to zero, the wave-number values will be preserved and will 
agree with those for the resulting free electrons. 

In spite of these advantages, the Brillouin scheme is not always the 
simplest one to use, particularly when one is dealing with cases in which 
primitive translations are not equal or are not orthogonal to one another. 
Let us consider a case in which the primitive translations are orthogonal 
but not equal. The lines defined by Eq. (58) , which are shown in Fig. 12, 
do not form zones that are as simple as those of Fig. 8. It is easy, how- 
ever, to determine a set that is almost as simple. Such a set, for example, 
is shown in Fig. 13. These lines are parallel to the fundamental K 
vectors instead of orthogonal to them, as Brillouin’ s zone boundaries are. 
The relative simplicity of this scheme is illustrated in an even more strik- 
ing manner in an oblique case. It is still true, of course, that both 
methods of construction may be brought into coincidence by appropri- 
ately cutting and rearranging zones. 

Case d. The Three-dimensional Schrodinger Equation .— The three- 
dimensional case is a straightforward generalization of the two-dimen- 
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sional one. All the remarks in case c may be extended at once to cover 1 
case in which k is a three-dimensional vector. If we introduce the Boi 
von K4rm4n boundary conditions, b takes on the discrete, though dem 
values defined by the equations 


Nik - m = rii (rii = 0, ±1, ±2, + ••■), (E 


which are identical with Eqs. (8), Sec. 22, Chap. III. 1 Here the rii a 
arbitrary integers, the ^(i = 1, 2, 3) are the three primitive translatio 



Fig. 12. — Brillouin zone scheme for 
a two-dimensional rectangular lattice. 
The zone boundaries, which are de- 
fined by Eq. (27), are more com- 
plex than those of Fig. 8 because they 
are orthogonal to the K vectors. 
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Fig. 13. — Alternative to Fig. 
12 in which the zone boundaries 
are drawn parallel to tho K 
vectors. This simplifies the 
pattern. 


of the lattice, and the Ni are the number of cells that extend along e 
axis of the crystal parallel to t». 

The three-dimensional Brillouin zones are determined by planes ths 
satisfy the equations 



( 6 ( 


1 It may be noted at this point for future reference that the density of points 
k space, as determined from the solutions 


k 


X ^ i%2 tz X ti ^ tiz n X tj 

Ni }tiT2T3| N 2 |riT 2 Ta| Nz IriT^Tal 


of Eq. (34), is V, where V is the volume of crystal. This may be shown by computin 
the reciprocal of the volume of the unit cell of the reciprocal lattice. If spin deirei 
eracy is mcluded, the density of states is 27. F B 
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which are analogous to (48). The vectors K are defined by the relations 

K • = k ( 61 ) 

where the l are arbitrary integers. These equations, which generalize 
(38), are special cases of (59) and their solutions [cf. Eq. (8a), Sec. 22, 
Chap. Ill] are: 

V _ 7 ** X V 3 , 7 *3 X ti , J * 1 x *2 _ (62) 

K — 111 j f “l "2 1 | \ ^3 | | ' ^ 

|'ri'C 2 'S 3 | pi^ 3 l 

The three-dimensional eigenfunctions always have the form 

A = Xke 2 -' k * r . 

where Xk has the translational periodicity of the lattice. This fact may 
be proved either by perturbation theory, as was done in case c, or by 
use of group theory. 

We may obtain zone patterns that are different from Brillouin’s by 
basing the determination of zones on some scheme that does not start 
from free-electron waves. Some of the simpler zones determined by 
other methods are the same as those obtained by use of (61) in cases of 
high symmetry. As before, the differences in zone pattern are super- 
ficial, since any pattern may be made to coincide with the Biillouin 
pattern by appropriately rearranging points in k space. We shall dis- 
cuss further details of the three-dimensional case in the next section. 

Although the discussion of c and d has been restricted to the Schro- 
dinger equation, the conclusions are valid for the solutions of any eigen- 
value problem in which there is translational symmetry. The problem 
of determining the normal modes of vibration of a crystal is a case of this 
type. We have seen in Chap. Ill that zone theory plays an important 
role in the classification of solutions of this problem. 

62. Survey of Rules and Principles Concerning Three-dimensional 
Zones. — In this section, we shall amplify the remarks of part c of the 
previous section by tabulating rules for constructing three-dimensional 
zones. Some of these rules were discussed in Sec. 22; others may be 
derived by applying the principles introduced there. The rules are as 
follows: 

a. All zones have equal volume in wave-number space. This rule 
follows from the fact that all zones may be mapped in one another. 

b. It is possible to neglect all zones except the first if 1 e(k) is regarded 
as a multiple-valued function in this zone. This reduced-zone scheme 
is most useful when one is determining surfaces by a direct solution of 

1 We shall usually designate the eigenvalues of the three-dimensional periodic 
one-electron functions by «(k). 
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Fock’s equations, for then one may derive the energy bands withov 
becoming involved in many of the geometrical complexities of zoe 
structure. 

c. Each zone contains 2N states, where N is the number of cells i 
the lattice. The factor 2 arises from the two possible orientations of spii 
and the factor N from the fact that N values of k are associated with eac 
zone. It follows that the maximum number of electrons that may occup 
any zone is 2 N. 

d . There is a close correspondence between the laws for dctcrminin 
Brillouin zones and those for determining X-ray diffraction. Th: 
correspondence is indicated in part by the fact that the equations ( 
Brillouin zone boundaries are the same as Laue’s equations for X-ra 
diffraction; however, the correlation may be much closer. Mott an 
Jones 1 have pointed out, for example, that in any monatomic solid i 

which the electronic potential may be approximated by a sum ^ V 

s 

of contributions V s from each atom, the energy discontinuities are sma 
for values of wave numbers for which the X-ray structure factor i 
small and are large when the structure factor is large. This type of com 
lation usually does not occur in polyatomic solids because the scatterin 
powers of atoms for low-energy electrons and for X rays are not necessa 
rily proportional for different atoms. 

e. Lattices that have the same type of translational symmetry hav 
equivalent zone patterns since zone structure is determined by the 1 
vectors and these are determined by the primitive translation vectorf 
The magnitude of the gaps, which is determined by the distribution c 
potential in the unit cell, however, may be entirely different for crystal 
that have the same zone structure. Hence, the zone boundaries at whie 
the largest gaps occur may be completely different in translationall 
similar crystals. This fact is analogous to the fact that the intensity 
of X-ray diffraction spots may be very different in crystals that have th 
same translational symmetry. 

/. If Brillouin’s zones are used to describe the states of all electron 
in the solid, it may be convenient to regard the X-shell electrons as fillin 
the first set, the L-shell electrons the next, etc. The valence electron 
then occupy zones at the outer fringe of the filled region. It is usual! 
more convement, however, to disregard inner-shell electrons when one i 
discussing properties of the solid that do not involve them explicitly 

The valence electrons then may be regarded as occupying the centra 
zones. 


1 N. F. Mott and H. Jones. The Theory of Metals 
University Press, New York, 1936). 


and Alloys, Chap. V (Oxfor 
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g. Two neighboring zones may have overlapping energy levels even 
though the energy associated with the outer zone is higher than that 
associated with the inner at any particular point of the boundary. An 
example of a case in which overlapping occurs is shown in Fig. 14. 

h. All occupied zones cannot be completely filled in a substance 
that has an odd number of electrons per unit cell. Hence, occupied and 
unoccupied levels are immediately adjacent in a substance of this type. 
Since this is the condition for metallic conductivity, these substances are 



Fig. 15. — e(k) curves for the case in which two zones do not overlap. This figure is 
the same as Fig. 14 except that the gaps are so large that the uppermost levels of the lower 
band are always below the lowest levels of the upper band. A substance having 
curves of this type is an insulator if there is an even number of electrons. 


metals (cf. Sec. 60). If the substance has an even number of electrons 
per unit cell, the type of conductivity depends upon the nature of the gaps 
at the boundary of the filled region. Suppose that there are 2m electrons 
per unit cell. The mth zone is not completely filled if the mth and the 
m + 1st zones overlap, for then some electrons prefer the lowest levels 
of the m + 1st zone to the highest levels of the mth zone. Thus, the 
substance should be a metal in this case. On the other hand, it should 
be an insulator if they do not overlap. Cases corresponding to both 
these types are shown in Figs. 14 and 15. 

We shall not discuss those properties of zones and energy surfaces 
which may be derived by application of group theory, for to do so would 
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carry us too far afield. The development of this topic may be found : 
the references of footnote 1, page 275. 

63. Examples of Zone Structure.— For illustrative purposes, we she 
describe in this section the simplest zones of several lattices. The preci, 
description of zones is important, at present, only for a few simp 
crystals, such as the monovalent and divalent metals and the alkf 
halides. More complex solids can be handled only in rough approxim 
tion. Thus, for y brass all that is important is to know the shape of oi 
or two zones near the limit of the filled region and whether the gaps at tl 
boundaries of these zones are large or small. We shall discuss the 
cases as we need them in later sections. 

a. Face-centered Cubic Lattice . — The primitive translations of the fac 
centered cubic lattice may be chosen as 

/a\ /a\ /0\ 

Tl == l a ), ^2 = I 0 ), *3 = I a I. (: 

\o/ \a/ \a/ 

The components of these vectors are expressed in Cartesian coordinate 
Solving the equations 

k ■ N&i = Ui (i = 1, 2, 3), (1 

which define the values of k, we find 



Hence, the reciprocal lattice is body-centered. 

The K vectors are given by those values of (3) for which n h n 2 , an 
n 3 are integer multiples of N h N 2 , and N h respectively. The first thr< 
sets of these vectors are : 
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The first two zones are shown in Figs. 16a and b and are bounded by 
planes orthogonal to (I) and (II). The higher zones are more compli- 
cated and involve other K vectors. It may be seen that the illustrated 
zones are uniquely specified by symmetry conditions. 

b. Body-centered Lattice . — The primitive translations in this case are 


whence 


* i = 


ki = 


*2 


= ( :) 


^3 = 




In other words, the inverse lattice in this case is face-centered. 




(4) 


(5) 


Fig. 16. — Tho first and second zones for a face-centered cubic lattice. The first has 
half the volume of the cube that is determined by extending the six square faces. The 
second has the same volume as this cube. 


The first two sets of K vectors are: 



The first two zones appear in Fig. 17. 

c. Close-packed Hexagonal Lattice . — The primitive translations of the 
close-packed hexagonal lattice are 
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for which 


ki 




( 


Thus, this lattice is its own reciprocal. The first zone is the hexagon 




Fig. 17. — The first two zones for the body-centered cubic lattice. The surfaces of t 
first are normal to K vectors (I) of the text, whereas the surfaces of the second are norir 
to K vectors (II) and K vectors that lie in the (111) direction. 



Fig. 18 . The first two Brillouin-type zones for a close-packed hexagonal crystal. T 
second zone is not uniquely defined by symmetry and may be drawn in many differc 
ways. 


prism shown in Fig. 18, which is determined by the following two sets 
K vectors: 



The form of the second zone, which is determined by the sets (I) and (] 
and the set 
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depends upon the axial ratio y/S b/2a. The form for an ideally close- 
packed lattice is illustrated in Fig. 18. 

64. Cases of Coalescence of the Heitler-London and Bloch Schemes*. 
We saw in Sec. 58, Chap. VII, that the Heitler-London and Hund- 
Mulliken schemes are equivalent when applied to the state of a molecule 
whose constituent atoms or ions have only closed-shell configurations. 
In this case, the total wave function is a single determinant in both the 
one-electron schemes, and it is possible to transform one determinant 
into the other by adding to each row an appropriate linear combination 
of other rows. A similar theorem is valid for solids. The Heitler-London 
and Bloch schemes are identical whenever the Heitler-London scheme 
leads to completely filled shells. To prove this, all that is necessary is 
to show that a complete zone of N Bloch functions may be constructed 
by taking linear combinations of the N Heitler-London functions associ- 
ated with translationally equivalent atoms in the N unit cells of the 
lattice, for each of these Heitler-London functions appears once with 
each spin in the determinantal eigenfunction. 

Let \p(r — r(n)) be the closed-shell function that is centered about 
the point r (ft) in the nth unit cell. The functions formed from these by 
taking the linear combinations 

*k = - r(n)), (1) 

n 

where t(n) is summed over all unit cells in the lattice and k is a vector in 
the reciprocal lattice of the crystal, are Bloch functions. This may be 
seen 1 by changing r to r — * where * is any primitive translation of the 
lattice, for then (1) becomes 

^ (? 2irik.T e -27rzk.[r(ra)-l-Tl^( r _ (t(jl) + x)) = 

r(n)+r 

since in an ideal unbounded lattice the summation over r(n) + 'c is 
equivalent to a summation over r(n). Thus, the function in (1) is 
multiplied by a factor e 27rik,r when the crystal is translated by an amount 

1 F. Bloch, Z. Physik , 52, 555 (1928), pointed out first that the sum (1) is the 
combination of atomic functions which satisfies the periodic boundary conditions. 
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N independent functions of type (1) may be constructed from e 
\Hr - r(n)), and this number is just sufficient to fill a zone. 

The converse would be a theorem stating that the Heitler-London 3 
Bloch schemes are equivalent whenever the Bloch scheme leads to £ t 
of completely filled zones. It does not seem to be possible to prove s 
theorem generally. It is probably valid, however, in many special ct i. 
Consider the N functions 

^(r — r(n)) = ^ x: k g-ar£k[r-r(») ) 

k 

where xk^ 2irik ‘ T is a Bloch function, k is summed over all the N values i 

single zone, and r (n) ranges over N translationally equivalent posit g 

in the N cells of the lattice. The function (2) is localized in the i 
unit cell if Xk varies sufficiently slowly with k; hence, in this case, it i 
function of the Heitler-London type. Suppose, for simplicity, thai c 
is independent of k. Then the function (2) degenerates to 

X ( r ) ^ e “ - *001. I 

k 

The phases of the exponent in the summands of this function ra i 

roughly between the values ±27r|r - r(n)||k(max.)|, where k(max.) is 5 

distance from k = 0 to the farthest point in the zone. Hence, the £ l 
in (3) has its maximum value when r is in the wth unit cell and is \ 
small when |r — r(n)| is large. Although this property is affecte* : 
X depends upon k, we may expect (2) to be localized as long as * 
dependence is not strong. 

Thus, in some cases, we may transform a determinantal wave funci i 
that is based upon a filled zone of Bloch functions into a determinan : 
Heitler-London functions that are localized about any set of points in ! 
unit cell we choose. It may happen, however, that the Heitler-Lon i 
wave functions which are obtained in this way do not have desir; s 
symmetry characteristics and that a better set can be found. 

Before leaving this topic, we shall discuss the connection betw i 
the energy parameters in Fock’s equations for the Bloch scheme and s 
Heitler-London scheme when the two are equivalent. For the B1 i 
scheme, the equations may be chosen in the form 

Hipt = e(k)v£i 1 

since the are automatically orthogonal (cf. Sec. 51). The correspo ■ 
ing equations for the Heitler-London functions are 

Hlpn = eo ^ Oirmjpm 
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= ^(r - r(n)) 

is localized about the atom at the position r(») and the a nm are normaliza* 
tion parameters that must be introduced because the form a highly 
degenerate set of functions not automatically orthogonal. 

The i/'k and are connected by the equations 




( 6 ) 


It may be verified that the operators H in Eqs. (4) and (5) are the same 
because of Eqs. (6). The relation between e(k) and e 0 may be foundby 
multiplying Eq. (5) by e 2lik,rW , summing over n, and subtracting Eq. (4). 

The result is 

(eo - «(k))fc + ' eMn)a ^ m = °* (7) 


( 8 ) 


If we multiply this by fa* and integrate, we find 
«(k) = eo + 

n,m 

We shall discuss relationships of this type in more detail m the next 

SeCt 6fi n Approximate Bloch Functions for the Case of Narrow Bands*.— 

It is possible to use Eq. (6) of the preceding section to obtain Bloch 
type functions from atomic functions even when the Heitler-London 
Bloch schemes are not equivalent; indeed, these functions are sometimes 
very useful for semiquantitative discussions. The relationship between 
the energies in this case may be derived in the following way: We shall 
assume, for simplicity, that we have a monatomic lattice of atoms that 
possess one valence electron each and that the Schrodinger equation 
the wave function fat - r(»)) of the electron in the nth atom is 

/ — —A + V(r - r(n))Wr ~ *0)) = € ^( r " ^ 

( 2m ) 

when the atom is free. The function F(r - r(n)) is the electronic poten- 
tial, which we may expect to be negative. When the atoms are brought 
together, the potential at the nth atom is changed by the addition of the 

term 

VV(r- r(m)) 
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in which m is summed over all atoms except the nth. In order to d 
mine 1 the energy of the Bloch wave function 

n 

it is necessary to evaluate the integral 

e(k) = + 2 F ( r ~ fW)}wr 

m 

= lQ e 2H k . [ r(n)-r( m)] j'f* ( f _ r(tn) J* 1 A + 

n,m > 

V(t — r(n))|^(r — r(n))dr + 

- r(«))27(r - mmr - r(n))dr.) 

We shall assume that the atomic functions satisfy the relations 
/^*(r - r(m))*(r - r (n))dr = S m , n 

and that 

U*( T ~ r(m))V(t - r(J))*(r - T (n))dr 
is zero unless one of the conditions 

n = l, n = m, l = m 
is satisfied. Equation (3) may then be simplified to 

«(k) = e' + a' nm e 2 wik 'l r M -r (m)] 

n,m 

*' " € + SjV(r)| s F(r - r(0)dr 

- r(m))F(r - r(n))^(r - r (n))dr. 


where 


and 


*) 


Both ct in this equation and * nm in Eq. (8) of the preceding section a 
larger when the atoms overlap a great deal than when they are far anai 

^XT’orthe el 11 ?^ ^ *5? r t0mS beCOme free > (4) a PP™aches t 
gy of the electron in the free atom for all values of k. We mi 

1 Ibid. 
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conclude that in the solid there is a band of Bloch levels corresponding 
to one zone of k space for each electronic state of the free atom (cf. 
Fig. 19). 

Since the lattice has translational symmetry, it follows that a n+ln 
is independent of n. Thus, Eq. (4) may be written in the form 

e(k) = e' + JoSe** 1 © (7) 

i 

in which 

«£ = cUn W 

and the summation extends over all values of l. Equation (8) of the 
preceding section evidently can be placed in the same form. Now, 
atomic functions may always be chosen as real if there is no magnetic field 
present. Thus, the a', may be regarded as real, and Eq. (7) may be 
placed in the form 

£ (k) = «' + cos 2irk • t(l) 

i 

= e' + - 2^y sin 2 irk . r (l). (9) 

l l 

Only the a t corresponding to very near neighbors are important when 
the bands are comparatively narrow. 

Hence, only the first few terms in the 
series (8) need be retained in this 
case. The a corresponding to im- 
mediate neighbors are equal in the 
three cubic lattices and in the ideally 
close-packed hexagonal crystal when 
the atomic functions are s type. 

Hence, in this case the nearest- 
neighbor terms in (9) may be written 
as 

e(k) = e" - 2of£ sin 2 irk • U (10) 

r* 

where r n ranges over the vectors 
connecting an atom with its nearest 
neighbors and 

€ " = c ' + za 

in which z is the number of nearest neighbors. Now, if V(t - i (»)) 
in the integral (6) is negative, as the electronic potential of an atom 
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*» - &*■ 


by setting 


_1 

m 


Sir 2 . 
*" h i0La 


Since a is negative for s electrons, they have a positive effective mass. 
On the other hand, it is clear from what has been said in the preceding 
paragraph that the effective mass of electrons near the origin of a p band 
is negative for motion in the x direction. The significance of negative 
masses will be discussed in Sec. 68. 

Mott and Jones 1 have used e(k) 
functions of type (10) to compute the 
function dN/de, which gives the num- 
ber of states per unit energy range. 2 
Since the density of points in k space 
is uniform and is equal 3 to 2V, it 
follows that 

bN = 2Vdr k , 

where dr k is the differential of volume 
in k space and 5 AT is the number of 
states in this volume. Now, if we 
choose coordinates so that the differ- 
ential of volume is bounded on two 
faces by surfaces of constant energy, 




dr k 


= dS (?i) de ’ 


Fig. 22. — «(k) curves for a p band. 
The e(fcaj) curve is concave downward, 
whereas the e(k v ) and e(Jc z ) curves are 
concave upward. The curvature is 
less in the second case because the over- 
lapping is smaller. 


where dS is the differential area of the surface of constant energy, de 
is the energy difference of the two bounding surfaces, and dk/dt is the 
change in k in going from one energy surface to the other. Evidently, 


whence 


/ dk\ = 1 

\de ) jgradk «(X)| 


2 VdS 


(13) 


(14) 


|gradk «(k)| 

in which the integral extends over the surface of energy e . 

1 Cf. Mott and Jones, op. at. ■ 

* In the following sections of this book, we shall usually designate dN/cu by ««• 

3 See footnote 1, p. 294. 
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Figure 23 gives a comparison of the n(e) curves for the first zoi of 
a body-centered lattice that are obtained with the assumptions that c) 
is given by Eq. (10) and by the free-electron equation 

€(k) = 2m* k2 ’ 

respectively. In the second case, the function varies as \/e until 
of levels mter86Ct 4110 !0M b0U,1,lar5r - 4,16 d “ 


e 

y 



Th .® T . 0tal Electronic Wave Function of the Solid.— Let us dig] 
function^ft? 0111 ]^ 6 ° ne " particle approximation and discuss the w; 
he ^ S0 ^ “ a Wh0le ‘ T ° begin with ’ ™ sha11 assume < 

m moW 1 aie f aPart If the l0West states of these atoms, ic 
ervS« f 68 ^ nonde f nerate as in rare gas solids, ordinary molecc 

rare <™. ’ CrySta S that are referred to a normal state of ions w 

, S configurations, the lowest state of the entire assembly also 

2“ t e i° ther if the — tituents areiwof 

N sennmt ri + m * alkali metals, the total degeneracy of the system 

15 M ° re generally ’ the de ^ erac y ^ ^ low 

f fold it + ire a t\ embly is gN if the lowest state of the constituenl 

is NfMcIT + v® ? St 6Xcited State of the nondegenerate asseml 
degiera^ TW ^ S * eSK J ted State of the constituents is/-f< 
may be excited N appears because any one of the N constituei 

for it the at0m ® ° r molecules closer together in order 

flr ^. a , d , We ma y ex P ect some of the levels of the entire solid th 
e highly degenerate at infinite separation to split into levels of low 
•“?T as mteratomic distance decreases to the point where t 
charge distributions of different atoms overlap. This splitting may occ 
i any one of several ways. (1) The components of the splitting Ie\ 
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may be separated from one another by finite distances (c/. Fig. 24c). 
(2) The level may split into a quasi-continuous band (Fig. 246). (3) It 

may break into separate continuous bands (Fig. 24c). (4) It may break 

into bands and discrete levels (Fig. 24d) . A nondegenerate level remains 
nondegenerate, of course, although it may cross or mingle with the 

progeny of degenerate levels (Figs. 25c and 256) . 

The splitting of degenerate levels may be 
understood from a general standpoint in the 
following way. It can be shown on the basis of 






■CW, t)A PnflaihlA hfihavior OI O' WUBUBrUW level. U* « Djowm " — . ' . . 

are combined to form a solid. In a the level splits but remains diaerete; in brt sphts .into 
a quasi-continuous band; in c it splits into two bands; in d l it splits into a band and a d 
level The discrete levels in a and d may be highly . degenerate. 

Fig. 25.— The upper level is highly degenerate whereas the lower is nondegenerate. In 
case a the lower level does not merge with the continuum; in case b it does. 


symmetry theory that the wave functions of the entire crystal have 
the form 


2irt(Sk<*rO 

Xkx, .... kn( r l) ‘ ‘ * 9 r *0 e * 

Here, r* is the position vector of the ith electron ; xti, . . 
function in the sense that 


( 1 ) 


kn is a periodic 


Xta. . . . ,k.(ri + V, r 2 + 1 , ■ ■ • , r« + *) = Xk». . . . * t.(ri, • * • » r ») ( 2 ) 
where v is any translational vector of the lattice. If periodic boundary 
conditions are used, the kj satisfy the relations 


(2 k< ) ’ T ° = l ° (a = 1 » 2i 3)> 
t 

where T„ is one of the three vectors corresponding to the edge lengths 
of the crystal and L is an integer. The function (1) evidently is a 
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3n-dimensional generalization of a Bloch function, and jjk, is a gei 

ized wave-number vector. For each set of integers h, h, and l 3 , th 
an independent value of ^k,. When the atoms are widely separ 

we may expect X t. .... k„, as in the one-dimensional case, to be a 
tion that has a relatively large amplitude only when the electron 

near the atoms. The modulation factor e then has relat 
minor importance; and, as in the case of bound electrons in the E 
scheme, the degeneracies may be high since many wave functions 

have different values of may have the same energy. On the c 

hand, we may expect * to have an appreciable amplitude for a n 
wider range of the r, when the atoms are close together. The valt 

2 bi then affects the energy, and the degeneracy is at least p £ 

removed. 

If the lowest level is not degenerate and if, as in Fig 25a it does 
mmgle with a continuum, the solid in its normal stafe I zninZ 
In this case, we may regard the effect of an electrostatic field as a per 
bation and may express the perturbed state as a linear combfna 
of the unperturbed functions. The amplitude with which the exc 
s ates appear m this function is proportional to the field intensity an 
small as long as the field is not strong. Hence, we should expec 
fimte electronic polarizability for small electrostatic fields, just as 
or mary atoms and molecules in which the lowest level is discrete. 

Consider next the cases illustrated in Fig. 26 in which there 
ow- ying continuous bands. The lowest state now has- a large numbe 

staticfi lf-f tra ? y near t0 ^ men this solid ^ Placed fn an eleci 
tic field, it may be possible to construct from the lowest levels of 
continuum a stable perturbed wave function which 

TMs^mne 0 / ^ apphed field neutralizing this field within the so 

o metT A COrr . eSp0nds infinite Polarizability and is character* 
of metals A continuum of levels is a necessary but not a suffici 
condition for metallic polarizability, as we shall see presently We n 

repr “ e 0f the energy-level d'iagram^ 

metel C ° rreSp0nds t0 the case of a n alkaline ea: 

• he normal state at infinite separation is not degenerate in t 
case because the atoms have closed-shell (s 2 ) configurations. 

it is not possible to describe a continuum of the type reouired • 
metallic behavior by means of the Heitler-London ajp SSk 


il- 


IS 


d, 


c- 

y 

h 
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Since the Hartree-Fock field for the Heitler-London functions must 
have a trough in the region where the electrons are localized, just as in 
the case of atoms, we may expect the lowest energy levels that are associ- 
ated with this trough to be discrete. Hence, the lowest and first excited 
levels of the system should be separated by a finite energy. 

The Bloch scheme, on the other hand, leads to a continuum of the 
required type, as we have seen in the preceding sections of this chapter. 
Thus the Bloch scheme is preferable to the 
Heitler-London for a purely qualitative 
description of the properties of metals. 

Although the lowest state of insulators 
may be described equally well by either ap- 
proximation, the Bloch scheme may be 
inferior for the lowest excited states. Con- 
sider, for example, the following system. 

We shall start with a set of N infinitely 
separated atoms having nondegenerate 
normal states. One excited state of this 
system is that in which an electron is re- 
moved from one atom and is placed on 
another, a positive and a negative ion thus 
being formed. We shall assume for sim- 
plicity that this is the first excited state. 

Its degeneracy is g p g n N(N — 1), where g p 
and g n are the degeneracies of the positive 
and negative ions, respectively. The factor 
N(N — 1) occurs because an electron may 
be taken from any one of the N ions and 
placed on any one of the N — 1 remaining 
atoms. Some of this degeneracy disappears 
as the atoms are brought within a finite 
distance of one another, because of the 
interaction between positive and negative 
ions. The energy of a pair of spherically 
symmetrical nonoverlapping ions decreases by an amount — e*/r 8 as the 
ions approach one another, where r 8 is the distance between their centers. 
Thus, the degeneracy of the new levels is n 8 g p g 7l N, where n s is the number 
of neighbors at distance r 8 from a given atom. This remaining degen- 
eracy is partly removed as the atoms overlap, and each level may be 
expected to split into a band. Suppose that the splitting has reached the 
point corresponding to the line A, Fig. 27, when the system attains 
equilibrium relative to interatomic displacements. The first band of 
excited states then differ from the normal state in that an electron has 



lowest levels form a quasi- 
continuous band. In case a 
there is no nondegenorate level 
and the low-lying degenerate 
level breaks into a band. In 
case b the nondegenerate level is 
absorbed into the continuum of 
the band arising from an excited 
level. Case a is characteristic 
of the alkali metals, case b of 
the alkaline earth metals. 
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been transferred from one atom to an immediate neighbor. Since e 
• negative and positive ions that are produced remain at a fixed disti e 
relative to one another, the crystal does not possess electronic condu< - 
ity when in any one of the levels of this band of excited states. s 
not possible to describe nonconducting excited states of this type y 
means of the Bloch approximation. A crystal in which all occu i 
zones are completely filled is an insulator, but it becomes an electr c 
conductor as soon as one electron has been removed to an unoccu i 
zone. Thus, the use of the Bloch approximation for an insulate 3 
equivalent to assuming that a continuum which is similar to the < 
tinua of metals lies above the lowest nondegenerate level of the cry* 
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teristics. It follows, from this example, that the first excited state of an 
insulator may be conducting for actual interatomic separations even 
though this state is nonconducting for large distances. A continuum 
that arises from degenerate states in which many atoms are excited or 
ionized can cross or become very close to the nonconducting levels, leaving 
the solid in the condition corresponding to that shown m Fig. 28. 



Fig. 28. — Case in which the conducting levels arising Iran tne nrsr --- ~ ^ 
insulator overlap or come very close to the nonconducting levels at the aetud ^ interatomi . 
distance. In this case, unlike that of Fig. 27, the first excited state is conducting. 

67. Koopmans’s Theorem* —We shall now prove a theorem, due to 
Koopmans, 1 which states that the energy parameter t, in Fock’s equa- 
tions for a solid, namely, 

H F <pj = t,<Ph ^ 

is the negative of the energy required to remove the electron in the state 
<Pi from the solid when the space part of the <p are Bloch type functions. 

Suppose that the Hamiltonian for the entire solid is designated by H. 
Then when the jth electron is removed, the new Hamiltonian is 




( 2 ) 


where V, is the ion-core potential. The wave function of the initial 
state is 

|<pi(ri) <p/_i(ri) <^y(r 1) <Pj+i(ri) <Pn( r 0| 


* = 


1 

\/ri\ 


IfPlfrn) 

l T. Koopmans, Phydca % 1 , 104 ( 1933 ), 


• <pn(tn) 


( 3 ) 
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whereas the wave function for the state in which the electron havin, 
function ipj has been removed is 


%■ = 


VV — 1) ! 


leifri) • 


■<Pi-i(ri) <p i+ i(n) p n ( ri ) 


^ l(rn) *»(r„), 

Since the Fock Hamiltonian is practically unchanged when a B 
type function is removed, because the electron charge is spread thro 
out the entire crystal, the 9 in (3) and (4) are practically identical ' 
conclusion clearly is valid only when the electronic system is very 1 
and when the one-electron functions are of the extended type 
The work done in removing the electron is simply 

in which dr' excludes the variables of the jth electron. Now, 

/* w ' " + rwU, + 

^2 [ _ f g*( rQw^rQwfaWr,^ . ' _ 

Tl2 J r 12 Tl2 ^ 

is equal to the same expression with the difference that 
summations include the index j. Thus, (5) is 

+ F(to + 2^ flaM*»L (ri ) iri _ 

* 


^ e 2 J ^ | __ 


J < Pi*(rdH F <p 3 {r 1 )dT — 


II 


le 




s 

e 


(of. Sec. 51), which proves Koopmans’s theorem. 

It should be noted that Koopmans's theorem also tells us that in 1 
Fock approximation, the energy required to take an electron from t 
state tpi to the state w is t(k / ) — eft") when the i . . 

are of the Bloch type one-electron functic 

68. Velocity and Acceleration in the Bloch Scheme.— We shall n< 
develop several theorems* concerning the behavior of electrons in t 

example, A. Sommerfeld and H. XXIV/2; HJox 



Sec. 68] 


THE BAND APPROXIMATION 


315 


Bloch approximation. In particular, we shall be interested in the relation 
between electron velocity and energy and that between acceleration and 
external fields. In quantum theory, the quantities corresponding to 
velocity, acceleration, and force are represented by operators. The 
ordinary measured values of these quantities for a given state of a system 
are the mean values of the corresponding operators. Hence, in order to 
proceed in a rigorous fashion, we should compute these mean values and 
should derive relationships among them from the quantum laws. Actu- 
ally, the correct final results may be obtained much more simply by 
using wave-packet methods. We shall employ this procedure. 

a. The Relation between Velocity and Energy . — In order to determine 
the velocity of an electron that has a given energy e(k') and has the 
wave-number vector k', we shall construct a packet by adding together 
wave functions associated with values of k in the vicinity of k' and by 
determining the group velocity of this packet. This group velocity 
corresponds to the measured or mean value of the velocity of an electron 
having wave number k'. When the proper time dependence is included, 
the Bloch wave functions are 

i£k = xke 2irik ' T e h (1) 

where Xke 27rik ‘ r is the space-dependent part and e h is tne time- 
dependent part. The packet, whose constituent functions are centered 
about k', is 

/(r,0 = (2) 

where |a(k)| has a maximum value at k = k' and decreases rapidly on 
either side. The integration extends over the range of values of k about 
k' in which |a(k)| 2 is appreciably different from zero and which may be 
made as small as we please. If we set k = k' + Ak and expand e(k) in 
a Taylor series about k', we obtain 

e(k) = e(k') + gradk' e(k') • Ak + • • • . (3) 

We shall assume that the range in which Ak is important is so small that 
we need retain only those terms indicated in (3). Equation (2) then 
becomes 

/(r,£) ^ e L * -I J a(Ak)xt^ ^ h ' dr(Ak) 

and C. Zener, Proc. Roy. Soc. f 144, 101 (1934); H. Frohlich, Theorie der Metalle 
(Julius Springer, Berlin, 1937). 
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where the integration now extends over a range of Ak about the v e 

Ak - 0 Xk vanes so slowly with k that we may take it outside e 

integral and write 

Unction" 1 W d6SCribeS 4 WEVe packet whose P hase ^ determined by e 


Xk'e 


H** -t 2 '] 


7 

which is the Bloch function corresponding to k = k'. Its ctoud beha’ 
is determined by the function ^ 


f gradwe v 

J a (Ak) e 2 ” C r X *) -Ak ( 


dr(Ak), 


Of which the argument is r - Thus, the function (g) 

constant amplitude at those points for which r - t grad k « is consta 
that is, at points that move with the constant velocity 

v ( k ') = \ grad k / «(k'), 

;;. h f f oup vel0 «ity of the packet. The classical express: 

I I V2 e/m for the speed is valid only in the special case in wh 

6 = £ kS ’ 

that is, for perfectly free electrons. The relation between speed an, 

L ew / ^ ° r ° aS f ' F ° r 6Xample ’ near the top of a band wh, 
aetiinllv * ecre ases, the speed decreases with increasing energy a 

I6re “ *• slope - vUTt “ 

wecMXr„rt7T" by “ eI ' Ctr0nk ‘^ yel0CityTis — • H “‘ 


i ^ ^dk e(k) 

* h 


( 


h The E ff ective Electron Mass.— We shall now derive the relati, 
between acceleration and applied force. It follows from Eq. (7) that 

$ = — f i£ a d k e(k) 1 _ grad k [dt(k)/dt] 

dt d*L h J l 


( 
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Sec. 68] ~ — 

The classical relation between force and energy is 

| = F*v, (10) 

dt 

which should remain valid for the mean values of quantum theory. 
Substituting (10) in (9), we find 

dv gradk F ■ v _ F • [gradk gradk e(k)] q jn 

dT = h W 

where grad k gradk «(k) is a tensor the nine components of which are 


dh 

dh 

dh l 

dkl 

dkydkx 

dk x dk x \ 

dh 

d 2 e 

d 2 e 1 

dk x dh v 

dkl 

dk z dk v : 

dh 

dh 

d 2 e 

\dk x dk. 

dkydk z 

dk\ 1 


( 12 ) 


Equation (11) is analogous to the classical equation 

$ = — F 
dt m 

and shows that in the Bloch approximation an electron in an energy band 
behaves as though it had an effective mass m* represented by the tensor 

(13) 


= i gradk gradk t(k) ' 


Thus, the force and acceleration usually are not in the same direction. 

Suppose that the electron is moving in the direction of a principal 
axis of the tensor (12) and that this direction is chosen to lie along the 
x axis. Then, the effective mass for acceleration in the x direction is 


m * = (14) 

m dhQX)/dkl 

As we may see from Fig. 2, this is usually negative when the electron 
is near the top of the band. Hence, an electron in this position behaves 
as though it had a negative mass. The type of force that we shall 
usually consider is the combination of electrostatic and Lorentz force. 


F = — eE — -v X H. 

c 

Since e appears linearly in this, an electron with a negative effective mass 
is equivalent to a particle with a positive charge. 
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flJV" 8 , f0 + und Roping the free-electron theory of nr 

nf ^ o t ^. l ectr0ns that reside m the energy band of width kT at the 

of mfit,!l! ed 10^ I 16 responsible for the electrical prope 

of metals If this band lies above the inflection point of e (k)f all t 

electrons behave like positive charges. This fact evident^ offer 

SatW 1011 a S°n al ° US HaU effeCt: metals and semi-condur 

that have a positive Hall constant contain nearly filled bands 

of ilT' T 8 18 conv J enient t0 a ^ribe all the “anomalous” prope 

^ associated ^tb the electror 

3S SJ l6Vels 0r holes at th * toP of the ne 
niled band Thus, these holes may be treated as though they i 

positively charged particles having effective mass 7 

= ~ gradk grad k «(k). 

n^ V KW° n iS T* Simply an analogy ’ for Heisenberg 1 has shown t 

fflled band bv an? 6 7™ f ° r the eh ° tTOns in a 

Wl ed band by an approximate wave equation for the holes in the ba 

In this equation, the holes play the same role as positive charges Hei= 

Ss rr^ be r pUed *° ^ 

nseM Bv ^Lk 1 ' p £f ced “S ^Iations, we shall find the following , 
useiul. By combimng Eqs. (10) and (7), we find 


whence 


dt 


17 de dk , /7t 

F - y -'-3r^*-»§'v. 


dk _ F 
dt ~ T 


2iri C 


eEt 


Is 

P 

5S 
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3 


c 

Of ^ connection, Houston* has made an interesting investieati 


where y - k - E being the field intensity. This function degene 

_2W«(k)i 

ates to Vie - * when E is zero. In this approximation the elect™ 

j w' ?"“! BNBBEQ f Ann - Physik, 10, 888 (1931). 

W. V. Houston, Phys, Rev., 57, 184 (1940). 
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wave-number vector moves through k space at a uniform rate eE/h, or, 
in the reduced-zone scheme, the wave-number vector moves uniformly 
to the boundary of the zone in the direction of E, suffers a Bragg reflection, 
that is, jumps to the opposite face of the zone, and starts back along the 
same path, repeating the process indefinitely. During these cycles, 
the system remains in the same energy surface e(k), so that there is no 
transition between zones. In higher approximation, the electron may 
jump between zones for sufficiently strong fields. Houston has shown 
that these transitions occur when the wave-number vector is near the zone 
boundary and that in a one-dimensional case the probability of a transi- 
tion in a single cycle is 

47r 2 e-“ 

(1 - e -“) 2 


where a = mVW/eEK, in which m is the electronic mass, 2V is the energy 
gap, and d is the lattice distance. A similar expression had previously 
been derived by Zener 1 and applied to a discussion of the problem of 
dielectric breakdown in insulating crystals. It is believed at present that 
dielectric breakdown in simple crystals, such as the alkali halides, occurs 
for fields weaker than those required to cause transitions from the filled 
to the unoccupied levels by this process (see Sec. 133). 

69. Modification of Boltzmann’s Equation for the Bloch Scheme.— 
We are now in a position to modify Boltzmann’s equation to suit the 
quantum mechanical one-electron mode of description instead of the 
classical one (cf. Sec. 31, Chap. IV). In place of the distribution function 
f(x,y,z,v x ,v y ,Vz), which gives the number of particles at x, y, and z with 
velocity components v x , Vy, and v x , we shall introduce the function 

f(x,y,z,k x ,k vt k 2 ) = /( r,k), (1) 

which gives the number of particles at x, y, z with wave-number com- 
ponents foxi ky) , 

The drift term, analogous to (2), Sec. 31, Chap. IV, is 





% _ 1L 

dz Vz dk 


dky K dkp’ 


( 2 ) 


which may be expressed in terms of gradt «(k) and F by means of Eqs. (7) 
and (15) of the preceding section. The result is 



gra ^ -~ • grad r / - * • gradk /. 


(3) 


1 C. Zener, Proc. Roy. Soc. } 146 , 623 (1934). 
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The collision terms may now be expressed in terms of the func a 
^(k x ,k y) kz;k x ,k' y ,k'^dk x dk[fik' x , which gives the probability that a par e 
changes its wave-number components from k x , k y , k z to values in the r; e 
from k x to k x + dk x , etc. The quantities that correspond to a and b 
31, Chap. IV, are then 

a = f{x,y,z,k X) k y ,k z ) ) 

b = $f( x >y > z <k” >K ,k")&(k" ,k y ,k! x ;k x ,k v ,kz)dk x dk y dk" . ) 

The equation of equilibrium analogous to Boltzmann’s equatioi 3 
gradk e , , , F 

^ grad r / + j ■ gradt f = b — a, ) 

which may be solved when b — a is known. 

In general, a and b may be determined from (4) and (5) when 0 j 
been determined by means of a quantum mechanical analysis. We s l 
discuss particular cases of this procedure in Chap. XV. 

It may be concluded from the results of the present discussion that 1 
developments of Chap. IV can be modified in two important respe 
namely: 

a. Although the electrons may behave as though effectively free - 
that the relation 


JL 

2m* 2m* 

is valid, as assumed in Chap. IV , it should be recognized that the effect 
mass m* may be negative in cases in which the bands are nearly fill 
As we have seen in the preceding section, this situation may be trea 
by assuming that both m* and the electronic charge are positive. Th 
the results of Chap. IV can be employed in these cases by reversing 
sign of e. 

b. It may be necessary to use the tensor character of the effective m 
in order to take into account the anisotropy even of cubic metals. T 
procedure probably is necessary in discussing the dependence of resistiv 
on magnetic field strength; for as we have seen in Sec. 34, the rest 
derived on the basis of (7) are badly in error but would be improved if i 
velocity at the top of the filled region were an anisotropic function. 

70. Additional Energy States. — It was mentioned in part b, Sec. ' 
that some of the nonperiodic states that are labeled under Krame 
class i may be permitted if the crystal is not infinitely large. If i 
crystal does extend to infinity in all directions, the amplitude of th< 
states diverges in at least one direction. The possibilities for the fin 
lattice were first pointed out by Tamm 1 who showed that the divergem 
1 1. Tamm, Physik. Z. Sowj., 1, 733 (1932). 
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can be avoided in special cases. We shall discuss his computations for a 
simple model in the following paragraphs. Before doing so, however, we 
should add that a computation that is based upon the use of a static one- 
electron field, as Tamm’s is, is not completely adequate for establishing 
the general conditions under which nonperiodic states are permitted, since 
the actual field in which an electron moves is determined in part by the 
electron itself. 

Tamm considers the simple potential field that is shown in Fig. 29, 
which, for positive values of x } is the same as that used by Kronig and 
Penney and has the constant value W for negative values. As before, we 
shall allow Fo to approach infinity and shall assume that mV ob (a — 6) /ft 2 



Fig. 29. — The potential function used by Tamm. 

approaches the constant value c in the limit. One restriction on the solu- 
tions then is 


cos Xa = — sin aa + cos aa 
aa 


( 1 ) 


[cf. Eq. (30), Sec. 61], where 


\/2mE 
a ~ ft 

and c iXa is the factor by which the wave function is multiplied when $ 
changes to x + a. We found previously that X is necessarily real, for 
otherwise the wave functions would diverge at large values of x. Hence, 
the allowed values of E were determined by the condition that the right- 
hand side of (1) should lie between the values —1 and +1. These 
conclusions are no longer valid since the wave functions are different from 
Kronig and Penney’s in the negative region of x. Instead, they are 
exponential functions of the type 


fa = c'e"* 


( 2 ) 
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where 

V2m(W - E) 
— h — - 


These functions should be joined to Kronig and Penney’s at tho oi 
of x. 

It turns out that all of Kronig and Penney’s solutions going with 
values of X may be joined to functions of type (2), if the phases arc ch< 
properly. Hence, the continuous spectrum of periodic states is 
altered. We must consider the ease in which X is imaginary. 

The solution that decreases by a factor in successive cells of 
lattice along the positive x axis is 


in = 



1 — ee (ll ~ ia)a \ 

piatx ] , 

2 — £gGH-/a)or I 


w^re « is +1 when the right-hand side of (1) is greater than +1 am 
1 when the nght-hand side is less than -1. The condition (T 
replaced by 


e cosh jia 


— sin aa + cos aa. 


The additional condition that must be satisfied if (2) and (3) 
smoothly at the origin is 


are to j 


sin aa . 

V r cos aa = ee~^ a 


for the case in which B < W. Eliminating 
that E must satisfy the equation 


M from (4) and 


(5), we fi 


where 


A 2 2 

aa cotan aa = — 1 y/~a 2 y 2 — aW 


y2 = 


h 2 


+“lk ' 1 sZT ° ne r °°‘ “ eMl1 interval 01 “ lending from 

4 - ^ “J ZZZXSS Z f 0 ini 

t *- bMds - whm • <■ *- *»r 

joined to (3) f„ r „ blt * P ?, riodio f d m ° y 

periodic outside the lotti™ » a * £l ' The resultin S solutions 
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These states are exponentially damped on both sides of the surface 
when E is less than W and are periodic outside the* lattice and damped 
inside when E is greater than W . The first type represents electrons 
that are localized at the surface, whereas the second represents electrons 
that impinge on the surface from outside and are reflected back. 


x — »• 



Fowler 1 has pointed out that in a finite one-dimensional crystal the 
surface states occur in pairs, one state being associated with each end of 
the crystal. 

In addition, Shockley 2 examined the origin of the surface levels more 
thoroughly on the basis of a more general one-dimensional model and 
considered the dependence of the levels on lattice parameter. He found 
that if the potential of the normal lattice may be expressed as a periodic 
sum of simple troughs of the type shown in Fig. 30 the surface levels can 



Interatomic Distance +■ 

Fig. 31. — Schematic diagram showing the manner in which the surface levels occur in a 
case in. which the potential is a periodic sum of troughs of the type shown in Fig. 30. 


occur only if there is a separate potential trough at the surface or if the 
energy bands arising from separate atomic levels overlap (see Fig. 31). 
The second case evidently cannot occur at large interatomic separations. 
It turns out that the bands do not overlap in the Kronig-Penney model 
and that Tamm obtained surface levels only because he implicitly intro- 

1 R. H. Fowlbe, Proc. Roy. Soc ., 141, 56 (1933). 

1 W. Shockley, Phys. Rev ., 56, 317 (1939). See also the similar discussion by 
W. G. Pollajud, Phys. Rev., 66, 324 (1939). 
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duced an additional potential trough at the surface in cutting off 
potential function in the manner shown in Fig. 29. 

Shockley also showed that one level is removed from the lower t 
and one is removed from the upper band for each pair of surface le 
that occurs. Thus, if the lower band were completely filled and 
upper band were completely empty at large interatomic separations, 
electrons of opposite spin would be forced from the lower band into 
surface levels when overlapping occurs. 

The generalization for three dimensions is apparently straight 
ward. Suppose that we have a crystal that is bounded by the pi 
* — tbe cr y stal bein S on the positive side of the x axis. We may ext 
some wave functions that have energies lying in the unallowed regi 
ana that have the form & 


inside the lattice and the form 

^ = e—VX e 2iri(k v y-\-kjz) 

outside. In (7),. x is a function possessing the periodicity of the latt: 
V is real when E is less than W, the potential outside of the lattice an 
imaginary when E is greater than W. As before, the second type 
solution is permitted for all values of E in the unallowed regions, 
may expect more than one solution of the first type in the unallo* 
regions in which they may occur, however, for k x and k y may take all val 
associated with a two-dimensional zone system that is determined by 
translational symmetry of the surface. Roughly speaking, we n 
expect as many states m these unallowed regions as there are atoms 
e surface. Since this number ordinarily is about one million tir 
smaller than the total number of atoms in a crystal, we should not exp 
these surface levels to affect the bulk properties of a substance. 

. ; here 7 es aot seem t0 be any direct experimental evidence for : 
existence of surface states, although Tamm suggests that charges on i 
su aces of some charged insulators may be bound in states of this ty 
bnockley has made a qualitative generalization of the results 

^Uows eStlSatl011 ° f the one ' dimensional model - His conclusions are 

a. Surface levels will not occur between the ordinary X-ray lev 
or in the forbidden region of most simple insulating salts such as sodii 
chloride, for neither of these cases corresponds to overlapping-ba 
sys ems. The basis for these conclusions is discussed in Chap. XI 

Wh f™ Sta ; teS ?° uld occur ia the forbidden region between t 
highest filled band and lowest vacant band of diamond, for this gap occi 

as a result of the overlapping of an s band and a p band (see Sec. 10) 
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Since the number of surface states is approximately twice the number of 
electrons that are forced from the filled band, the surface band should 
not be completely filled. In an ideal case, this statement would imply 
that the surface should be conducting; however, various effects, such as 
surface cracks or adsorbed atoms, could easily impair this type of con- 
ductivity, which does not seem to be observed. 

c. Surface states should occur near the overlapping bands of all 
metals. In the monovalent metals, such as the alkali metals, in which the 
occupied band is usually not filled to the zone boundary, these levels 
would be completely empty. They should be partly filled in the divalent 
metals, however. 

More important than the existence of surface states is the fact, sug- 
gested by these computations, that bound electronic states may be 



Fig. 32. — Schematic representation of a localized impurity level. The lower curve 
is the lattice potential which is distorted by an impurity atom. The upper curve represents 
the localized charge distribution associated with an impurity level that lies in the forbidden 
region. 

associated with any flaw or discontinuity in an otherwise perfectly 
periodic lattice in the manner illustrated in Fig. 32. Suppose, for example, 
that we have an infinite one-dimensional lattice, such as that of Kronig 
and Penney, and that we alter the potential in a single cell by 
lowering it from zero to —TP 7 . It is easy to show by the method 
used above that in the forbidden energy regions there are then states 
corresponding to electrons which are localized in the vicinity of the 
singular cell. If the cell extends from — a to 0, the allowed forms of the 
wave function within this range are 

sin y'(x + or cos y'(x + (9) 

where 

y' = V2m(E ± W) (1Q) 

Tl 

The localized functions correspond to cases in which the functions (9) 
are joined smoothly to functions of type (3) at x = 0 and x — a. The 
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conditions for this in the two cases (9) are, respectively, 
y' + y'a . 

a cotan ~ 2 ~ sm aa + cos aa = ee~* ia 


and 


__7 + 7 a . 

a tan ~2~ Sm aa ' C0S aa = €6“^. 


[Chap. [I 

.) 

( 0 


Either one of these conditions and the condition (4) must be satii 
simu aneous y. he resulting equations are more complicated thar 
and will not be discussed in detail here. They show that when 
negative we may expect approximately as many trapped electron st 
as there are discrete states for a simple barrier of width a and depth - 
whereas for values of E greater than zero, there usually is one stat 
eac or i en region. However, there may be more or less than or 
particular regions. These cases depend in a complex way upon 
relative values of aa and y'a. 

■ Thus ’ ^ e . ma y conclude that impurity atoms or lattice imperfect 
induce additional energy states which correspond to electrons local 
in the vicinity of the impurity or defect. These states lie in the reg 
between continuous bands. We shall find that they can play a i 
important role, particularly in semi-conductors. 

71. Optical Transitions in the Zone Approximation —Before lea\ 
the zone approximation, we shall find it convenient to discuss opt 
ransitmn probabihties. We found in Sec. 43 that the probability oi 

optical transition between two states and contains the folio* 
integral 




l *»j r 1, 


, r«) 


^p^a-iyr* 


d 

) 

s 

s 

J 

1 


m which p, is the momentum operator for the ith electron, n is the wa 
number vector of the light quantum that is absorbed or emitted, and 
integration extends over all of the electronic coordinates. In the bi 

coMtrnJtS 10 ? uT“ i? nd arG determinanta l wave functions that 
constructed of Bloch one-electron functions. Since the operator 


i \ S T of one-electron operators, the integral in (1) vanishes if * a a 
% differ with respect to more than one Bloch function; moreover 

t w' CaSe ’ Unl6SS the electron spins associated with 1 
two different Bloch functions are the same. Hence, only one electr 

quantum^ ^ ^ ^ absorption or emission of a single lig 
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If \j / 1 and i^k' are, respectively, the different Bloch functions in the 
functions 'Sfa and (1) may be reduced to the form 

j\p^*^e 2Tiv ' t 4 l k'dr(x,y,z) (3) 

where the integral now extends over the coordinates of one electron. Let 
us write \p k and i/v in the typical Bloch function forms 


tot = Xk.e 2Hk '', 
W = Xk'fi 2 ”" k ' -r - 

The integral (3) may then be written as 


J 


e 2iri(k'+i7-k)-r Xk *| 


- grad xw ~~ ^27r(n + k')xk' 


dr. 


(4) 


(5) 


( 6 ) 


The quantity 

/ = Xk*j^ grad Xk' — h2ir(n +.k')xk'j 
has the periodicity of the unit cell, so that (5) may be written in the form 

^ e 2*i (k' -\-it — k) Ti £ e 2Ti(k' + v - k) ■ (r - u)j ^ r . (7 ) 


where the integral x extends over the ith unit cell of the lattice and T t - is 


a vector extending from a corner of this 
cell to the origin of coordinates. Since 
each integral in the sum (7) is the same, 
this series is 

^^ e 2iri(k'-H— k)-r< (8) 

r» 


where 


A = J 0 e2vi ( k " + 77 “ k > T fdr 0 

in which the integral extends over the 
unit cell at the origin. Now, (8) vanishes 
unless 

k' + n - k = K (9) 



Fig. 33. — Diagram showing the al- 
lowed transitions in the reduced-zone 
scheme. 


where K is a principal vector in the inverse lattice. Hence, transitions 
are allowed only between one-electron states the wave-number vectors 
of which satisfy the relation (9). The wave length of a light quantum 
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ordinarily is large compared with the wave lengths of an electrc of 
comparable energy. Hence, n is usually much smaller than k < k' 
and may be neglected. Equation (9) then simplifies to 

k' = k + K, 

which states that electrons may make only vertical transitions ir: ie 
reduced-zone scheme (c/. Fig. 33). 



CHAPTER IX 

APPRO XIMATIONAL METHODS 


72. Introduction. — One of the most useful methods for obtaining 
approximate solutions of the Schrodinger equation for solids will be 
discussed briefly in this chapter. This discussion is supplementary to 
that of Chap. VI, for the one-electron schemes described there form the 
basis for the method described here. This method begins by replacing 
Foek’s equations, which usually cannot be separated into one-variable 
equations, by central field equations that are separable. When accurate 
one-electron functions have been derived in this way, they are used to 
compute coulomb and exchange energies. Following this, an attempt is 
made to estimate the correlation effect and correlation energy. It is 
difficult to treat these quantities either accurately or concisely; however, 
they have been handled in a few special cases that will be discussed near 
the end of the chapter. 

73. The Cellular Method. — The primary requirement of a practical 
plan for solving Fock’s equations is that it should replace them by accurate 
separable equations. Hartree’s procedure in the case of free atoms (c/. 
Chap. VI) is a good illustrative example of such a plan. Hartree’s 
equations are not separable when they are applied to an electron con- 
figuration that involves an incompletely filled shell of p or d electrons. 
If the nonspherical part of the coulomb potential of p or d electrons is 
dropped, however, the equations become separable and may be solved by 
the methods used for ordinary differential equations. The error made 
in dropping the nonspherical terms lies within the limits of natural 
error of the Hartree field method and may be conveniently corrected by 
perturbation methods. 

A similar procedure is possible in solids. 1 Let us restrict the discus- 
sion, for the present, to the case of Hartree’s equations and overlook the 
exchange terms. These equations are 

-^W’k(ri) + [V(ri) 4- 2 e 2 f ^ k 'r ^ ''~ ^ r 2 ]^ k ( r ^ = 

k' 

where 7(ri) is the total ion-core potential and the sum in the second term 
extends over all electrons except the kth. The wave function near the 

1 E. Wigner and F. Seitz. Phys. Rev., 43, 804 (1933); 46, 509 (1934). 
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nucleus of any atom is determined by the ion-core field of this ato 
this field becomes very large compared with the other potential te 
(1). In simple solids in which the ion cores are closed shells, thi 
is spherically symmetrical. The potential arising from other p< 
the lattice is comparable with that of the ion core of this atom 
tances from the nucleus that are of the same order as interatomic < 
sions. If the crystal has a high degree of rotational symmetry r 
to the nucleus, the potential of the rest of the lattice is nearly sphe 
symmetrical. Thus, it may be expected that there is a large c 
about each nucleus in which the field may be replaced by a sphe 
symmetrical one. This principle may be used in a wide range of 
although it is less accurate in crystals having low symmetry than b 
lattices, such as the alkali metals and alkali halides. 

The preceding observation on the symmetry of the field in the 
borhood of each nucleus suggests that the lattice should be part 
into a set of space-filling polyhedra, which are centered about each 
nuclei, and that the field may be chosen to be centrally symn 
within each of these polyhedra. Within each polyhedron, Hi 
equations may then be replaced by the equation 

+ v(r)+ = ^ 


where V(r ) is the approximate spherically symmetrical field, 
tions of (2) in spherical polar coordinates have the form 


* = 



T1 


where fi(r,e) is a radial function that satisfies the radial equation 


W_d*f , 
2m dr 4 



, h* IQ + 1) L 

"** 2m r 4 j 


4 


and Q l m (9,ip) is a surface harmonic 

Bloch, functions may be constructed from functions of the type 
forming series of those which are associated with the same val 
The coefficients in these series may be determined from app 
boundary conditions which we shall discuss below. This procedu 
the basis of the cellular method. 

The manner in which cells are chosen depends upon the la 
which computations are being made. For monatomic crystals i 
all atoms are translationally equivalent, the most convenien* 
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chosen by taking the polyhedron whose plane faces bisect orthogonally 
the lines joining an atom with its nearest neighbors. Figures 1 and 2 
show cells of this type for monatomic face-centered and body-centered 
cubic lattices. The cell may be chosen in the same way when more than 
one atom is present in the unit cell if they are equivalent, as in diamond 
or in closed-packed hexagonal crystals. Figures 3 and 4 show this type 
of cell for the crystals that were just mentioned. If the atoms in the unit 
cell are not equivalent, as in sodium chloride, the cells may not be chosen 



hedron for a monatomic face- 
centered cubic lattice. 



Fig. 2. — The cellular poly- 
hedron for a monatomic body- 
centered cubic lattice. 




Fig. 3. — The cellular poly- 
hedron for diamond. 


Fig. 4. — The cellular 
polyhedron for a close- 
packed hexagonal lattice. 


on the basis of symmetry alone. Each case of this type can be handled 
in many ways. 

As we mentioned above, within any cell, the Bloch function ^k, 
associated with the energy e and wave number k, may be expressed 1 
in terms of a series of the type 


^k(r) = ^bk ! ' ro / ; (r,e(k))©* 1 (e,^). 

1 Wigner and Seitz, op. dt.; J. C. Slater, Phys. Rev., 46, 794 (1934). 
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The important practical problem associated with this senes is tl 
determining the b from the boundary conditions which the Bloch 
tions must satisfy. These conditions are the following: (a) M 
first derivative must be continuous at the boundary points be 
neighboring polyhedra, and (b) fa must satisfy the relation 

Mr + *) - 

where * is a translation vector of the lattice. It turns out that 
conditions can be satisfied only for discrete values of e for a given 
number vector k. The permissible solutions furnish us the c 
relationship between e and k. It may easily be seen that the boi 
conditions need be satisfied only for points within a single unit c 
the form of the function at any point outside this cell is connecte 
a value inside by Eq. (7). Let us suppose that condition a ha 
satisfied at all the interfaces between polyhedra m a given unit c 
deSdtion, the vectors that join opposite faces of the remaining 
are primitive translations of the lattice, since these faces consti 
boundary of the unit cell. Moreover, the points on the faces 
only ones in the unit cell to which the condition (7) can apply. 

It has not been feasible in any of the work that has been 
through up to the present time to satisfy conditions a and b at al 
of the surfaces of the polyhedra. Instead, all but a finite numbe 
terms in the series (6) are discarded, and boundary conditions a: 
fied at just enough points to determine the coefficients of a 1 Hits. 
The only justification for this procedure lies in the belief that the s 
should converge rapidly for small values of k, since then the wav 
of the Bloch function is large compared with the dimensions o 
Results that have been derived by using this method will be p. 

in the following chapters. r 

Shockley 1 made an extensive test of the cellular method m < 

which exact solutions are known, namely, in which V (r) is 
found that when a small number of boundary points is used the 
mation is satisfactory for zones which normally are occupied bu 
usually is very bad for excited states. 

Several improvements 2 on the cellular method have been ] 
since Shockley’s work; but only one of these, namely, the m 
Herring and Hill, has been applied to practical problems. 1 hesc 
assumed that the fa functions at a given point on the zone 
expressed as a finite sum of free-electron functions of the type 

1 W. Shockley, Phys. Rev., 52, 866 (1937). 

5 j. c. Slatee, Phys. Rev., 61, 846 (1937); G. Wanniek, Phys. Rev., 63, f 
C. 0. Herring and A. G. Hill, Phys . Rev. (to appear). 
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n 

^ a,i k e 2Hki - r (8) 

*■=1 

in which the constants a t * and k. were chosen by use of group theory. 
The matrix components of the crystalline potential that connect approxi- 
mate wave functions of the type (8) at the corresponding points in 
several zones were then computed, and the resulting matrix was diagonal- 
ized. In this way, approximate values of e(k) for the boundary points 
were obtained. This method, which was applied by Herring and Hill 
to beryllium (c/. Sec. 81), evidently is a special case of the perturbation 
method described in Sec. 61, the functions (8) being the appropriate 
linear combinations in the zero-order approximation. 

74. The Hartree Field.— In order to determine a self-consistent 
Hartree field within each of the polyhedra in the cellular approximation, 
it is necessary , first of all, to adopt a starting field or charge distribution 
from which wave functions may be computed. This field may be chosen 
in many ways. For example, when one is dealing with a monatomic 
solid, the ion-core field plus the field arising from a uniform distribution 
of valence electrons may be used. In any case, the starting potential 
Vi and the starting charge distribution Pl are related by the equation 

™ - Jt^- 0) 

Bloch functions fa may be constructed from the starting field by use 
of the method described in Sec. 73, which combines the solutions of the 
equation 

*2 

~2m A ^ + y i( r )>/' = ^ (2) 

where F? is the spherically symmetric part of (1) in a given polyhedron. 
A new electronic charge distribution, e^\fa(i)\ 2 , where k is summed over 

k 

all occupied levels, is determined by these fa, and a new Hartree field 
Vn(Tj = e’J -dr, + F c (r:) (3) 

may be determined from this distribution. In (3), F„(ri) is the total 
potential from the rigid ion cores j^that is, 

F c (ri) = ( 4 ) 

i,a 

where v iia (ri) is the potential at ri that arises from the core of the ath 
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atom in the ith unit cell. The entire potential (3) may be writt 
form of a lattice sum, such as the sum in Eq. (4), by expressing 
term of (3) in the form 



where Pl > is the value of ^e 2 ^ 2 within the ath polyhedron < 

Is 

unit cell. 

Usually, 7xi (r) will not be spherically symmetrical within a po. 
since it may contain all surface harmonics that are compatible 
symmetry of the polyhedron. Hence, the closest agreement ths 
expected, is that 7? and the spherically symmetric part of 7 n : 
identical. This will not be the case, unless by fortunate chance, 
it usually is necessary to choose a new field 7m as the startini 
another computation. There are no general rules for choosii 
such a way tha t the field 7xv, which is derived from its wave 
in the way in which Vn was derived from the solutions for T 
closer to 7m than 7u was to Vi. The convergence is often 
monatomic lattice of equivalent atoms if 7 m is taken as the m 
and 7xi, but this scheme does not work very well in solids tht 
two or more different kinds of atom. The factors that govern 
of convergence have not been investigated in any general way. 

The final wave functions that are derived from a self- 
Hartree field may differ appreciably from the solutions of Fo> 
tions, for exchange terms are neglected in Hartrec’s equations 
tunately, the exchange terms usually cannot be included i 
adding one-electron potential terms (c/. Chap. 71). There f 
cases, however, in which they may be included very simply 
discuss these in the next section. 

75. Exchange Terms*. — There are two cases in which the 
terms have been handled rigorously, namely, the cases of perfe< 
electrons and perfectly free electrons. In the first case, the at 1 
far apart that the electronic wave functions of separate atoi 
overlap appreciably; in the second, the potential field in whiu 
trons move is so nearly constant that the one-clcctron function 
form e 2,rilt ' r . We shall discuss these two cases in detail. 

a. Rigidly Bound Electrons ( Narrow Bands ). — Atoms and 
they are far apart affect only the electrostatic field in their ow 
Hence, in this case, the atomic or Heitler-London approxima 
most accurate of the one-electron approximational methods, ant 
approximation is as accurate only when it is identical with tl 
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London method. We saw in Chap. VIII that the two schemes are 
equivalent when there are completely closed shells if determinantal 
eigenfunctions are used. Let us consider the way in which this equiva- 
lence appears in Fock’s equations for the two systems. For simplicity, we 
shall deal with a monatomic lattice of atoms whose valence electrons form 
closed shells of the $ 2 type. We shall let ^(r — r(n)) represent the 
Heitler-London wave function of the electron that is centered about the 
nucleus at the position r (n ) . Fock’s equation for t£(r - r(n)) has the form 

- r(»)) + jvXri - r(n)) + 

j >( f 2 ~ r (n))|2 ^ T2 |^( r _ r (»)) = eKu - r (n)) (1) 

where F(ri - r(n)) is the ion-core field of the atom at r(n) and the integral 
is the coulomb potential of the other electron on this atom. Exchange 
integrals do not occur because, by assumption, electrons on the same 
atoms have opposite spin and those on different atoms do not overlap 
appreciably. Outside a given atom, the coulomb field of the electrons 
cancels the ion-core field; hence, there are no coulomb terms between 
diff erent atoms. Since exchange terms are absent, Hartree's and 
Fock’s equations are identical in this particular case. 

Now, let us consider Hartree’s and Fock’s equations in the Bloch 
approximation. As long as the closed shells do not overlap, we should 
be able to write the Bloch functions in the form 


Mr) = ^7^2 e2 ’ r<k ' r<r ‘ )| ^ r “ r W) 

n 


( 2 ) 


where k is the wave-number vector, \f/( r — r(n)) is the normalized one- 
electron function that is centered about the atom at r(n), and N is the 
total number of atoms in the lattice. In a filled zone, each value of k is 
associated with a pair of electrons having opposite spin. In the following 
paragraphs of this section, summations over 2k will imply summation 
over both types of states associated with the N values of k in a zone. 

Hartree’s equations for the fa are 


+ 2 ' f liE ^ + - * 

2k' J n 


( 3 ) 


where ^ extends over all pairs of electrons in the zone, except one of the 

s? 

pairs having wave number k, and v n (ici) is the ion-core field of the atom at 
r(n). The potential 



336 THE MODERN THEORY OF SOLIDS iap. IX 

C« 

arising from a single electron, is negligible at any point in the tice as 

long as the crystal contains a large number of atoms. He it is 

immaterial whether the sum in (3) extends over all electrons o 11 elec- 
trons except one and the primes may be deleted. Using (2), w ave 

^l^kWI 2 = ^^6 27rik, f r ^)- r ^^(r — r(7i))^*(r — r (m)] (S) 

2k 2k n.TJi 

The terms for which r(n) differs from r (m) vanish because the do not 
overlap. Thus, 

SlvhcWI 2 = ^(r _ r(n)) |! (6) 

2k n 

where the factor 2 appears because of spin. Outside the with . m, the 
potential arising from the term 2|^(r — r(?n))| 2 in (6) and th >n-core 

field v n (r) cancel one another. Hence, only the term in (6), ari g from 

|<Kr — r(n))| 2 , need be considered in the vicinity of the nth atoi for the 
other terms are canceled by the ion-core terms. Thus, nea: tie nth 
atom, (3) reduces to 

~ r< ^ + { 2 + ^(roj^Oj. - )) = 

e>KTi - r ). (7) 

This equation is not the same as Eq. (1), because of the facto which 
appears in the coulomb integral. It is easy to trace this spurio screen- 
ing term to the fact that the electrons are completely uncorrela . in the 
total wave function on which Hartree’s equations are based 1 Chap. 
YI). In the Hartree approximation of Bloch’s scheme, the p ability 
of an electron being at a given atom is determined only by th .verage 
charge distribution 2|^| 2 of other electrons on the atom. itually. 
other electrons tend to stay away from this atom when the give: lectron 
is there both because of the electron repulsion and because of c lange. 

Let us consider next the Fock approximation. In this case, 3 have, 
in addition to the terms on the left-hand side of (3), the exchan terms 

( 8 , 

|| spin 

where the sum extends only over electrons of one kind of spin. tis sum 
need not he primed if the prime is dropped in (3), since the i itional 
terms just cancel one another. Using (2) once again, we find 1 t (8) is 
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Sue. 75] 


equal to 


-Fa2{2 e2T,l£ '- r(n) ^ (ri “ r(n)) } 

k' n 

{2/ 


e 2xi(k-k , )-rCm)|^( r2 . 

ri2 


r(m))l 2 rfr 2 \ 


r 


(9) 


The cross terms in the second factor of the sum have been dropped 
because the \p on different atoms do not overlap. This equation, in turn, 
may be written in the form 


— e 27Tik / .[r(n) — r(m)Ig2Wk-r(m)^( ri _ r (n)) - r ^ -^rfr 2 . (10) 

n,m k' 


Thesum^e lV *£ r(n) “ r(w)1 is equal to JV6« |in , however, fork' is summed over 

k' 

the points of a zone. Hence, (8) reduces to 

--£12 - t(n» j > (r ‘ ~ til) 

Yl 

Thus, Fock’s equation for \p(h — r(n )) is 

- J-A^(ri - r(n)) + {e 2 f -r ivCroWi - r(n)) = 

2m v %/ ^ 12 * 

eiKfi - r(n)), 


which is identical with (1). Thus, the exchange integrals remove a 
part of the spurious screening that occurs in Hartree s equations (7). 
This fact shows, however, that we cannot expect exchange to compensate 
for all the inadequacies of Hartree’s scheme, even in the simple example 
discussed above. The exchange correlation affects only electrons with 
parallel spin and does not alter the spurious screening of electrons with 
antiparallel spin. The remaining defect may be corrected only by 
solving the many-body problem by a method that is more accurate 
than the one-electron approximation. 

Let us consider an example in which the atoms do not have closed 
shells and the zones are not completely filled. We cannot expect the 
Heitler-London and Bloch schemes to lead to identical results in this 
case, but we can examine the relative merits of the two. We shall 
assume that the atoms have a single valence electron outside the closed 
shells and shall designate the ion-core field for this electron by V(r). 
The equation for the Heitler-London function associated with the atom 
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at r (n) is 
h 2 

~2 ~ t(ji ^ + 7 ( r ~ *(»))*(r - r (»)) = <^(r - r (»)) 12) 

as long as the atoms do not overlap. Under these conditions, the tal 
energy of the lattice, relative to a system of N ionized atoms Ve 
and is independent of the assignment of spins to the electrons. his 
solution evidently is as accurate as the ion-core field. 

In the Bloch approximation, the wave functions have the for (2) 

and the k may be assigned spins in many different ways. The k ige 

over an entire zone if the spins are parallel, for example, but many rer 
arrangements are possible. The total wave function is a single er- 

minant in two cases, namely, the states of highest multiplicity, in .ch 

a 1 spins are parallel, and the state of zero multiplicity, in whi all 

form ^ Paire<3 ' In b ° th these cases > Hartree’s equations hav he 

ft 2 ( 

~2wN /( ' Tl ~ r(w)) + ~ r(»)) + 

* 2 J~ ~ - r(n)) = #( ri - r (»)), 3) 

which differs from (12) by spurious screening terms. The excl ge 
erms of Fock s equations remove this term in the case in whic ill 
pns are parallel for then the k range over an entire zone anc lie 
exchange term is identical with (8). On the other hand, if the spir re 

ll^[cf R Eq n (Q)] ^ half ° f a Z ° ne iS Med ’ the exchan S e ten or 

~p2{2 e2 " V - r(B V(rx - tM - r (m))| ,) 

n 771 

where V is summed over half a zone. This may be rewritten in the m 
"S2^ V '' rW ' rWletatrW *(ii - r(n)) f te ~ j, 

n,m k' 12 

[c/. Eq. (10)]. The summation 

^ e 2Tik'-[r(n)-r(m)] 

assumeTn 1 10 ^ d ° eS n0t range ° V6r an entire zone - 1 re 

neSl.T Ver ’^ at the f° mS are 80 far a P art tha * summati. is 
negligible when r(n) =* r(m), (13) reduces to (2V/2 !)§„,„. Hence, in is 
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case, Fock’s equation for in the Bloch scheme is 

- r (»)) + {v + 1* j > (r * - r(n)) = 

ei'iti - r(n)). (14) 

The exchange term cancels only half the spurious screening term. This 
fact shows that the Bloch scheme may be very inaccurate 1 for some states 
when the bands are very narrow. Thus, the energy of the lattice in the 
Bloch approximation is 

N% (VCrQIVfa)]^ (15) 

4 J r i 2 

highP.r than the energy in the Heitler-London approximation when spins 
are paired. The integral (15) is equal to 

_3_ £ 

32 an 

or about 2.9 ev, for hydrogenic Is functions. 

As the atoms are brought nearer and nearer, the terms in (13) foi 
t(yi) x(wi) m ay be neglected no longer and the exchange terms reduce 
part of the screening effect of electrons on different atoms. This type of 
correlation effect does not occur in the Heitler-London scheme. Thus, a 
part of the advantage of the Heitler-London scheme over the Bloch 
scheme begins to disappear as atoms begin to overlap. It is for this 
reason, among others, that the Bloch scheme may be used in competition 
with the Heitler-London scheme in the computation of binding energies of 
actual solids. 

b. Perfectly Free Electrons — As a working model for discussing the case 
of perfectly free electrons, we shall consider a system of N electrons in 
a box that contains a uniform positive charge distribution of total 
magnitude Ne. The positive charge compensates for the over-all repulsion 
of the electrons and makes the system stable. The exchange terms for 
this system have not been treated in the Heitler-London approximation. 
Although this solution probably would be very poor kinematically because 
the metallic properties of the model are not apparent in the Heitler-London 
approximation ( cf . Sec. 66, Chap. VIII), the cohesive energy probably 
would compare favorably with that derived on the basis of the Bloch 
approximation. 

Since the positive-ion distribution is uniform in our model, the Bloch 
functions have the free wave form 

1 Caution must be used in applying Bloch functions to discussions of ferromag- 
netism; for, as we see here, the Bloch approximation gives a spurious ferromagnetism 
in a case in which states of all spin actually have the same energy. 
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K’h.-i X 


Pi = 


Vv 


y?2Tik*r 


where V is the volume of the crystal. Let us assume that all the 1c 
electronic levels are doubly occupied. The value, k„, of k at the top c 
filled region is given by 1 


6 ) 


st 

le 



and the exchange term in the equation for ftk is 




g27ri(k — k')*r2 


r 12 


dr2 


which is identical with 


o 


0 






r 12 


~dr>. 


T , his „ m * e . gral 1S ^Pendent of n and may be evaluated by direct m 
ods. The result is that (19) reduces to 


-ci 


g2irzk.ri 


where 


Vv 


— G^ko^2 + 


0.306- 

r a 


fc 0 2 - k 2 
k Q k 

2 + 1(1 

a 


log 


k + ki 


I k fc() 

a 2 ) log 




in which a - k/k 0 and r, is defined by the equation 


1 + a 
1 ~ a\ 


( > 


*V _ V 

3 * “ F 

Hence, (19) is equal to a constant times ^ k , or 

A\f/^ = —Cicft k r 

t - the Dirac “■»- — • 2 
^prssr , we < « ssr?." •*-* ^ *. 

exchange energy is thls energy directI y- 3 The to 

26 ’ als0, Seo - 49 ' 

Rev., 49, 653 (ImST ^ Cambridge Phil ' So °-> 26, 376 (1930); J. Bahdeen, Ph 
* Wignbe and Seitz, op. cit. 
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k,k' 

J* e 2ir, ' (k ' - k) - (ri_ ri) p t pj.'(ik'dkdTi(ir 2 


( 22 ) 


where p* = F is the density of points in k space and the summation has 
been replaced by an integration. This replacement is allowable for 



Fig. 5.— The negative of the exchange energy for perfectly free electrons as a function of 
k/k Q . The energy units are e 2 /r a . 

ordinary-sized crystals since their states are very dense. Integrating over 
k and k', we find that (22) reduces to 

f (2irk a rn cos 2rr fait ~ sin Mean . = _ 4 reWk*. (23) 

J r i2 

fc 0 may be replaced by its value (17), and then the mean exchange energy 
per electron is found to be 

--£n 0 *3* (24) 

4r?r* 

where no is the number of electrons per unit volume. In terms of r«, (24) 
becomes 

-0.458 -• ( 24a ) 

r 8 

The implications of the exchange terms for perfectly free electrons were 
discussed in Sec. 49, Chap. VI. We saw there that the exchange terms 
have the effect of keeping electrons of antiparallel spin apart (c/. Fig. 2, 
Chap. VI). The absence of such correlational effects for electrons of 
antiparallel spin in the Fock-Bloch approximation constitutes a large 
source of error. The Heitler-London approximation will furnish some 
correlation between electrons of both kinds of spin by keeping them on 
separate atoms; but as we have seen in molecular problems, such as that of 
H 2 , this method of introducing correlations is not very accurate. Thus, it 
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seems reasonable to say that both one-electron schemes have comps 
errors when the electronic interactions are appreciable. We shall d 
the correlation terms for the Bloch scheme in the next section. 

76. Correlation Correction for Perfectly Free Electrons.— The 
C w eCti ° n fOT ' he Electron model in which the po 

wfJS / a !? 11 ; 3 T fonn has been investigated most thorough 
W gner. A part of this correction is the exchange energy 

- 0.458 -, 

r, 

^? A W Q a3d , erive , d f Sec ‘ 75 & Eq. 24a). We shall be interested 
paraUelsp“ from elect — of 

, h , Th n T p ;t cas f in which the total conation may be estimat 
m frw Wkch .. th f 1 elec J;° n density is so low that the electronic ki: 

gy is negligible. This is the case in which r, is very large 
electrons then will form the most stable lattice arrangement wl 

armntment Tt delUng ^ COmputations - is a body centered c 
arrangement. Its energy, relative to the energy of a perfectly unij 
negative charge distribution, is ^ 

P t 

-0.746 -• 

r. 

£ n ^ tLe co ^ elation correction to the Bloch-Fock scheme, whic 
the difference between (1) and (2), is 

p 2 

-0.288 - 

r, 

for low electron density. The expression that is valid for small va 
of r, should approach this asymptotically 

too ^involved^fn ^,. Wi ^\ er,s calculations for high electron density 
too involved for discussion in a book of this type. We shall ore< 
only a brief summary of his procedure and results. P 

zero 6 ^ ar ^ n ®’ approximation, in which the correlation term (3 
zero, the total electronic wave function may be taken in the form 

lUxi) \MvO UV N )\ 


(N/ 2)1 
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E. Wigner, Phys. Rev., 46, 1002 (1934); Trans . Faraday Soc. f 34, 678 (1938) 
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where the x refer to electrons of one spin, the y to electrons of opposite 
spin, the \p are free-electron wave functions, and N is the total number of 
electrons. This function does not satisfy the Pauli principle, but it has 
the same energy as though it did. Exchange effects, which are the 
principal consequence of the Pauli principle in the one-electron approxi- 
mation, are given correctly by (4) since all terms of given spin are con- 
tained in the same determinant. 

Wigner considers the following modified form of (4) 


• . • )V N ) • • • Vh • • • t Vn) 


Myi) • • • Mvn) 

■r y 2 


2 

P N (x i; yi - • • y N ) • - • P n ( x n> v* • • • Vn) 


i N (yi) ■ ■ ■ ^(2/ w) 

2 " 2 " 2 2 2 


T 2 2 


in order to obtain functions from which to construct a better total wave 
function. Here, the ^(yi) are the wave functions for free electrons. 
The yi, . . . , y n ) are to be determined by the condition that the 
mean energy of (5) should be a minimum. The \p are then used in a 
new total wave function from which a new total energy may be computed. 
This new total wave function evidently will not be a rigorous solution 
of the complete Schrodinger equation, but it is a closer approximation 
than the function based on (4). 

The correlation energy obtained by Wigner in this way is accurate 
only for high electron densities because of his approximate computational 
methods. He found that this result may be joined to (3) by the function 

°- 288g2 (6) 
r, + 5.W 

which he estimates is accurate to within 20 per cent. 

An expression similar to (20) in the preceding section that will give 
correlation energy as a function of k has not been developed. However, 
we may compute the correlation energy of the uppermost electron in the 
filled band. Suppose that a number of electrons are removed from the top 
of the band so that the total number is equal to N e instead of N , the 
total number in a neutral lattice. The correlation energy will change as 
a result, and the new value may be derived by taking into account the 
change in density, that is, by changing r 8 to the value (N/Isf 6 ) Hence, 
if the total correlation energy is expressed in the form 
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where, according to (6), g is 

g(r) = 

r + 5.1a* 

the correlation energy of the upper electrons is 

dE\ i 

Wj N ., N = ^ r «) - l9'{r,)r.. 

This expression may be used in considering energy changes duri 
process in which an electron is removed or added to a system, sue 
unng thermionic or photoelectric emission or when an electron ju 

from the conduction band to a vacant inner-shell level during X 
emission. 6 ^ 
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CHAPTER X 
THE COHESIVE ENERGY 


77. Introduction 1 *'. — The degree to which the computed energy of a 
system agrees with an accurate observed value is a measure of the 
accuracy of the wave functions that are used in the theoretical compu- 
tations, because of the variational theorem. For this reason, computa- 
tions of the cohesive energies of solids occupy an important position 
in the development of the theory of solids. The existing calculations 
deal with simple substances, such as the monovalent metals, the alkali, 
halides and hydrides, and rare gas solids, all of which will be discussed in 
this chapter under three headings: metals, ionic crystals, and molecular 
crystals. There have been no accurate computations that deal with 
valence crystals, such as diamond. 

Before beginning the detailed discussion of cases, we shall derive 
several useful equations. The cohesive energy of a solid is defined as the 
difference between the energy of the crystal in the normal, bound state, 
at absolute zero of temperature, and the energy of the isolated atoms or 
molecules of which it is composed. If the surface energy is neglected, 
the cohesive energy is proportional to the total number of atoms or 
molecules in the lattice and may be expressed conveniently in units of 
electron volts per molecule or in the thermochemist’s unit of kilogram-calo- 
ries per mol. This energy is equal to the actual heat of sublimation only 
when the substance evaporates into the atomic or molecular constituents to 
which the separated system is referred. 

. Let us derive an approximate expression for the cohesive energy in the 
general case in which there are v atoms per molecule and m molecules per 
unit cell of the crystal. Then, if = 1, • • - , v) is the energy of the 

j3th neutral atom and 'P is the complete electronic wave function for N 
unit cells of the crystal, the cohesive energy E c , relative to a system of 
separated atoms, is 

V 

E c = mN^EJ - fi,/ • • .ft) ..(U 

0 = 1 

where H is the complete Hamiltonian of the crystal and n is the total 
number of electrons. We shall develop this in the important case in 
which ^ is expressed in terms of the solutions of Fock’s or Hartree's 
equations. 
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W entL rfTe S Wh “L cl TS e h V, and e‘/ r „ la the intera 
potential of the /cth and Zth electrons. The last term in rn'i mo 

expressed as a sum of coulomb and exchange integrals of the type 
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mt 1C he e^ 6 C ° e ^ cien u ts ^pending upon the multiplicity of * A . We , 

but ^»ii nCerned !i! th tLe numerical values of these coefficients at pre 
but shall express the two sums in the form 

and -ijA/i. 

rigid cWdlhellfi 0118 ° f t ? 0S ' electrons on the /5th atom that belon 
rigid closed shells are practically unchanged in passing from the fre 

the bound state. We shall designate the terms inU? n d (4) 
involve only these g p electrons by the symbol ^ Similarly, the te 

that involve these electrons and the remaining \ - g 0 electrons on 
atom will be designated by and the terms that involve only 

ff»n—g 

ftp gp electrons outside closed shells will be designated by The f 

set of terms ^ is canceled by the similar term of Eq. (1) that appr 

fro ml STT f ° r ~ e ,0 “ eMrg7 of the "><i be drop] 
from consideration, The two other terms are 
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g Tiff 

^ — pTcpK-hfit 

g,n—g k^ll^gp 


2'-2M-s‘-^> + 

n — a h^o 


S («* w 

k,l=g 


(5) 


( 6 ) 


The first of these expressions is the energy of the interaction between the 
valence and closed-shell electrons; the second is the total energy of the 
valence electrons, minus this interaction. In the two cases in which 
the one-electron functions are solutions of either Hartree’s or Fock’s 
equations, namely, 

J5TW = 

ffV « (?) 


respectively, it may be verified readily that the sum of (5) and (6) reduces 
to 

n v np 

EAH) = ~ 

k°=g k,l = g 

n v np 

EJ(F) = X e AF) ~ * j ~ ^ Kkf) - (8) 

k = g k t l=*g 

Let us now designate the one-electron wave functions of the valence 
electrons in the crystal by <p it for which i ranges over values from 1 to n', 
where n' is the total number of valence electrons. We shall assume 
that the total wave function St r has unit multiplicity . The total energy 
of the crystal then is (c/. Chap. VI) 


E = JVfftfdr = 2 /*(*)[ + 7(ri)]«(ri)dn + 

t<“ 1 

Jk*M!kM! dTl2 _ + 

i,i - 1 


1V W 
2^1 r a » 

a,0 


+|2 ^+2*-* (9) 
ct.jS a,i 


in which the self-energy of the rigid ion cores is neglected. Here, V is 
the coulomb ion-core field, V a p is the exchange interaction between ion a 
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interaction between the closed-shell electrons and the valence electrons. 
In both lithium and sodium, it was found possible to construct a radial 
potential field i > c (r) having the property that the eigenvalues of the 
equation 

~ v °( r ^ = ^ C 1 ) 

closely reproduce the observed atomic-term values. From the stand- 
point of Fock’s equations, it is possible to say that in these cases the 
exchange interaction between core and valence electrons may be replaced 
by an or dinar y potential term. In lithium, for example, the best field 
that could be obtained by a trial-and-error method duplicated the atomic 
values to within a few tenths of a per cent. The field for sodium, which 
was derived by Prokofjew 1 for another purpose, leads to term values 
that agree with the observed ones to within about 1 per cent. Thus, 
the computed atomic 3s function has an energy of 0.381 Rydberg 
unit, whereas the observed value is 0.378. Gorin attempted to con- 
struct a similar field for potassium, but he found that this could not be 
done with sufficient accuracy. Presumably, in this case the exchange 
terms cannot be replaced even approximately by ordinary potential 
terms. As a result, Gorin used a Hartree ion-core field and evaluated 
the ex chang e integrals between the valence and core electrons by direct 
methods. The ionization potential that he obtained in this way is 
0.2934 Rydberg unit, which should be compared with the measured value 
of 0.3190 Rydberg unit. 

b. Application of the Cellular Approximation . — All the alkali metals 
form body-centered cubic lattices for which the polyhedron that should 
be used in the cellular approximation is the truncated octahedron shown 
in Fig. 2, Chap. IX. It may be assumed, for simplicity, that these 
polyhedra can be replaced by spheres of equal volume. The error that 
is made in doing so can be shown to be negligible and will be discussed 
below. Since each of the spheres is electrostatically neutral, the coulomb 
potential in a given cell that arises from any other cell is zero. Hence, 
all that is necessary is to consider the coulomb field arising from the charge 
in a given cell in the sphere approximation. For this reason, we shall 
restrict the following discussion to a single sphere. 

When deriving the electronic wave function within a sphere, we may 
neglect the potential of the valence-electron distribution in the first 
approximation. This procedure is permissible because the electronic 
charge distribution turns out to be very nearly constant and its potential 
is a slowly varying function that may be included readily by perturbation 
methods in a later approximation. 

1 W. Prokofjew, Z. Physik, 58, 255 (1929). 
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Thus, the first problem to be solved in determining electronic 
functions is that of finding solutions of Eq. (1) that satisfy hour 
conditions implied by the Bloch form y 

tit = Xke 2x *' r 

(cf. Chap. VIII). We may expect the lowest eigenfunction to be or 
which k is zero and which has cubic symmetry relative to any nut 
e lowest order surface harmonics that possess this symmetry ; 
and g functions of the type * 

s = 1 

9 " v{ ^ + V v + - |(* 4 + y* + *4) J. 

Hence, f 0 should have approximately the form 

to = f.(r ) + gf a (r) 


[Ci X 


or 


to = f,(r) with = 0 

to = gf„(r,) with /'(r t ) = 0. 
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2 ) 

or 

s. 
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where/, and/ are radial functions. The equations for continuity o e 
norma! gradient of * at the points (100) and (111) on the sphere ofra s 

- if'ir.) = 0 , 

+ i = 0, j 

where r. is the radius of the sphere and the prime indicates differentia i 
with respect tor. The solutions of (5) are either 


Since an s function should have lower energy than a a function t 
satasfies the same boundary conditions, we should use the first of tl 
conditions for the lowest state. If the actual polyhedron were u 

v“Sfof f r a SP e ; T\° f the tW0 equations («) ™>uld involve differ 
values of r„ one of which would be the distance from the center of 

ofwhich 011 l °u P 01 ^ 0n , the surface ™ the (100) direction, and the ot 
l would be the Stance to a point in the (111) direction 
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wi< ?“ * he ,[,iere taction wh 

wticW.- k « 7c“‘ “r? 8 taction when the lattice is expanded a 
wh,A eahsfles the condition «r.) - 0. A relative scale plot o( t 

. v * e ° f '■ «on-eeponding to the actual lattice const. 

.. shown m Fig. 1 lor sodium. The energy of it. as a function of 
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„(r 1 is shorn, to Fig. 2 tor the three alkali metals. The full curve tor 
potassium includes the erctamge interaction between ^ 

closed-shell electrons. These energy curves resemble very closely 
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x<p v (r) } y<fv{r)> z<p»(r), C 12 ) 

where <p v (r) is a radial function. In each of these three cases, the matrix 
components are, respectively, 

k x j^<pv(r)\[/' 0 (r)dT, ky ^^(p^odr, k z j— 2 <pvt'adT. (13) 

Since the integrals in these terms are equal, Eqs. (9) and (10) may be 
written in the form 




€Q 


h 2 .'^i 

Xk = h — — • 


Tip 


4t [ippp^dr 
3 €q G. 


(14) 

(15) 


The p functions that are satisfactory solutions of (1) in the sphere 
approximation are those which satisfy the boundary condition <p v (r s ) = 0. 
This fact may be proved by setting up equations similar to (5). When 
these p functions have been computed, both e'(k) and \ /'t may be deter- 
mined by evaluating the integrals in (14) and (15). It is not evident 
from what has been said that the higher order perturbation terms are 
negligible, but a practical examination of these for all three metals 
shows that they actually are so for values of k in the first zone that aie 
not too near the zone boundary. 

It is worth noting that, in the approximation in which Eq. (14) is 
valid, «(k) may be written as 


-» + 


where 1 


i_ = i( i + 

m* m\ 


h?" 


\ 32tt 2 | \ _ 

il 9 co — c» / 


(16) 


(17) 


Similarly, ipv. may be expressed in the form 

i// k = e 2rik ' r (f,(r) -f 2«k • r/ p (r)) (18) 

1 We shall see in Chap. XVII that' the terms in the coefficient of 1/m in Eq. (17) 
are related to the/ factors of radiation theory. 
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Sommerfeld theory. The radius k 0 of the occupied sphere of points in k 
space is given by the relation 



( 20 ) 


where V is the volume of the crystal, N is the total number of electrons, 
and the 2 in the denominator of the right-hand side arises from spin 
degeneracy. The mean value of 


A 2 

2m *' 


k 2 


( 21 ) 


for these electrons will be called the mean Fermi energy in the following 
discussion, since it corresponds to the mean kinetic energy l that the 
electrons would possess if they were distributed according to Fermi-Dirac 
statistics. Actually, (21) is a combination of kinetic and potential 
energy so that the mean value of this quantity is not the mean value of 
—h 2 A/2m. The mean Fermi energy is easily found to be 



where n 0 = N/V is the number of electrons per unit volume. This is 
identical with the expression for l that was derived in Sec. 26, Chap. IV. 
Since n 0 = l/(47rr 2 /3), Eq. (22) is 

- A W 9 V 1 = mi 

** ~ 10 m*\32x 2 / r» r* a h \m*/ K ’ 

Values of this energy are listed in Table LIII. 

It is interesting to note that the quantity 

— (eo + €? + 6/) , (24) 


where ej is the negative of the atomic energy, that is, the ionization 
energy, agrees closely with the cohesive energies in the cases of lithium and 
sodium. In the first case, (24) is 39 kg cal/mol, and the observed value is 
also 39; in the second case, (24) is 24.4 kg cal/mol, and the observed 
value is 26. These computed values are given for the observed values of 
r« at which (24) actually does have a minimum. The agreement is not 
so close in the case of potassium, which we shall discuss separately below. 

In taking (24) to be the cohesive energy per atom, it is effectively 
assumed that the field acting upon an electron is essentially that of the 
ion core in the polyhedron in which the electron is momentarily found. 
Thus, it is assumed that no more than one electron can be in a given cell 
at one time, The agreement between (24) and the observed cohesive 
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energies in the cases of lithium and sodium suggests that on the av< 
the electrons actually do avoid one another in this way. 

The cohesive energy of potassium, computed from Eq. (24), is 
cal/mol, whereas the observed value is 22.6. This discrepancy is 
prising at first, for we might expect the properties of the alkali mein 
vary continuously as we pass down the periodic chart front lithiu; 
cesium. Gorin believes that the error in potassium is related to 1 
in the Hartree field on which the computations are based, for this 
does not reproduce the atomic energy levels with the same nceurae 
the fields used for lithium and sodium (c/. part a of this seel ion) ■ 
when exchange terms are included. Thus, the error in the lowest ! 
of the atom is 0.735 ev without exchange and 0.347 ev with exchanji 

Since the exchange terms are larger in the solid than in the free al 
because the center of gravity is nearer the nucleus in the solid, it st 


Table LIII. Valves of e 0 + n and tr for the Alkali Metals 
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(0.388 + 0.347) _ 1 RQ 
0.388 im 

The correction induced by this is listed in Table LIV and increases the 
binding energy, as computed by Eq. (24), to about 14.5 kg cal/mol for the 


Table LIV— Corrected Values of e 0 + e/ for Potassium Obtained by Increas- 
ing Closed-shell Valence-electron Exchange by a Factor 1.89 
(ej — 4.333 ev = 99.7 kg cal/mol) 



eo + «/ I 

€F 

— (eo + e/ + 

Observed cohe- 
sive energy 

4.82 




22.6 

5.06 

-51.5 

42.5 

9.0 


5.34 

-48.1 

34.5 

13.6 


5.47 

-46.2 

31.9 

14.3 



point r 8 = 5.4 where the total energy is a minimum. The agreement 
between the observed and calculated energies is now comparable with 
that found above for lithium and 
sodium. The value of the lattice 
parameter at which the minimum 
occurs is much too large, however, 
a fact showing that the corrections 
of Table LIV are not adequate for 
small interatomic distances. 

c. The Influence of Coulomb 
Terms . — We shall now proceed to 
correct the equations in part b by 
considering the effects of the 
coulomb term 

2,. (25) 

k 

We could evaluate this term, using 
the wave function (9), and deter- 
mine a new set of functions to replace (9) by placing the result in Eq. (1). 
The new solutions then could be employed in a reiteration of this pro- 
cedure and the process repeated until a self-consistent set of functions is 
found. Actually, the change in the wave functions is negligibly small 
at the end of the first step in this procedure. The charge distribution 

w 2 = 

k 


2 



Fig. 3. — The charge distribution in the 
unit sphere of lithium. The ordinates are 
expressed in units of ef*o o, where vq is the 
atomic volume. 


(26) 
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obtained from the functions (10), is shown in Fig. 3 for lithium \ 
r s = To. It should be noted that this function is practically cons 
over the major part of the unit sphere. This condition is satisfied i 
better in sodium and not quite so well in potassium. Since the poto 
that arises from a constant charge distribution turns out to hm 
negligible effect on the wave functions (10), as we shall see, we : 
conclude that the effect will also be negligible when (26) is used, 
electronic potential at a point r , arising from a spherical charge distr 
tion of constant density —e/vo where is the volume of the sphere, 


V(r) = 


3^ 

2r s 


1 eV 2 

2 r\ 


(r < r,). 


The constant term does not affect the wave function, and so wo ij 

consider only the term in rl The correction to arising from this t< 
is 
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where the obviously form the family of « functions that satisfy the c 
dition $ (r.) - 0. An upper limit to the value of the integrals J> k *r-d 
may be obtained by evaluating the quantity 
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By way of summary, it may be said that the solutions of (1) that are 
given by (2) and (11) in the sphere approximation also are solutions of 
Hartree’s equations for the lattice. 

d . The Influence of Exchange Terms . — It was demonstrated in Sec. 75, 
Chap. IX, that the exchange operator A is diagonal in the special case in 
which the eigenfunctions are free-electron waves e 2irik ' T . In this case, the 
solutions of Hartree’s and Fock^s equations are identical. Now, we 
saw in part c that the solutions of Hartree’s equations are very nearly 
free-electron waves for all three alkali metals under consideration. 
Hence, the exchange operator should be almost diagonal in these cases, 
and we may assume that the solutions of Fock’s equations are identical 
with (10). This fact is a very fortunate one, for unless it were true the 
problem of treating the alkali metals would involve many more difficulties. 

The influence on the exchange energy of the small p term in (18) may 
be estimated in the following way. For simplicity, we shall assume that 
i/'k has the form 

i/'k = e 2vik ‘ T (a + iy k • r) (29) 

where both a and y are constants. This is equivalent to assuming that 
f 9 and f p are constant. In this case, the quantity A • ^ k> where A is the 
exchange operator, is 



nk' • r 2 )(a + nk' • ri)(« + nk • rO.^ rfCk-kOT.+k'T.i^. 
|ri ~ r,| 


If we make the transformation r 3 = r 2 — ri, we may, 1 to terms in y~, 
change this to 


— p . 2 


e 2 (a + iyk • Ti)e‘ 


2Ttk-n "S^ J* i— 


+ iyk! • r 3 ) (a — iyk r * r 8 ) 


M 


g2xi(k — k') 'Xzdr 3 . 


Hence, the functions (18) are eigenfunctions of A to terms in y 2 . We 
shall find that the y 2 terms are very small when we discuss the value of the 
exchange energy in part e. 

e. The Energy in the One-electron Approximation . — We may now 
evaluate the energy of the crystal in the one-electron approximation. 
This energy is 

E = S**Hydr 


1 This approximation is equivalent to assuming that the wave functions have the 
form 
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where ¥ is the determinants eigenfunction, formed of the functions 
and 

U «,/ 3 

is the total Hamiltonian of the lattice. In Eq. (30), 

y i = 5^®«(l r < - r(ra)|) 

r 

where ».(|r 4 - r(«)|) is the potential at r ; arising from the ion at the j 

l r ^ d the la , St term 1S the intera °tion potential of the ions, 

latter has the same form as for point charges, for the ion cores are sc 
apart that they do not overlap appreciably. 1 
The mean value of the operator (30) is 


2 2 


2m 


-A + V^fadr + 4 


m 

k,k' 


'l^(ri)| t |^fc>(r,)[» 


7*12 


dr — 


r ^ k *(ri)^k'*(r 2 )»/-k(r2)^fr,l l^V 

tt 2 j ^ * + 5A 


where the sums over k and k' extend over the occupied values ol 

the U r^ft SP1 f ’ and the faCtOTS 2 ' 4 ’ and 2 in the first three te ™s g 
the results of spin summation. We may split the first integral i 

Integra s over each of the N cells of the lattice. Since the compon 

integrals must be the same for every cell, they are equal to 


Ar 2 2 /' fc *(-|; A + v)mt, 


(■ 


d“j“te^„ e r ti0 ° e:rtendS ^ «“• I ' rom we - 

nVn k 


■01 )d 

f te ^ s over nth cell. In the second ter 
c(l . ( )|) maybe replaced by -«*/|r - r(n')| since the field is couloml 

outside the n' th cell. Hence, if the fact that the distribution ^2|^ 

ta/S SJg’SZj f T' the 6XChange and ™ der Waals 

They are import ^ ^ 
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is spherically symmetric within a given cell is taken into account, (34) 
reduces to 


22/ feMWIr - *0I>* - 2' | f („) - rW T 

k n ' 

so that (33) may be replaced by 




since 


‘^-2 |r(n) — r(n')l 2-2 


1 2' < * 
a,/9 


(35) 


(36) 

(37) 


The coulomb term in (32) may be split into two parts, namely, one 
for which ri and r 2 lie in the same cell, and another in which they lie in 
different cells. In the sphere approximation, the second term is equal 
to the mutual potential of a set of point charges, that is, to 


rsnV 

i Tap 
Ct,(3 


(38) 


which cancels the last term in (36). 

Upon combining these results, we find that (32) reduces to 

_ 

k k,k /l 

e l f * ( r i) ^k ; * ( r 2) ^k (r 2) jv (r 1) 

j m 

k,k' 

Thus, the total energy differs from the sum of the energy parameters 
for all doubly occupied states by the self -potential of the charge distribu- 
tion in each of the polyhedra and the exchange energy of all electrons. 
That the self-potential and exchange terms would enter in just this way 
might easily have been predicted on the basis of the discussions of parts c 
and d . 

The self-energy of the charge distribution within a unit cell has been 
evaluated numerically for several values of r 8 in each of the three metals 
under discussion; the results are listed in Table LV. It should be noted 
that the actual energy is very close to 0.6e 2 /r s , which is the self-energy 
of a constant charge distribution, for the observed lattice constant in 
lithium and sodium. There is a considerable deviation, however, in 
the case of potassium, which probably is related to the errors in the 
potassium field that were discussed in part l. 
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Ti»ui LV.-CoiBimoN o, Covloio, iOT> teul>l E , 

ELKm»™ k» Fa™ El ,™ 8 „ r^cjTZZ ™ r. 


[Ci X 



J Coulomb 

Exchange 

| Actual 

0.6e 2 /r, 

Actual 

— 0.458« 

Li(r. « 3.21a*) 
Na(r. = 3.96a*) 

K(r, = 5 .06a*) 

114.8 

93.8 

82.2 

116.3 

94.4 

74.3 

-90.2 

-72.0 

-57.5 

—88.! 
-72. < 
-56. ( 


M 


AX# 


The exchange terms are complicated by the fact that fh» {„*• 
taota up into integrals over Jgie ^eS‘in^“S 

OSWth StiTpI to«9) h ° TM r ’ ^ r T“ Ci “ g “* »« 

g* one in the alkali metals, for/, is very ne^o^Ld 7^1 

f(-0.458l’- 1.06, 1.09,^-*) 

where , is the constant appearing in fc when it is expressed in the f. 

ST» ’dulT WI) “ * ,r “- d “ to " «" *— - the expmst 

— 0.458JV— , 

ssss.’as *\sr 75 ? 4 1384 <■ ae 

in Table LV ,T“ U6S of Quantity (40) app, 

that the exchange onSLT. J 7 “ very sm * 11 ' » »«* showi 
, r, ? ator 1S almost constant (c/. part d) 

/. Justification of the Sphere Approximation PUf ' “j. 
cohesive energy, we shall iustifv ,l v J oxinatwn -~- Before discussing t 
hedron surrounding each atom if ? a PP«>xiniation in which the pol 
that the expression for the total P ^ by a sphere ’ Jt will be shot 
that derived in nart f if tf 068 not differ appreciably frc 

are - at po * te “ 

K-wSi! 7m, *■* u 

y, u.4o8e /r tJ was denved by using fun 


;s 

e 

s 

a 
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tions which extend throughout the lattice. The terms in ij may be 
influenced slightly by the sphere approximation, but they are so small 
that this variation cannot be important. 

Next, let us discuss Eq. (32). V may be expressed rigorously in the 
form (31), so that we are interested in the sum 

2 2 JV(-^ A + »e(|r - r(7i)|))vMr (42) 

k 

where the integration now extends over the polyhedron. 

Although i/'k satisfies Eq. (1), we cannot set the sum (42) equal to 
22e k , for the normal gradient of ^ k is not continuous at the boundary 
of the polyhedron. In other words, since A^ k is singular at the boundary, 
it is necessary to determine the contribution to the integral that is 
associated with the singularity. It may be shown (see the papers on 
sodium, footnote 1, page 348) that the necessary addition to the energy is 


2 i +** grad +* ■ d * (43) 

k t T 

where the integrals extend over the surface of a polyhedron and the 
second sum extends over all cells in the lattice. This integral is less 
than 0.005 ev for and may be neglected. Since f p in (13) is small near 
the boundary, the integral is also negligible in other cases. 

The remaining terms in the expression for the total energy, namely, 


"22*1 |^k| 2 ^(|r - r(ra')|)rfr +• 
k nVn 

[2;£|^(ri)| 2 ][2;£|Mr 2 )l 2 ] 


*.*.+ 12 ^' <«> 


may be broken into two expressions, namely, one for the self -energy of 
the charge in a polyhedron, and one for the mutual interaction energy 
of the set of polyhedra. In order to do so, all that is necessary is to 
write the second term of (44) in the form 
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The first term is the sum of the self-energies of the electronic char ge - 
tnbution in each cell, and the second is the interaction energy of 3 
electromc charges in different cells. The sum of the second terr ! 

(45) and the first and last terms in (44) is the total electrostatic interac 1 

energy of the polyhedra. In the sphere approximation, this sum 3 
assumed to be zero, and (44) was evaluated by computing the , - 

energy of the charge in the sphere. S 

The electronic charge density in each of the three alkali meta! 5 
very nearly equal to e/v throughout all parts of the polyhedron, excer l 
the region S near the nucleus where the eigenfunctions have no . 

bmce the distribution is spherically symmetrical in this region , 
potential outside S is the same as though the polyhedron containe , 
positive point charge at its center and a uniform negative distributio) ' 

density e/v. Hence, except for the value of the self-energy of the e . 

tronic charge m S, (44) has the same value as for a lattice of posii 
point charges that contains a uniform distribution of negative cha: 

The self-energy of this lattice may be computed by the methods discus 
m Chap. II and is 

-0.8958- 

r, 

per ion. The interaction energy of the positive and negative charge i 

given polyhedron of this lattice, as determined by direct numeri 
calculation, is 

— 1.4939—* 

r. 

If we designate by Ae the difference between the self-energy of the act 
electromc charge distribution in the region S and the self-energy 0 
constant electronic distribution in the same region, (44) is equal to 

#(o.598^ + Ae) 

where N is the number of atoms. The result corresponding to (46) 
m the sphere approximation, 

n(q.6? + Ae) {4 

£? er !-« 6eVr ‘ 13 the seH - e ^ r gy °f a sphere of constant charge distributee 
The difference, namely, -N0.002e 2 /r s , is never more than 0.2 kg cal/ir 
and may be neglected. 

The close agreement between (46) and (47) is not a fortuitous coi 
cidence but rests upon the fact that the field outside a polyhedron actual 
is practically zero, as assumed in the sphere approximation. 
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g. Energy in the Fock Approximation . — The complete expression 
for the cohesive energy of the alkali metals in the one-electron approxi- 
mation is 


, yf , 1.105 e 2 , 0.598e 2 , A 0.458e 2 , 

w < « + -TT 5 + -IT- + Ae ” ~7T + - 


V 


■> 


(48) 


Table LYI. — Contributions to the Cohesive Energy op the Alkali Metals 
(The values for K contain the corrected values of eo + of Table LIV.) 


r * 

eo + €/ + 

Cou- 

lomb 

term 

Ex- 

change 

energy 

(40) 

Cohesive energy 
in Fock 
approximation 

Corre- 

lation 

energy 

Final 

cohe- 

sive 

energy 

Ob- 

served 

Li 

3.00 

—39.9 kg cal/mol 

124.6 

-95.1 

10.4 kg cal/mol 

-22.3 

32.7 


3.21 

-39.0 

114.8 

-90.2 

14.4 

-21.7 

36.1 

39.0 

3.32 

-38.8 

110.9 

-87.1 

14.0 

-21.5 

35.5 



Na 


3.80 

-23.9 

98.3 

-75.1 

0.7 

-20.3 

21.0 


3.96 

-24.4 

93.8 

-72.0 

2.6 

-19.9 

23.6 


4.12 

-24.3 

89.6 

-69.2 

3.9 

-19.6 

24.5 



K 


4.82 







22. e 

5.06 

- 9.0 

81.7 

-57.3 

-15.4 

-17.8 

2.4 


5.34 

-13.6 

69.7 

-54.1 

- 2.0 

-17.3 

15.3 


5.47 

-14.3 

67.6 

-52.5 

- 0.8 

-17.1 

16.3 



which includes only the principal term in the expression (4) for the 
exchange energy. This result is listed in Table LVI in the column 
headed “Cohesive energy in Fock approximation.” The minimum values 
of the cohesive energies and the corresponding values of the lattice 
constant appear in Table LVII. A striking feature of these results is 


Table LVII. — Comparison of Observed and Calculated Values op the Cohesive 
Energy and Lattice Constant in the Fock Approximation and Final 

Approximation 



Cube-edge distance, A 

Cohesive energy, kg cal/mol 


Observed 

Fock 

Final 

Observed 

Fock 

Final 

Li 

3.46 

3.50 


39 

14.6 

36.2 

Na 

4.25 

4.56 


26 

, 4.1 

24.5 

K 

5.20 

■ 5.86 


23 

- 0.7 

16.5 
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the faet that the cohesive energy determined by the one-electron apt 
mation is smaller than the observed value by about the amount 

wL7 ° m C ° nsideration of the a to^c and molecular , 

s for which correspondingly accurate solutions have been fc 
t seems reasonable to ascribe most of the error, which is about 1 e^ 
electron, to the neglect of correlations between electrons having opp 

for fiT ° ne ' eleCtr ° n wave functions are nearly the same as t 
r free electrons, we may use Wigner’s expression for the correk 
energy, which was discussed in Sec. 76, namely, 


[Cb X 


0.288 
r 9 + 5.1 a* 


e\ 


it 

> 

i. 

jr 

;e 


ei ™‘ “ U ” > ““ ‘ te “ “ Iu "“ 

°7 Ulati T f ° r Uthium P rob ably are the most significant s 

™ ofVt 6 m w a , C T ate - is not easy trace the source of 

sion (49^ for 7/“° ' ?? * pr ° bably arises from an error in the exp 
sion (49) for the correlation energy.’ It is possible, however, that 

effective ion-core field also contributes to this error, for it may 

^ the a solid re Th?f ^ Va l ence ' electron and closed-shell interaci 

n Shi h f m SOdmm Pr ° bably has the same origin as t 

m lithium, whereas a large part of the error in potassium which 

Hartree’s 7 b n UIldoubtedly 18 connected with the inaccuracies 
Hartree s closed-shell wave functions. 

79. Metallic Hydrogen.-Although a metallic modification of hvc 
Of the properties of this hypothetical substance in order to estimate 
med through on the assumption that the metallic lattice would 

*•52 ZlZXlSEZiXX* - — ■ ■— 

thVe b.*.‘ & ZZrZuZtlt to* mSTr * t *"* - 

proximity of the zone boundary This effect 6 7,° d 5 ectlon because of 
and probably is not larce InT<isv - ffe0t ? TeSUmably wlU also occur in sodi 

ceptibility (see Chaps XV aldXVI) “ conduotivit y and paramagnetic s. 
s E. Wignbb and H. B. Huntington, Jour. Chem. Phys., 3, 764 (1936). 
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body-centered, so that the computational procedure closely resembles 
that used for the alkali metals. The principal difference is that the ion 
core is a proton which rigorously has a coulomb field. This simplification 
makes it possible to evaluate the wave functions and energies analytically 
when the sphere approximation is used. The coulomb, exchange, and 
correlation energies were estimated by the same methods that were used 
for the alkali metals. Figure 4 shows the electronic energy per electron 
as a function of r 8 . The binding energy, which involves a small correction 
for the zero-point vibrational energy, is found to be 10.6 kg cal/mol for 
a density 0.59. The corresponding values for the molecular forms are 
52.4 kg cal/gram-atom and 0.087. The difference in energy shows clearly 
why the ordinary form is not metallic. 

If it is assumed that the observed 
compressibility of the molecular form, 
namely, 3 • 10~ 9 cm 2 / dyne, is constant 
for a large change in volume, it is 
found that the energy of the molecular 
form would be increased by only 0.92 
kg cal/mol when the density is changed 
from 0.087 to 0.59, so that there would 
be no tendency to change to a metallic 
form. Actually, the compressibility 
decreases with decreasing volume. 

Even if it became large enough to 
make the change from the molecular 
to the metallic phase possible, how- 
ever, the pressure required would be 
at least 400,000 atmospheres which is 
not attainable at present. 

80. Monovalent Noble Metals. — Fuchs 1 treated the cohesion of 
copper along the lines developed in the preceding sections and found that 
the interaction between closed shells and the exchange and correlation 
interaction between valence and closed-shell electrons play a much more 
important role in this metal than in the alkali metals. The reasons for 
this may be found from an investigation of Hartree’s wave functions for 
atomic copper, for these show that about 0.4c of the 10c charges of the 
newly completed 3d shell lie outside the sphere whose volume is equal 
to the volume of the unit cell. This means that the effect of binding on 
the d-shell electrons is nearly as important as the effect on the valence 
electrons and that the discrete atomic d levels are split into bands in the 
solid. Since it would be difficult to treat all eleven electrons by the 



Fig. 4. — The lower curve is the eo (r a ) 
curve for metallic hydrogen. The 
upper curve is the total energy per 
electron. The origin of the energy 
scale is the energy of an ionized hydro- 
gen atom, so that only the values of 
the upper curve relative to one Rydberg 
unit are of interest for cohesion. 
Abscissa is expressed in Rydberg unitB. 


■ K. Fuchs, Proc. Roy. Soc., 151, 585 ( 1935 ); 153, 622 ( 1936 ); 167, 444 ( 1936 ). 
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Bloch scheme in a computation of the cohesive energy, Fuchs assn d 
that the d shell is nearly rigid. 

The closed-shell one-electron functions may be expressed in the f n 

^nlyin = fnl(?)Q™(6 } <p) ]) 

where f n i(f) is a radial function associated with the radial and orl; 1 
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h 2 

~2m A<p( ' Tl) + Vc<p ^ ~ e ' 


*22 

n,l m= —l 


f 


<p(T2) 


ri2 


e^(ri). 

( 2 ) 


Here, v c is the coulomb potential of the ion core, and the summation 
extends over those ^ in the closed shells which have the same spin as <p. 

Fuchs solved Eq. (2) for the radial function of the 4s type that 
satisfies the boundary conditions <p f (r 8 ) = 0. In doing so, he evaluated 
the coulomb and exchange terms by the use of the Hartree one-electron 
wave functions for atomic copper. The solutions that were obtained 
with and without the exchange terms are shown in Fig. 5 along with 
Hartree’s 3d function. In Fig. 6, e 0 (r a ) is represented for both approxima- 
tions. The exchange energy is 2.5 ev for the value of r 8 corresponding 
to the observed lattice constant. Since this is a large fraction of the 
cohesive energy of 3.1 ev, we may conclude that the correlation inter- 
action between closed-shell electrons and valence electrons cannot be 
neglected in an accurate computation. This term could be included 
roughly in the manner developed by Gorin for potassium, but the labor 
is not justified in the present case because of other approximations that 
are made. 

The Fermi energy was not determined by use of the perturbation 
method described in Sec. 78. Instead, it was evaluated more roughly 
by means of a perturbation scheme in which the entire periodic potential 
field of the ion cores V(r) is treated as a perturbation. The starting 
wave functions in this case are free waves, and the energy of the per- 
turbed functions x\s.e 2irik ‘ T is 


<'« - £ k ’ + 


, l^Ue-^^V(r)dr \ 2 
+ e(k)-€(k') W 


k' 


(c/. Sec. 61). Here 7ooo is the integral of 7(r) over a unit cell, 

k' = k + K, 

where K is any lattice vector in the reciprocal lattice, and v is the volume 
of the unit cell. Fuchs retained only that term of the second-order sum 
in (3) that belongs to the lowest zone and derived the expression 

4(2.21 - 0.10075FX) (4) 

r 8 

for the mean Fermi energy. This result is expressed in Rydberg units 
when r 8 is given in Bohr units. V 0 is the integral: 

V 0 = \fe-Mz«V(T)dr\ 
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wh e re g is the vector joining the origin of k space to the nearest poin 

2 ? ne , b0unda ^ for the face-centered lattice. FucS assS 
that V„ winch is approximately equal to one-half the energy gap at 

£ S d ° ae J , ° Undary ’ iS ° f the ° rder of ^gnitude 2 ev. tS second L 
m (4) is then practically negligible and thp . ®? C0 d tf 

for free electro™ Tbi= ™ , • • th Fermi ener gy is the same 
,. , electr0n s- I his conclusion is not fullv iustified 

S: ie f r a Femi >«■ * vl. 

usually an, not negligible ‘ so that «,! . • * tter tems m 

u “ te ^ u 

by re^'of " 2?** rep “ lsi °" tem ™ estimate 

meth y° d ' 

The closed <?hpll *%,+ +• ’ tlle eneigy curve shown in Fig. 7 is obtaine 

C0rrecti0n iS 0f the 0rder of °- 5 ev when 
As we shall see in See.^the C0 ^ stant decrease 

valent noble metals is less than ,f°r PreMlblh1y ° f the mon 

with this interaction term. he ^ 1 metals can be associat< 

listenin' tSTlV^ ^his^ C ° mpUted lattice consta ^ of copper a: 

VIIL Thls ener Sy was obtained by subtracting tl 

T “" LVIIL ~ The e — - L« 



Cube edge, A 

Cohesive energy, 
kg cal/mol 

Calculated 

Observed 

4.2 

3.6 

33 

81 


Fig 7 The lar^l .V T ™ 0 C0 PP er fr0I » the energy curve 

an error in a single term in tht value cai *ot be associated w 

sodium. In spite o Z W T’ ^ * C ° Uld in the Case of ***** - 
spite of this fact, the computations do give an indicati 

the lowestzone, so S' theJIfare ’tSms^Sf ^ n0t CorrespoiK 

denominators. with, positive as well as negative ene: 

interaction was also used. ^ ^ elaStlC conatant3 > which is discussed in Sec. 82, t 
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of the relative importance of the various terms that influence the cohesive 
energy in the monovalent noble metals. 

81. Metallic Beryllium. — Herring and Hill 1 have given a detailed 
treatment of metallic beryllium along the lines of the preceding sections. 
When compared with the monovalent metals, this case presents two 
additional complicating features, namely, the fact that the lattice is close- 
packed hexagonal instead of cubic, so that there are two atoms per unit 
cell, and the fact that two zones are nearly completely occupied, so that 
the free-electron approximations cannot be applied without careful 
investigation. The atomic cell for beryllium is shown in Fig. 4 of Chap. 
IX, and the first two zones are shown in Fig. 18 of Chap. VIII. Since 
the computations contain more details than it seems advisable to present 
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Fig. 8. — The n(e) curve for beryllium. This is compared with th© free-electron n(e) curves 

for m/m * — 1 and 0.62. 

here, we shall survey only the general outline of their work and compare 
their results with experimental material. 

To begin with, they obtained a self-consistent Hartree field for the 
valence electrons in the metal, using Hartree’s atomic field for the (Is) 2 
core. It should be mentioned at this point that all computations were 
carried out for values of r a , the radius of the atomic sphere, both larger and 
smaller than the observed value, as well as for the observed value (2.37a&). 
Wave functions for a number of points in k space were then computed, 
the functions for the center points of the zone being determined by the 
method used for for the alkali metals, and the functions at the zone 
boundaries being determined by the use of the free-electron perturbation 
scheme discussed in Sec. 73. From the energies of these functions, a 
level-density curve was obtained and the mean Fermi energy computed. 

1 C. C. Herring and A. G. Hill, Phys. Rev . (to appear). 
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A complicating feature of this process is the fact that the cxch* 
interaction between valence and core electrons had to be included, t 
the case of potassium. A comparison of the actual distribution ei 
with that for perfectly free electrons and that for free electrons lur 
the effective mass m* determined from the curvature of the e(k) curve a 
k = 0 is shown 1 in Fig. 8. The vertical lines represent the top of 
occupied regions of levels in the three cases. It may be seen that 
actual density function has a strong minimum near the top of the fi 
region a fact that seems to occur generally among the alkaline ot 
metals. Values of m/m* for several values of r a are given in Table L 
It may be noted that the ratio is less than unity as in lithium. 


Table LIX. Values of m/m * for the Valence Electrons of Beryllium Dk'i 

MINED FROM THE CURVATURE OF «(k) NEAR THE BOTTOM OF THE FILLED lU.N 
F S) ah m/m* 

2.07 0.422 

2 -37 0.616 

2-67 0.697 

Next, Herring and Hill attempted to make a more accurate os tim 
of exchange than would correspond to the use of the free-electron vul 
This proved to be very difficult, but they came to the conclusion (1 
the exchange probably does not deviate by more than about 6 per c< 
rrom the free-electron value. 

**/ ieU 0f a be l t 1 er Amative, they employed the free-electron e< 

uncertaintT^+b ^ ° 0rrelatl0n ener gy is not greatly larger than t 
intmr), the exchange, so that this procedure probably does n 

introduce an important new error. 

n«3 he r + r ltS ° f the , com P utation are listed in Table LX and are eoi 
pared with computed quantities. The theoretical values are express* 

T ^ LE Ei^T™p!™T E T D AND p C ° MPU ' rED t.i« Co.iKsr 

CE Para mbteb, and Compressibility op Bbrylmum 


Cohesive energy (kg cal/mol). 
Equilibrium value of r,(a t ) 

1/0 ■ 10-12 ( cga ) 


Calculated 


53 to 36 
2.23 to 2.57 
0.87 to 1.32 


Observed 


75 

2.37 

1.25 


ST - * - -era, inethod 
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electrons near the top of the filled region, where the free-eleetron approxi- 
mation undoubtedly is worst, may be considerably larger than their 
computations indicate. In connection with this, they note that the work 
function computed from their results by a method to be discussed in the 
next chapter is in very bad agreement with the best observed value. This 
discrepancy would also be decreased if the exchange and correlation 
energies of the uppermost electrons were increased. 

82. The Elastic Constants of Metals. — It is pointed out in footnote 1, 
page 94, that the elastic constants Ca that enter in the relation 

Xi = jXj (i } j * ' ' ; 6), 

i 

between the six independent components of the stress tensor and the 
six independent components Xj of the symmetric strain tensor are given 
by the equation 

Cii “ dxidxj { } 

where E is the energy per unit volume of the crystal as a function of the 
strains. Thus, the elastic constants may be computed if the energy 
of the crystal as a function of homogeneous atomic displacements is 
known. 

a. Compressibility . — The simplest energy change to compute is that 
accompanying a uniform compression in all directions. In this case, 

Xi = x 2 = Xz = £, 

X\ = £5 = = 0, (2) 

so that the change in energy per unit volume is 

hE = i(cn + c 2 2 + C33)? 2 + (C12 + C 2 3 + C 3 l)S 2 . ( 3 ) 

Since the relative change in volume dV /V is 3$ for small displacements, 
Eq. (3) may be placed in the form 



in which the compressibility j3 is related to the c by the equation 

4 = k[( c h 4* °22 + C33) 4“ 2(cm + C23 4" 031)]* (5) 

iS 9 

In cubic crystals, 


Cl 1 = C22 = C33? 
C12 = c 2 s = C31, 
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jg ~ g(Cll + 2 Ci 2 ), 


whereas, in hexagonal crystals, 


whence 


Cll ~ C22) 
C23 = C 31, 


p g(2cn + C 33 + 2c X2 + 4c 3 i). 


a) 

c 

>> 

Q 

E 

o 


"o 

x 

>) 


-Q 

W 

£ 

CL 

E 

o 

u 



^ g/ t a nr 

radius of the atomic sphere by 
equation 


SV 

V 


= 3 


Sr a 


Hence, if E(r a ) is the energy per 1 
volume of the crystal as a fund 
of r„ 

1 = r; d 2 E_ 

P 9 dr* ’ 

or if e (?'„) is the energy per atom, 

1 
P 


1 d 2 ((r,) 

12 nr, dr. 


— ' 1 ’ o 

P 1 ^* 9. Comparison of the observed 
and calculated compressibilities of lithium 
and sodium as functions of the relative 
change in volume -AF/F 0 . ( After 

n.) 


This quantity evidently may be cc 
puted from the e(r s ) curves discus* 
in preceding sections. These vali 
-p , f T are given in Table LXII. 

Bardeen has used the computed e(r s ) curves for lithium and sodii 
to compute the compressibilities for a range of values of r , and has co 
pared these with values obtained from Bridgman’s room-temperati 
results 2 by extrapolation to absolute zero of temperature. The co 
puted and observed curves are given in Fig. 9. The pressure required 
produce the maximum change of volume in these cases is of the order 
magnitude 40 000 kg/cm 2 . Bardeen suggests that the disagreement 

of tbT™ h hmm . T ! se ® from ne S lect of effect of the discontinui 
? the firSt ZOne boundar y (c/- footnote 2, page 366). 

• ° ther Eela ^°ns—In order to compute all the elastic constants, 
necessary to determine the energy change of the crystal for deform 

1 Bardeen, op. cit.j 372. 

2 P. W. Bridgman, Proc. Am. Acad. Sci. } 72 , 207 (1938). 
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tions other than a homogeneous compression. The most extensive work 
of , this kind has been carried out by Fuchs 1 for the alkali metals. He 
determined the energy change for the following two additional types of 
dilation: 

1. Equal contraction and expansion, respectively, along two cube edges, 
xohich leave the volume unchanged . — This deformation may be expressed 
in terms of the fractional displacements along the three axes which will 
be designated by a x , a y , and a z . If the z direction is that along which 
the distances are unchanged, we have 


Thus, in this case, 


and 


a z = x% = 0, 

OL x ~ *£l == 

CLy ~ X 2 — £, 

X± = X& = #6 = 0 . 


8E = (cn — Ci2)S 2 , 


_ 1 d 2 E 
C 11 Cl2 “ 2 d£ 2 ’ 


(9) 


2. Shearing strain in a plane parallel to two cube edges . — In this case, 
the compressional strains are zero, and only the shear strains are finite. 
Thus the dilatation is described by the relations 


Xi = x 2 — xz — 0; x 4 = £; x& = x 0 = 0. 


Hence, 


5E = ic 44 £ 2 . 


It is evident that these deformations, unlike the deformation that 
determines the compressibility, distort the cells into noncubic forms, 
thus deforming the spheres of the sphere approximation into ellipsoids. 
Fuchs treated the changes in each of the contributions to the total energy 
that were discussed in the preceding sections in the following way: 

i. Since the lowest wave function is practically constant near the 
boundary of the polyhedron, Fuchs assumed that it is not appreciably 
changed by a dilatation that does not alter the volume. Thus, e 0 was 
regarded as a function of r 8 alone. 

ii. Fermi energy. Since the Fermi energy of a free-electron gas 
depends only upon the volume, this assumption was retained in treating 
the alkali metals. 


1 Fuchs, op. cit . 
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ni. The coulomb energy. We saw in part/, Sec. 78, that the couL 
interaction of the electrons and ions is the same as the self-energy 
set of positive point charges in a uniform cloud of negative charge ex. 
for regions very near to the nuclei. Since the form of the wave funct 
in these regions is not affected by distortions that do not change the 
ume, the change m coulomb energy for the distortions 1 and 2 is the & 
as the change in the electrostatic self-energy of the simple lattice, 
methods for computing this energy were discussed in Chap. II for the . 
m which the atoms are at lattice positions. The changes for the dis 
tions 1 and 2 are simply related to second derivatives of these express 
tor the appropriate lattice. 

w. Exchange energy and correlation energy. It was assumed 1 
hese depend only on the volume, as for perfectly free electrons. 

. Noncoulomb ion-ion interaction. The interaction energy of 
closed shells is very sensitive to the interatomic distance and, hei 
affects the elastic constants appreciably even in cases, such as the al 
metals, m which its contribution to the cohesive energy is small. Fu 
determined the effect of this interaction in the alkali metals by use < 
repulsive term of the Born-Mayer type 


C^be 


r\-\-rz- 


which was discussed in Chap. II, and a van der Waals term of the tyj 


r «’ 


which was discussed in Chap. VII. The methods used for determir 
w and A need not be discussed again here. In the case of copper, 
closed-shell interaction was taken from the work discussed in Sec. 
i. is interaction leads to a slightly expanded lattice. 

To summarise, the elastic constants are determined by terms 
and v. 

In the alkali metals, the coulomb contribution is two to three tii 
arger than the contribution from ion-ion interaction, whereas the sit 
tion is reversed m the noble metals, as may be seen in Table LXI. 
comparison of observed and computed constants is given in Table LX\ 
,, ma ^, e seen fr° m Table LXI that the comparatively high rigiditj 
the noble, metals arises from the closed-shell interactions. 

.It is interesting to examine the extent to which these consta 
satisfy the conditions* for isotropy and the Cauchy-Poisson relatic 
which, are, respectively, 

2044 = Cn — Cl2 

1 See footnote 1, p. 94 and footnote 1, p. 106. 
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Table LXI. — Composition op the Elastic Constants op Monovalent Metals 

(after Fuchs) 

(In units of 10 u dynes /cm 2 ) 



Coulomb contribution 

Ion-ion interaction 


Li 


Cu — Cl2 

0.339 

-0.02 

C 44 

1.263 

0.086 

Na 

Cn — C12 

0.143 1 

-0.02 

C44 

0.532 

0.048 

K 

C11 — C12 

0.0644 

0.02 

C44 

0.240 

0.020 

Cu 

Ci 1 — C12 

0.573 

4.53 

C44 

2.57 

6.4 


Table LXIL — Comparison of Observed and Calculated Values of the Elastic 
Constants of Monovalent Metals 


(In units of 10 u dynes/cm 2 ) 




1/0 

cu — cii2 

C44 1 

Cu 

C12 


Li 


Calculated. 

1.30 

0.341 

1.349 

1.53 

1.19 

Na 

Calculated 

0.88 

0.141 

0.580 

0.97 

0.83 

Observed 

M).85 

0.145 

0.59 

<-'-'0 .95 

^0.80 

K 


Calculated, . 

, 0.41 

0.062 

0.260 

0.£5 

0.39 


Cu 


Cfl.lmil atiftd 

14.1 

5.1 

8.9 

17.5 

12.4 

Obsfvrvad 

13.9 

5.1 

8.2 

18.6 

13.5 
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C12 = C44. 

It is readily seen from the results of Table LXII that neither condition 
closely satisfied and that the alkali metals 1 are very far from isotrop 
As was pointed out in Sec. 19, this fact accounts for a large part of t' 
anomalies in the specific-heat curves of these metals. 

83. Cohesion of Alloys. — It was seen in Sec. 3 that alloys usual 
have a small heat of formation. There have been no extensive coinput 
tions of these heats. Mott, 2 however, has attempted to estimate tl 
difference in energy between completely ordered and completely di 
ordered ft brass, which is a body-centered metal containing equal ntnnbe 
of copper and zinc atoms (cf. Sec. 3). He assumed that the addition 
\ alence electrons of zinc cluster mainly about the zinc ions and that tl 
potential near a zinc ion is greater than that near a copper ion by y 
amount 


<p(r) 



0 


where q is a constant. Since this potential vanishes as e~ qr at larg 
. tances > ft follows that its use is equivalent to the assumption that th 
zme atoms are neutral. The screening constant q was evaluated b 
comparing the observed resistivity of the alloy with that computed on th 
assumption that the difference between the potential of the two ions i 
given by (1) (cf. Sec. 130) and was found to be 2.7 • 10 8 cm*” 1 , or 


1 - 0.37 1, 

which is only about one-quarter of the radius of the zinc atom. Whei 
s value of q is used, the charges in the zinc and copper polyhedra of tin 
body-centered lathee are 0.075c and -0.075c, respectively, whiel 
corresponds to an electrostatic interaction energy per atom of 

-^p(0.075)V (2; 

where a is the cube-edge distance and 1.017 is the appropriate Madelunc 
constant. This energy is 0.027 ev for /3 brass. 

lathee rr 8 f ighbors would be ^ro in a perfectly disordered 
• ' ltfoUows tbat ( 2 ) ls electrostatic ordering energy In addi 
t.oa, Mott eetaated the dece.ee in. eychanse repuWvTSgy L *2 g 

See. 19). eKpenmental Valu “ f ° r sodium were obtained by Quimby and Siegel (see 
• N, F, Mora, Ptoc. Phys. Soc., 49, 258 (1937), 
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from the disordered to the ordered state and obtained a value of 0.013 ev 
per atom. Thus the total ordering energy is 0.04 ev per atom. The total 
change in energy in the transition from order to disorder as obtained by 
integrating the specific-heat curve of Fig. 43, Chap. I, is about 0.043 ev 
per atom, which is the same order of magnitude as the computed value. 
This computation suggests that the largest source of ordering energy is 
the Madelung term, as in ionic crystals. 

84. Simplified Treatments of Cohesion. 1 — In addition to the preceding 
work, in which the computation of cohesive properties is based entirely 
on the Schrodinger equation, there have been several treatments of 
cohesion that start from other points. Among these treatments, the 
two most important are those which start from semiempirical equations of 
state and interrelate measured quantities and those which use the Fermi- 
Thomas statistical equation. We shall discuss these briefly. 

a. The Semiempirical Method . — Perhaps the most extensive work of 
this kind is that of Gruneisen, 2 who assumed, following a suggestion 
of Mie, that the atoms in monatomic substances interact in pairs with a 
potential energy relation of the type 

£ ( r ) = ^ 0 ) 

in which r is the interatomic distance and a, 6, m, and n are positive 
constants, n being larger than m. This assumption is analogous to 
that of the Born theory of ionic crystals in which m = 1 and a = eie 2 . 
According to (1), the total energy of the crystal at absolute zero of 
temperature is 


* - <2) 

i i 

in which the sum extends over all values of the distance between a 
given atom and the others. 

Three relations among the four parameters in (2) were determined 
by the condition that this expression give the observed values of the 
atomic volume, cohesive energy, and compressibility of the solid at 
absolute zero. 

The temperature-dependent free energy of the lattice was obtained by 
adding to (2) the free-energy function corresponding to Debye’s specific- 
heat law. When this was done, it was found that 

1 This type of work is extensively discussed in the book by J. C. Slater, Introduc- 
tion to Chemical Physics (McGraw-Hill Book Company, Inc., New York, 1939). 

2 G. GrC-nbisen, see Handbuch der Physik , vol. X. 
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where 0 D is the characteristic temperature and V is the molar volu 
It may be shown that the right-hand side of (3) is equal to the quan 

-V(dV/dT) B 
C p (dV/dp) T * 

Thus a fourth relation among the parameters was determined by 
condition that (n + 2)/6 be equal to the measured values of (4). 

Using the resulting total free-energy function, Griineisen was s 
to correlate a number of properties of metals and of monatomic insula! 
such as diamond. For example, Table LXIII gives a comparison 

Table LXIII.-Comparison of Obsehved Values of Expansion Coefficie 
with Those Computed bt the Use of GrtJnbisen’s Theory 


Temperature 
interval, °K 

OLl * 

10 6 

Calculated 

Observed 

Diamond 

84 . 8—194 . 1 

0.16 

0.18 

194.1-273.2 

0.61 

0.58 

273.2-296.2 

0.97 

0.97 

296.2-328 

1.17 

1.17 

328 -351 

1.37 

1.45 

Copper 

20.4- 80.5 

4 

3.8 

82 -289 

14.0 

14.2 

289 -523 

17.4 

17.2 

523 —648 

18.7 

18.6 

648 -773 

19.5 

19.6 


observed mean values of the expansion coefficients of diamond and copp 
taken for a range of temperature AT, and the mean values computed frc 
Gruneisen s equation of state. 

° lea f t ^ ^ fUnCti ° n (2) cannot be expected to give the pro r 
dastic Mutant, smce rt would lead to the Cauchy-Poiason relltio, 
wmcn are not usually satisfied in metals ( cf . Sec. 82) 

Modifications of Griineisen’s plan that are based on more accura 
information of the cohesive forces in metals have been developed by 
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number of people, principally Rice 1 and Bardeen. 2 These methods 
have in common the property that they express the absolute zero energy 
of the entire metal as a sequence of terms which vary inversely as different 
powers of the volume, semitheoretical and empirical data being used to 
evaluate the constants. This type of modification has been pushed 
furthest by Bardeen, who used it to discuss the behavior of alkali metals at 
very high pressures and to correlate a number of Bridgman's measurements. 

It was seen in Sec. 78 that the cohesive properties of the alkali metals 
are given closely by the quantity — (eo + ej + €;?•), in which €o + €/ 
is the energy of the electron of zero wave number relative to the energy 
of the free atom, in the sphere approximation, and e F is the Fermi energy. 
This result depends upon the fact that the exchange and correlation 
effects combine in such a way as to allow on the average only one electron 
in a given polyhedron at a given time. Now, by integrating Eq. (1), 
Sec. 78, with appropriate simplifying assumptions, it is possible to show 
that € 0 (r a ) has the approximate form 

..M - p - y W 

I g I s 

where a is a constant that varies from solid to solid. In order to obtain 
a slightly more general result, Bardeen assumed that e 0 actually can be 
expressed in the form 


- ! - £ «» 

to a higher degree of accuracy. We shall not consider a proof of (5) 
necessary, for (6) is a valid assumption if taken in the same spirit as 
Griineisen’s relation (1). Now, we saw in part/, Sec. 78, that the Fermi 
energy varies as 

2.21a * (7) 

r\ 

in which a = m/m*. Since r 9 is proportional to i>*, where v is the atomic 
volume, the total energy of the crystal in the sphere approximation may 
be expressed in the form 

m - *(?) + - c(?y w 

where A, B, and C are constants for a given metal and t>o is the observed 
atomic volume. 


1 0. K. Rice, Jour. Chem. Phys 1, 649 (1933). 
3 Bardeen, op. cit., 372. 
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Bardeen determined the parameters A, B, and C by adjusting then 
that (8) would give the empirical values of E(v 0 ), v 0 , and the compre 
bility. Thus, since E must have a minimum when v = t> 0 , we obtain 

% = A+ l B - 

Moreover, if the value of E at absolute zero is E 0 and if the value of 
compressibility is 0 O , we find in addition 

-E 0 = 2 A + B, 


1 = 2A , 2B 

00 2A + T' 


C 


Values of A, B, and C determined from these equations by the use 
empirical data are given in Table LXIV for all the alkali metals. 1 

Table LXIV.— Comparison op Empir IC al and Theoretical Values op i 
Constants in Bardeen’s Empirical Equation op State 


Li 

Na 

K 

Rb 

1.4 

8.4 

4.5 
20.8 
20.9 

4.3 

1.2 

3.0 

15.4 

16.2 

5.1 
- 2.1 
2.3 
11.2 
13.2 

4.2 
- 0.6 
1.7 
11.4 
12.3 


A (empirical) . . 
B (empirical) . . 
B (theoretical). 
C (empirical) . . , 
C (theoretical). 


Cs 


3.: 

0.( 

l.t 

11.2 

11.4 


- - — — wiuu me vames oDiamea using the val 
C = 3, corresponding to Eq. (5), and the free-eleetron value of « in fi 
It may be seen that (5) is a good approximation, whereas (7) is not go< 
if « is assumed to be a constant. We have seen that « actually vari 

TehTth? r th V and potassium [see Eq. (17), Sec. 78; ai 

Table LII]; hence, this discrepancy in the value of B is not surprisin 

ardeen suggests that the true Fermi energy probably varies in tl 
manner 


B( v ± 


4- jB'( — 
\v 


a: 

in which the second term takes into account the variation of « with v 
As a test of the validity of the relation (8), Bardeen compared tl 

TT ° bt f ined fr ° m tMs equation ™ th tho» obtains 
™ t g Bndgxnan s measurements to absolute zero of temper! 
u e. The theoretical volume at pressure p is determined -by the equatio 

fdE\ 
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which leads to the relation 

pv o = y A (y — 1)[2 A + %B + A(y — 1)] (13) 

in which * 



The comparison is shown in Fig. 10. It may be observed that the agree- 
ment is fairly good in all the alkalies, the largest deviation occurring for 
rubidium. In addition, the experimental curve for cesium shows a break 
indicative of a phase change. 



The effect of ion-ion exchange interaction is neglected in Eq. (8). 
This varies as 


Ae’> (14) 

and should contribute higher power terms to (8) . One might expect these 
higher power terms to enter first for cesium, since it has the highest 
compressibility. Bardeen assumed that the expression (8) is valid for 
both a face-centered and a body-centered lattice with given values of the 
constants and that additional different terms should be added in the two 
cases in order to include the ion-ion interaction. He determined p in 
Eq. (14) from the results of Mayer and Bleick’s computation of the 
exchange interaction between neon atoms, and he determined A by 
the methods used in the Born-Mayer theory (c/. Sec. 11) . He found that 
a polymorphic change from a body-centered to a face-centered lattice 
should occur at about the same pressure as the observed change indicated 
in Fig. 10, which suggests that the change actually is of this type. 
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6. The Fermi-Thomas Method. — In the Fermi-Thomas 1 statisi 
treatment of the many-electron problem, it is assumed that the elect; 
are effectively free at each point, so that the mean kinetic energy of 
electrons at a point r is related to the density n(r) by the equation 
perfectly free electrons, namely, 


*Jc(r) 


3 h? 3n(r) s 
10 m _ 87 r 


[c/. Eq. (20), Sec. 26.]. This assumption clearly is rigorous only if 
change in potential is very small over the distance of the electronic w 
length, a condition that is not satisfied near the nuclei of atoms. In t' 
original treatments of neutral atoms, Fermi and Thomas assumed i 
the kinetic energy of the fastest electrons, namely, 


= hk(r), ( 

is equal to the negative of the potential energy —e<p(r) at r. Thus, 1 
and <p(r) are related by the equation 



Now, <p satisfies Poisson’s equation 

A(p = 4aren(r)) 

and if n(r) is eliminated from (18) by means of Eq. (17), 



This equation is solved for neutral atoms with the boundary conditi 
that <p be zero at infinity and vary as Ze/r near the origin. It yie 

reasonably good qualitative distribution functions for the electrons 
heavy atoms. 

Modifications of Eq. (19) that are valid for systems more general tl 
neutral atoms have been developed by Dirac* and by Lenz and Jense 
e enz Jensen scheme, which is a variational one, is formally equi 
lent to the original Fermi-Thomas scheme, inasmuch as the Euler 

, for exam P le > L - Bkillouin, Die Quantenstatistik (Julius Springer, Ber 

1930), for a survey of early work on the Fermi-Thomas theory. 

2 P. A. M. Dirac, Proc. Cambridge Phil Soc. } 123, 714 (1929). 

S H. Jensen and W. Lenz, Z. Physik , 77, 713, 722 (1932). 
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equation of their variational principle reduces to Eq. (19) when applied 
to a neutral atom. Dirac’s scheme, however, is more general, for it con- 
tains an additional term that decreases the energy at a point r by an 
amount equal to the exchange energy of one of a system of electrons in a 
region where the density is n, namely, 


-0.916e 2 


47m (r) 
~3 




( 20 ) 


Thus, Lenz and Jensen’s method is equivalent to Hartree’s when applied 
to perfectly free electrons, whereas Dirac’s scheme is equivalent to 
Fock’s. 

Slater and Krutter 1 applied Dirac’s method to a system of electrons 
that are in a lattice of point positive charges but did not obtain a mini- 
mum in the energy versus interatomic distance curve. This result is not 
surprising; for the correlation energy, which is neglected in this method, is 
a large fraction of the cohesive energy in the alkali metals, which corre- 
spond most closely to Slater and Krutter’s model. 

Gombas 2 has applied Lenz and Jensen’s method to lattices that 
correspond to the alkali and alkaline earth metals. The lattices are even 
less stable in this approximation than in Dirac’s; however, Gombas added 
a number of correction terms in order to compensate for the errors of the 
method. Thus, he added the free-electron exchange and correlation 
energies, which are sufficient to make the lattices stable. In addition, he 
added ion-ion interaction correction terms and valence-electron ion-core 
exchange terms. In this way, he has obtained energies that approximate 
the observed ones closely. The success of this procedure in the case of the 
alkali metals undoubtedly lies in the fact that the valence electrons are 
very nearly free so that the results obtained from the Fermi-Thomas 
method are nearly the same as those obtained from Hartree’s method. 


B. IONIC CRYSTALS 

85. Sodium Chloride. — The most significant, purely quantum 
mechanical computations of the cohesive energies of ionic crystals are 
those which have been carried out on sodium chloride and on lithium 
hydride by Landshoff 3 and Hylleraas, 4 respectively. The first of these 
will be discussed in the present section. Landshoff based his work on a 

1 J. C. Slater and H. Krutter, Phys. Rev., 47, 559 (1935). 

2 P. Gombas, Z. Physik , 95, 687 (1936); 99, 729 (1936); 100, 599 (1936); 104, 
592 (1937); 108, 509 (1938). 

3 R. Landshoff, Z. Physik , 102, 201 (1936); Phys. Rev., 62, 246 (1937). The 
writer is indebted to Landshoff for the values given in Table LXY. 

4 E. A. Hylleraas, Z. Physik, 63, 771 (1930). 
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Heitler-London approximation in which he used the solutions of Foci 
equations for Na + and Cl~ that were determined by Fock and Petrash 
and by Hartree and Hartree, respectively. For simplicity, he did n 
attempt to compute the absolute energy of the lattice. Instead, ! 
determined the energy of the crystal relative to the theoretical enerj 
of the free ions as obtained from the one-electron functions. T 
advantage of this procedure lies in the fact that the internal energies 
the ions do not appear in the final expression for the cohesive enerj 
and do not need to be evaluated. Since the absolute accuracy of ti 
solutions of Foek’s equations for the ions has not been determine 
LandshofPs results cannot furnish us with an estimate of the absolu 
accuracy of the Heitler-London approximation when applied to the soli 
Cohesive energies computed by LandshofPs method might turn out to 1 
larger than the observed value, as we have seen in Sec. 77. 

It should be recalled that the Heitler-London and Bloch schemes a 
identical in cases such as the present one in which the Heitlcr-Londc 
scheme contains only closed shells. Thus, the Bloch scheme should le* 
to results of comparable accuracy. 

The one-electron functions associated with neighboring ions are n 
orthogonal for the observed lattice spacing, for they overlap appreciabl 
Since it is convenient to use an orthogonal set of one-electron functior 
Landshoff orthogonalized the free-ion functions in the following appro? 
mate manner: Let designate the free-ion wave functions that are ce 
tered about different nuclei. Landshoff showed that the following line 
combinations of the 

Xp = + t>V) - ( 

V 

where 

Sp» = S^y^ndr, 

= 0 , 

== (: 

V 

satisfy the conditions 

^ Xv*X»dr = 4^J OOS 8 ), 

v 

/ = 1 4- 0(5*), (; 

in which 0(S 3 ) designates terms that contain the “overlap” integra 
iS„» to the third and higher powers. Thus, the x are orthogonal to tl 
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approximation in which — and higher order terms are negligible. 

x 

Landshoff proceeded on the assumption that these terms are negligible 
and treated the <p as though they were orthogonal. It is not possible to 
tell from his results to what extent this assumption actually is justifiable. 

Under these conditions, the mean total energy of the Hamiltonian 
operator, 


£2*-2£+l2'£ + i2 




i 'z*z ii 

Tap 


(4) 


IS 


«-2*/*™(-&-2£)*w*+ 

H a 

_ . / 

2 2e ' 

(5) 

H,V <X,P 

The factor 2 enters in the first two terms because of spin. 

If the x are expressed in terms of the \p by means of Eq. (1), Eq. (5) 
becomes 

E = + 2 [ 2 (v v \g\vv) — (j^v\g\vp ) ] + + 

n W fi 

2^ [2(jiv\g\nv) — (HffMlj - “ 

v fl,v V 

MffMlj- + 2 ~|r~~ ( 6 ) 

c n 

where 

(.vm = JV(-£ a - 

MsIjuX) = e 2 f ’ 

J 7*12 

All second-order terms of the type 



|x.(ri)| 2 |x^(r 2 )| 2 , 

s, — dT " ~ 


S^S,\(Ti\\g\nv) 
V .X 

have been discarded in deriving Eq. (6). 
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Expression (6) may be simplified considerably if the fact that the 
are solutions of Fock’s equations is used, for then the integrals involvi 
A may be expressed m terms of the energy parameters of Fock’s equatio 
and coulomb and exchange integrals. Many of these terms cancel wh 
e resu mg equation is subtracted from the expression for the ener 
of the system of free ions. The final equation for the cohesive energy 

Ec = + 2 2 OlaM + 

S' 5 * ! ]+2{2Wrt + 

a tP fi v 

2 S «[ + 4 2 ( 
” ** j; 

The first, or coulomb, term is the electrostatic energy of a lattice of io: 
\, i* . th ® .® lectromc charge distribution is given by the functio: 
5™ : . ThlS ***** from value -1.748 Ne'/n, corresponding to tl 
Madelung energy (c/. Chap. II), because neighboring ions overla 
andshoff found that only the overlapping of neighboring Na+ and C 
ions is important. There are two terms in the correction to the Madelui 
va ue, namely, a positive term I u which arises from the repulsion betwe< 
the electrons, and a negative one - J 2 , which arises from the attractic 
between the electrons and the nuclei. Although I, and I 2 turn out i 
be of the order of magnitude of several electron volts per ion pair at tl 
observed value of r 0 , the anion-cation distance, Landshoff found thi 

. ey aearly cancel one mother so that the total coulomb corrects 
is small. 

The exchange terms were evaluated in a straightforward manne 
Only the exchange terms between nearest neighbors are important, bt 
tor these ions both the conventional exchange terms 

c = XX 

H v 

and the term, which we shall call B, that includes the factors ai 
very large For example, C is -0.348 ev per ion pair, and B is 0.645 e 

or r 0 . ba h . The two terms compensate for one another, howevei 
and their sum is much smaller. 

i\/r Pf coulomb and ^change terms appear in Table LXV along with th 
Madelung energy. The cohesive energy has a maximum of 179. 

vflue I 6,34 w Wh ? Ch sh ° uld be eom P ared with the observe* 

yaiue ot 183 ± 10 kg cal/mol at n = 5 Aa h . 
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Table LXV. — Contributions to the Cohesive Energy or Sodium Chloride 
( r 0 is the nearest-neighbor distance. In kg cal /mol) 


. To/ah 

Madelung 

energy 

Coulomb 

correction 

Exchange 

interaction 

Cohesive 

energy 

I v. d. v>. 

Final 

cohesive 

energy 

5.0 

-217.7 

0.3 

41.1 

176.3 

-4.2 

180.5 

5.1 

-213.5 

0.1 

35.5 

177.9 

-3.7 

181.6 

5.2 

-209.4 

-0.1 

30.6 

178.9 

-3.3 

182.2 

5.3 

-205.4 

-0.2 

26.4 

179.2 

-3.0 

182.2 

5.4 

-201.6 

-0.3 

22.8 

179.1 

-2.7 

181.8 

6.0 

-181.5 

-0.3 

9.5 

172.3 

-1.5 

173.8 



Final values 


Calculated 

Observed 

roM 

5.25 

5.4 

E c 

183 

183 


It is difficult to estimate the absolute accuracy of this one-elec ;ron 
approximation; for on the one hand the absolute accuracy of Fock’s 
approximation for the free ions is not known, and on the other Landshoff 
does not give a numerical estimate of the magnitude of the neglected 
terms in E 0 . If Landshoff’s approximations are valid, the agreement 
between his results and experiment indicates that the Heitler-London 
method that is based on solutions of Fock’s equations for the free ions 
is fairly good. As the one-electron functions become more accurate, 
the center of gravity of the electronic charge on an ion approaches the 
nucleus, and the wave functions of different ions overlap less. This in 
turn decreases the repulsive terms and increases the computed value of 
Eo. Since Landshoff’s result leaves little room for improvement, the 
one-electron functions are probably very good. 

In higher approximations, both van der Waals and polarization terms 
should be added to the preceding results. Landshoff has evaluated the 
van der Waals term by means of the expressions developed in Chap. II 
and has obtained the following equation : 


E 


v.d.v) 


17.6 

{rja h y a h 


This adds about 3 kg cal to the result of Table LXV and decreases fo 
to 5.25 a*. 
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86 '. ^ ithi ' im Hydride.— HyUeraas 1 has treated lithium hydride ii 
essentially the same way that Landshoff has treated sodium chloride 
tie employed one-electron wave functions of hydrogenic type witl 
nuclear screening in order that the entire computation might be per 
ormed analytically. The principal objection to this procedure is tKai 
his approximate hydrogenic wave functions do not lead to very gooc 

bmdmg energies for the free H~ and Li+ states. The one-electron wave 
functions are 


where Z is 1 for hydrogen and 3 for lithium, 
from these functions are 


( 1 ] 


The ionic energies derived 



Observed, ev 

Calculated, ev 

H- 

Li+ 

- 0.718 
75.28 

0.745 

73.72 


n other words, H is not stable in the approximation in which the func- 
lons (1) are employed. This fault is reflected in the fact that the 
electronic distribution of H~ which is obtained from the hydrogenic 
functions is not very accurate. This error would not be very serious if it 
were not for the fact that HyUeraas found the H--H" interaction to be 

Table LXVL— Contributions to the Cohesive Energy op Lithium Hydride 


(In kg cal/mol) 


rn/dh 

Madelung 

energy 

H-Li interaction 

H-H, 

coulomb 

plus 

exchange 

Total 

cohesive 

energy 

Coulomb 

Exchange 

3.84 

-283.1 

33.8 

67.4 

-34.0 

215.9 

4,16 

-261.3 

21.9 

46.9 

-26.0 

218.5 

4.56 

-238.5 

15.0 

26.0 

-14.0 

211.5 



Final values 


Calculated 

Observed 

r<s/a h 

Pc 

4.08 

218 

3.84 

218.5 


1 E. A. Hyllbhaas, Z. Physik, 63, 771 (1930). 
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large and to favor binding. The contribution from this interaction term 
probably would be much smaller if more accurate wave functions were 
used. 

We shall ’ not dwell on the details of Hylleraas' computations since 
they involve exactly the same approximations as those of the preceding 
case. Although his results were given in analytical form we shall list 
numerical values. Table LXYI contains the values of the quantities 
which were discussed in the last section. The H-Li and H-H interaction 
terms are listed separately. 

The principal contribution to the H-H interaction is the coulomb 
correction, for the exchange term is practically negligible. As we men- 
tioned above, this correction undoubtedly would be less if more accurate 
wave functions had been used. 

87. The Elastic Constants of Ionic Crystals. — The methods discussed 
in Sec. 82 evidently could be applied to compute the elastic constants of 
sodium chloride and lithium hydride. Actually, only the compressibility 
of sodium chloride has been evaluated. It is given in Table LXVII. 

Table LXVII. — The Reciprocal of the Compressibility of Sodium Chloride 

(after Landshoff) 

(In units of 10 12 dynes /cm 2 ) 



Calculated 

Observed 

1//9 

4.35 

4.16 


C. MOLECULAR CRYSTALS 

88. Computations of Cohesive Energy. — The principal source of 
intermolecular cohesion in nonpolar molecular crystals and in many 
polar molecular crystals is the van der Waals force. The quantum 
mechanical methods of computing this force were described in Chap. VII. 
We saw there that the first approximation term in the expression for the 
van der Waals energy of two molecules varies as A/r* 7 where r is the 
interatomic distance, and that the next term varies as B/r s . This inter- 
action term is not the only one, however, for just as in ionic crystals 
(cf. Chap. II) there are other sources of interaction energy. Those which 
are most important in the simple cases to be considered here are the 
following: (a) The electrostatic interaction term which arises from the 
11 static” charge distributions on the molecules. Although the molecules 
considered here are neutral, they are not spherically symmetrical and, for 
this reason, have an electrostatic interaction, (b) The repulsive term, 

_r 

which in the Born-Mayer theory varies as be p where b and p are con- 
stants. The force arising from this term varies more rapidly with dis- 
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tance than the van der Waals force, so that the van der Waals energy is 
larger than the repulsive energy at the observed intermolecular distance 
There is a continuous gradation between those molecules which rigidly 
retain the electronic structure of the free molecule in entering the solic 
and those which become as highly deformed as the constituents of valence 
crystals. For this reason, there is no sharp dividing line betweer 
valence and molecular types, as we have seen in Sec. 8. Since the cohe- 
sion of valence compounds is characterized by exchange energies thal 
favor cohesion in the Heitler-London approximation, it follows that th< 
repulsive term changes its sign to favor binding in the course of the transi- 
tion from ideal molecular crystals to valence types. Only the mor( 
ideal molecular types, which are characterized by very low heats o; 
sublimation, have been considered in any detail up to the present time. 

a. London’s Calculations. — London 1 first suggested that the electro- 
static and repulsive energy terms are very small in comparison wit! 
van der Waals terms, and he computed the cohesive energies simply bj 
evaluating the van der Waals term for the observed interatomic distance 
As we shall see from the more accurate work described in parts b and c 
this hypothesis sometimes is valid within the comparatively large erroi 
of computations of the van der Waals energy but is often very inaccurate 
In addition, London treated diatomic and triatomic molecules as thougi 
they were spherically symmetrical, in order that he might use the equa- 
tions that were derived in Sec. 58. We shall see in part c that thh 
probably is only a fair approximation. 

According to Eq. (19), Sec. 58, the van der Waals interaction energy 
€ y of two molecules is, in first approximation, 



where 

A = %hvoOi 2 , {2) 

in which a is the polarizability and v 0 is a mean excitation frequency 
The sum of terms of type (1) for a face-centered cubic lattice containing 
N molecules is 


E = —N' 


.59 A 
d 6 


( 3 ) 


where d is the cube-edge distance. In evaluating A , London assumed 
that v 0 should be closely equal to the principal oscillator frequencies thal 
appear in empirical equations for the refractive index of the gas of each 
kind of molecule ( cf . Sec. 148, Chap. XVII). He used these frequencies 

1 F. London, Z. physik. Chem., 11B, 222 (1930). 
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in the cases in which they have been measured and spectroscopically 
determined series-limit frequencies in the other cases. In addition, he 
employed measured polarizabilities. 

Computed values of E are given in Table LXVIII for a number of 
molecular crystals. Not all these have face-centered cubic crystals, but 
London assumed that the error made in assuming they have is small. 


Tabus LXVIII. The van her Waals Energies of a Number of Molecular 
Crystals as Determined by London’s Approximate Equation 


Molecule 

Lattice 

Calculated E, kg cal/mol 

Measured E 

vo from refraction 

vo from spect. 

Ne 

f.c.c. 

0.47 

0.40 

0.52 

A 

f.c.c. 

2.08 

1.83 

1.77 

n 2 

h.c.p. 

1.64 

1.61 

1.50 

0 2 

h.c.p. 

1.69 

1.48 

1.74 

CO 



1.86 


ch 4 

f.c.c. 

2.42 

2.47 

2.40 

NO 


2.89 

2.04 


HC1 

f.c.c. 


4.04 

4.34 

HBr 

f.c.c. 


4.53 

4.79 

HI 



6.50 


Cl 2 

Pig. 78, Chap. I 


7.18 

6.0 


b. More Accurate Calculations for the Rare Gases . — It was mentioned 
in Sec. 58 that the repulsive-energy terms have been computed in the 
case of helium and neon. Using Mayer and Bleick’s equation for the 
neon repulsive energy and assuming that this term is valid only for nearest 
neighbors, Deitz 1 found that the total repulsive energy is 0.35 kg cal/mol 
which, in absolute magnitude, is almost as large as London’s value of the 
van der Waals energy, namely, 0.47 kg cal. This suggests that London's 
value of the van der Waals term is about half as large as the true value 
and that most of the agreement in Table LXVIII is fortuitous. The 
discrepancy presumably arises from the fact that Margenau’s higher order 
term is neglected, for this may be as much as half as large as London’s 
term. 

c. Carbon Dioxide . — Sponer and Bruch-Willstater 2 have computed 
the cohesive energy of solid carbon dioxide, taking into account all three 
of the terms that were mentioned in the introductory paragraphs. It 
may be recalled from the discussion of Sec. 7 that this solid, which is a 
typical molecular crystal, consists of a face-centered cubic arrangement 

1 V. Deitz, Jour. Franklin Inst., 219, 459 (1935). 

a H. Sponer and M. Bruch-Willstater, Jour. Chem. Phys., 6, 745 (1937). 
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of C0 2 molecules that is similar to the lattice of FeS 2 (Fig. 64, Chap. I). 
The cohesive energy is 8.24 kg cal/mol. 

In first approximation, the molecule was treated as a spherically 
symmetric unit. The van der Waals energy that was obtained for the 
observed lattice distance by use of the London-Margenau equations of 
Sec. 58 and the observed polarizability and ionization energies is 6.0 kg 
cal/mol of which 3.6 arises from London’s term and 2.4 from Margenau's. 
In the next approximation, the molecule was treated as though it were 
composed of two centers, which in practice are regarded as the effective 
centers of charge of the two oxygen ions. Since the electronic dis- 
tributions on these ions are presumably distorted from spherical form, 
it was assumed that the positions of the centers lie between the carbon and 
oxygen ions. Using several reasonable values of these positions, Sponer 
and Bruch-Willstater obtained values of the van der Waals energy 
ranging between 9.6 and 7.6 kg cal/mol. 

The electrostatic energy was computed on the assumption that two 
excess electrons of the oxygen ions are localized at the centers mentioned 
in the preceding paragraph and that the carbon ion, which is midway 
between the centers, has a positive charge of 4e. In this way, it was 
found that the electrostatic energy varies between —0.1 and —0.5 kg 
cal/mol. 

The constants in the repulsive term were determined from measured 
values of the compressibility and expansion coefficient by the method 
described in Sec. 9, Chap. II. The resulting value of the repulsive 
energy is about —1.1 kg cal. A summary of the computed quantities is 
given in Table LXIX. 


Table LXIX 

Contribution to Cohesive Energy, 
kg cal/mol 

Van der Waals (one center) 6.0 

Van der Waals (two centers) Between 9.6 and 7.6 

Electrostatic energy Between -0.1 and —0.5 

Repulsive term —1.1 

Total result (two center) ^7 

Observed 3 24 



CHAPTER XI 

THE WORK FUNCTION AND THE SURFACE BARRIER 


89. The Principles Involved in Computing the Work Function. — 

There is a close correlation between the work function of a clean metal 
surface and the volume properties of the metal. In general, the work 
function is high 1 if the cohesive energy is high, and vice versa. On the 
other hand, the work function may be appreciably affected if the surface 


is altered by oxidation or by the deposition 
of a fraction of an atomic layer of another 
metal. These facts indicate that the work 
function is determined both by the binding 
properties and by the surface structure. The 
correct relationship between these factors was 
first pointed out by Wigner and Bardeen. 2 
We shall begin by discussing the principles 
involved in their work and then shall present 
detailed computations. 

Let us consider a semiinfinite crystal that 
is bounded by a plane, as shown in Fig. 1. 
The distribution of ions in regions of the main 
body of the crystal far from the surface is 
not influenced by the presence of the surface 
and may be computed under the assumption 
that the lattice is perfectly periodic. On the 
other hand, the distribution in the cells near 
the surface should be different from the 
distribution in internal cells because the po- 
tential changes rapidly near the boundary. 
The type of difference depends upon the 
kind of crystal, the orientation of the surface, 


Mebdl 



Fig. 1 . — A semiinfinite crys- 
tal. The distribution of ions 
in internal regions is the same 
as that determined by X rays. 
The surface distribution, how- 
ever, may be different. 


and the kind of adsorbed atoms or ions; for this reason, it must 
be investigated separately in each case. Fortunately, this surface- 
sensitive region does not affect the bulk properties of the solid in any 


1 This correlation was first pointed out by A. Sommerfeld, Naturwissenschaften , 
16, 825 (1927); 16, 374 (1928). See also J. Frenkel, Z. Physik , 49, 31 (1928). 

2 E. Wigner and J. Bardeen, Phy$. Rev., 48, 84 (1935); J. Bardeen, Phys . Rev., 
49, 653 (1936). 
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practical way, for its volume is of the order of 1/N times the volume of 
the crystal, if there are N z cells in the lattice, and N is of the order of 
10 7 for a single crystal of ordinary size. 



Fig. 2. Schematic diagram showing cases in which the electronic distribution may 
lead to negative and positive dipole layers. In case a the electronic distribution extends 
beyond the surface a good deal; in case b the extension is small. 

The only effect of the surface cells in which, we need be interested at 
present is the way in which they influence the dipole moment of the 

surface. If the crystal is a monatomic cubic 
metal, such as sodium, the dipole moment of 
interior cells is zero. The dipole moment of 
cells near the surface usually is not zero, 
however, for the potential field in this region 
is not cubically symmetrical. Hence, these 
cells effectively give the surface a dipole 
moment (c/. Fig. 2). In polar crystals, such 
as sodium chloride, in which the unit cell may 
be chosen in such a way that it has a dipole 
moment, the surface moment depends both 
upon the way in which the surface cuts 
through the lattice and upon the distortion 
of the surface cells (e/. Fig. 3) . In any case, 
we shall designate the component of the dipole 
moment per unit area in the direction normal 
to the surface by P n . The important prop- 
erty of this moment for our purposes is the 
fact that it raises the coulomb potential inside 
the lattice by a term — 47rP n . 

Let us consider the influence of the surface 
on the work function from the standpoint of 
Koopmans’ theorem (c/. Sec. 67, Chap. VIII). 
This theorem states that the energy required 
to remove an electron in the state i£k from the crystal is equal to the 
negative of the parameter *(k) in Fock’s equation, 



Fig. 3. — The intersection 
of different surface planes with 
a (010) plane. If the ions are 
not displaced relative to the 
positions in an ideal lattice, 
the (100) surface has zero dipole 
moment because there are al- 
ternate positive and negative 
charges. In the (110) surface 
the surface charges shown are 
positive, however, those surface 
charges in (010) planes above 
and below the one illustrated 
are • -negative so that there is 
no surface dipole in this case. 
On the other hand, the charges 
in a (111) surface are either all 
positive or all negative; hence, 
there is a dipole layer in this 
case. 
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~^m A ^ r l ) + + ei J^r^ dTt + ’/'k(i'i) = e(k)fa(i t ). (1) 

Here, F(ri) is the total ion-core potential, p(r 2 ) is the valence-electron 
distribution, and A is the exchange operator. The quantity 

F(n) + e 2 

J r u 

is the Hartree potential of the crystal, which, at points inside the lattice, 
differs from the potential for a crystal in which the surface dipole is zero 
by the term e4nrP n . A(ri) arises from the exchange correlation hole, 
which is confined to the vicinity of the electron, and is not affected by the 
surface as long as the electron is inside the crystal, fa has the form 
X k e 2,rfk - r inside the lattice if we employ the Bloch scheme ; and although 
it is different in the cells near the surface, the total volume of these cells 
is so small that they may be neglected in computing integrals involving 
! P that extend over the entire lattice. 

Multiplying (1) by fa* and integrating, we find 


«(k) = 

Here, 


“llJ^ k * AvMri + J w{ 7 'fr) + e *f T^ 2 ]^ 1 + 

J fa*Afadri + 4ireP n . (2) 

rw + ( e ^ir, 

J T 12 


is the Hartree potential for a lattice having no surface dipole. Thus, 
except for the term 4nreP n) the work function — e(k) is determined by 
volume integrals. The introduction of correlation effects does not alter 
this conclusion, for correlation terms, like exchange terms, arise from a 
hole in the vicinity of the electron. 

When an electron is removed from a metal, the remaining electrons 
concentrate in the interior of the solid in order to keep this region electro- 
statically neutral. At first sight, it appears as though this effect might 
invalidate the previous conclusions. This is not so, however, for the 
energy change accompanying the concentration process is equal to the 
difference between the electrostatic energy of a volume and a surface 
distribution of 1 electronic unit. This difference, which is of the order 
e 2 /i, where L is the diameter of the crystal, is about 10~ 8 ev for ordinary 
specimens. 

90. The Internal Contribution to the Work Function. — Wigner and 
Bardeen have evaluated the volume part of the expression (2) for the 
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uppermost electrons in the filled levels of the metals discussed in Chap. X. 
It may be assumed that the metals are uncharged without introducing 
an error; for, in the first place, additional charge would accumulate at the 
surface, leaving the interior of the metal neutral, and, in the second place, 
this surface charge is never high enough in actual cases to alter the surface 
dipole layer appreciably. An ordinary specimen of metal has about 10 16 
surface cells which contain about 10 s esu of electronic charge. If one 
per cent of this charge were removed, the field near the metal would be 
raised to about one million volts, which is as high as practical values 
ordinarily go; however, the dipole layer would not be altered by more 
than a few per cent. 

According to the sphere approximation, which is reliable in the alkali 
metals (cf. Chap. X), the Hartree potential within any cell may be 
determined by the charge inside that cell, for the electronic and ionic 
charges m other cells cancel one another. Thus, the first two terms in 
Eq. (2) of the preceding section, namely, 


-£ J + J |^| 2 [7'( ri ) + e z J ^dr^dr h 

are equal to 

+ + j et J v (i) 

where the integrals extend over a single cell, V/v is the ratio of the volume 
of the crystal to that of a cell, v e is the ion-core field inside the cell, and 

P. is the electronic distribution in the cell. The first term in this equation 
is equal to 


eo + 2^* 


where e 0 is the energy parameter in the equation 
h 2 

~ 2 m^°( r ) + ®»( r )*»(r) = «#*(r) 


( 2 ) 


(cf. Sec. 78, Chap. X) and (h 2 /2m*)k 2 is the additional energy of fa. 
If we replace the polyhedral cell by a sphere and assume that both ep, 
and eV\fa\ fv are constant and equal to e/v, the second integral is simply 
twice the self-energy of a spherical charge distribution, namely, 1.2eVr 8 , 
where r 8 is the radius of the sphere. 

The exchange integrai in Eq. (2) of the preceding section was evalu- 
d m Sec. 75, Chap. IX, for plane waves and is equal to 




/k\ 
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log 


ko -f- fc 
Ajq ““ k 


An explicit equation for the correlation energy of any given electron 
has not been derived; however, the correlation energy of the electrons 
at the top of the band is (c/. Sec. 76, Chap. IX) 


where 


g(r a ) - ig'(r 8 )r a 


g(r a ) = -6 


, 0.288 
r a + 5 .W 


If we add these results, we find that the energy e w required to remove 
an uppermost electron is given by the equation 

- eo + ~kl + 1.2^ - 0.612^ + g(r.) - + 4wP„ (3) 


where 4rr eP n is the surface dipole term. 

Now, ( h 2 /2m*)kl is equal to five-thirds of the mean Fermi energy «,.• 
of the crystal and may be replaced by this quantity. If we then replace 
eo by the value obtained from the expression for the cohesive energy per 
atom namely, 


= Z 


«o + + 


0.6e s 0.458e 2 


+ Q(r a ) 


+ m, 


(4) 


where Z is the number of valence electrons per atom and I (Z) is the 
ionization potential of the free atom, we find 


= ^ + KZ) + [ -\t* - 0 . 6 ®- + - 


458e 2 r t g'(r a ) 


3 r 8 


— Anx eP n 


(5) 


Wigner and Bardeen derived this equation by another method, 
namely, by computing the energy of the crystal as a function of the 
number of electrons and ions, N e and Ni, respectively. The work func- 
tion e w is then the derivative of this energy with respect to N 0 . The 
advantage of this procedure is that the work required to remove an ion 
or a neutral atom may be computed from the same expression. 1 

All the quantities in (5) except P n have been computed for lithium, 
sodium, and potassium in Chap. X, so that it is possible to determine 
+ 47reP„ for these metals. The values are given in Table LXX. 


1 The expression for the energy required to remove an ion contains the surface 
dipole with opposite sign. Hence, the work required to remove a neutral atom does 
not depend on the dipole moment. 
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Table LXX 



Oh 

e w + 4 ireP ni ov 

Experimental value 

Li 

3.28 

2.19 

2.28 

Na 

4.00 

2.15 

2.25 

K 

4.97 

1.87 

2.24 


The close agreement between the observed values of and the computed 
values of t w + 4 reP » for lithium and sodium suggests that the surface 
dipole moment is very small for clean metal surfaces. This conclusion 
is borne out by explicit computations of P n that Bardeen has made for 
sodium. 1 

. 0n the basis of the work discussed in Sec. 81 and Eq. (5), Herring and 
Hill have found the work function of beryllium to be negative by about 


Empty 

band 


JL . I CV, 








Zero 
jootent/off^ 


T i 




layer is zero. This result is in dis- 
agreement with the best observed 
value, which is about 4 ev. The 
discrepancy suggests either that the* 
width of the occupied region of levels 
is much less than these investigators 
have found, or that beryllium usually 
has a tightly bound surface layer of 
electronegative atoms. 

91. The Work Function in Non- 
metallic Crystals.— All the funda- 
mental principles used in the previous 
section in discussing the work func- 
tion of metals can also be applied 1 o 
nonmetals. In general, the energy 
the snliH + n n + . , _ re< I u ired to remove an electron from 

of the f T* m depends both u P° n the volume characteristics 

t UP °° ‘ he / Urf “ S dip ° le layer - •*< *" <*a»»ple, !.t 

an electron from ** f MS ,* han the ener ® r ret iui.-ed to remove 

eoual JrtL. w Uppe r m0sfc levels of the filled band by an amount 
? We .Ml between the filled and unfilled bands (cf. Kg. 4). 

““ce ^ 

1 Bardeen, op. cit . 
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Fig. 4. — Schematic energy-level dia- 
gram of an insulator. The zero of 
potential is assumed to be slightly above 
the bottom of the empty band. The 
work function for inserting an electron 
is smaller than that for removing an 
electron from the filled band <p by the 

band* y difference of the med and empty 
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points on this line are equidistant from positive and negative ions. This 
statement is rigorously true inside the crystal only if we assume that the 
ions act as point charges. We shall see in Chap. XIII that the incoming 
electron is distributed principally about the sodium ions, very much as 
in metallic sodium. For this reason, we may assume that the energy 
of the electron is equal to the energy of a sodium ion in the Madelung 
field at the position of a sodium ion plus the additional energy by which 
this level is lowered by the development of band structure. The Made- 
lung potential at a sodium ion is 1.74 e 2 /r 0 , and the ionization potential 
of a sodium atom is — 0.19e 2 /a/ t . Since the sodium-sodium distance in 
the salt is about the same as in the metal, we shall assume that the 


depression due to band formation is also 
the same. According to Fig. 2b, Chap. X, 
this is 0.11 e 2 /a h . Hence, the work func- 


tion is 1 


- + - 


<Pi S 1.74- 


= 0.03- S 0.8 ev. 

aj t 


- f 


This actually is the sum of the internal 

and surface contributions; however, there + - + - 

is no surface dipole layer in the present + _ + - +■ 

case because the surface is a (100) plane ^ 5 ._ The poteit iai along 

that contains equal numbers of positive the dotted line is zero because 

and negative changes. If we were to deal iSSSS 

with another plane, such as a (111) plane, 

or were to alter the intorionic distances near the surface, we could com- 


Fig. 5. — The potential along 
the dotted line is zero because 
points on this line are equidistant 
from positive and negative charges. 


pute the surface dipole term by computing the Madelung potential at a 
sodium ion. The difference between this value and 1.74 e 2 / r o would then 


be — AireP n - 

It is doubtful whether the energy gained by an electron on entering 
an insulator is always as small as the value computed above for a typical 
alkali halide. The photoelectric work function of insulators, such as 
cuprous oxide, that absorb in the visible is 2 of the order of 5 ev, a fact 
indicating that the width of the forbidden region is about 2 ev and the 
work function <pi, discussed above, about 3 ev. 


1 A similar value has been obtained by N. F. Mott, Trans. Faraday Soc ., 34 , 500 
(1938) using slightly different reasoning. 

2 See, for example, A. L. Hughes and L. A. DuBridge, Photoelectric Phenomena 
(McGraw-Hill Book Company, Inc., New York, 1932); R. Fleischmann, Ann.Physik, 
5, 73 (1930); R. J. Cashman (paper 179, program Washington Meeting, American 
Physical Society, 1940). 
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w 9 f‘ J he ™ 10 . mc Emission and the Temperature Dependence of th 
Work Function .—In Sec. 30, Chap. IV, we derived the Richardsor 
ushman equation for the thermionic electron emission from unit are 


_w 

kT 


I = A(1 — r)T 2 e KX . ^ 

“ *5? W °* f' motio,1 > which was assumed to be a constant fo 
the entire surface, A is a universal constant, 120 amp/cmMetr 2 and 
is the electronic reflection coefficient. In this section, we shall rLkmin 
“ to Eq ' (1) ta fte “« h ‘ »' P^ous work o 

ertemlrXZT ^ ^ ""“l? 8 ** tem P eri ““ re equilibrium with a, 
k i ll atmosphere. If we may assume that the electro. 

Iona as aedenh *• P n‘ f 8 ' which is a "“““hUe assumption a 

ouS to H “ 8mal ^ number o' electrons that pass from th. 
outside to the inside per unit area in unit time is 

PQ. - r) 

(2irmkT)i’ (2 

where p is the external pressure, m is the electron mass and k is Bolt/ 

ZZniUmsof £* t"“. “ T*' *° ““ 

mSTu * ™ the Sy8fem “ “ *>“ ilib ™- Hence 


j = ep(l - r) 
(2xmA:T)i 


(3) 


rears r. 'cr ■ *- — - ■ ■ — - — 

logp\ _ AH 

dT Jy ~ RT*’ ( 4 ) 

If the specific heat of the electrons inside 


c 


where R is the gas constant, 
the metal is neglected, 


AH = Nj.W(y,T) + %RT ( 5 ) 

F^ndTw^ “ ^ W - Ik fUQCti ° n 0f the metaI when the volume is 
pressure of heat at Constant 


*P = f^T + C,-g + f(«f)« 


+ V 


AH AS 

RT^Y 


( 6 ) 
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is the entropy change that accompanies evaporation of a mol of electrons. 
We may substitute AH from Eq. (5). According to the third law of 
thermodynamics, 1 the constant term in AS should be chosen in such a 
way that the entropy change associated with W(V,T) is 



dW{V,T) 

dT 


dJT 

V T 


and the entropy change of the gas is 


where 


B(t log r + t + j) 


3 


log 


2 (27m)* 

~W~ IC 


is the chemical constant. Thus, (6) may be written 

dT 5 

-\y- Y + 2 l0S T + 


, T7(7,T) , 1 f T 

logp H^ + lJ 0 [ 

Substituting this in (3), we obtain 


dW(V,T) 
dT 


W(V,T) 1 CT/dW{V,T)\ dT 

I s= A(1 — r)T 2 e 0 \ 


(7) 


( 8 ) 


where A is the coefficient that occurs in Eq. (1). 

It should be noted that Eq. (8) differs from Eq. (1) by the factor 

1 CT(dW\ dT 

e kj0UTjvT (9) 

which is unity for all temperatures only if ( dW/dT) v = 0. The appear- 
ance of this term indicates that the method used to derive Eq. (1) is 
faulty whenever the work function is temperature-dependent. Since 
the correction term (9) arises from the entropy of electrons in the solid, 
we see that the simple model used to derive (1) is in error because we 
neglected interactions between the electrons and the solid that cannot be 
described adequately by a simple potential barrier. Equation (8) 
could be derived on the basis of statistical mechanics, but it would be 
necessary to consider the entire solid in doing so. 

Before investigating the importance of the temperature dependence 
of W 7 we shall introduce convenient definitions of the work function and 

1 See P. S. Epstein, Textbook of Theimodynamice (John Wiley & Sons, Inc., New 
York, 1937). 
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of the thermionic coefficient that were developed by Becker and Brattain 
In ordinary thermionic experiments, the emitted current I is measure 
over a certain temperature range, and the quantity log (I/T 2 ) is the 
plotted as a function of 1/T. The experimental work function an 
thermionic coefficient, W*(T) and A*(T), are defined, respective^ 
as the slope of this curve and intercept of the tangent on the log (I/T 
axis (c/. Fig. 6) ; that is, - 


W* = , 

log A* = log ± + ^[~ Qg rf y /r2) 


_ . / , W* 

g T i+ kT' 



(1C 


These derivatives are taken at constant pressure because the specime: 
is kept in a vacuum during the experiments. 



Fig. 6.-— Diagrammatic representation of the definitions of A* and W*. 

If Eq. (8) is substituted in these equations and if the relation 

-(<s?),+«K&), <ii: 

is used, where a = ( dV/6T)/V is the coefficient of volume expansion 
it is found that 

1 J. A. Becker and W. H. Brattain, Phys . Rev., 45, 694 (1934), 
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w* 


log 


(1 — r)A 


0Tf\ dT aV(B_ 


W{V,T) 


+ 


= W(V,T) + aTW i 


W(V,T) 




dT /v T 


mi 


C T (dW\ dT 
Jo \dTjvT 

im?} 


] 


+ 

W{V,T) 


+ 


C T (dW\ dT' 
Jo \dTjvT 


( 12 ) 


(13) 


Wigner 1 has attempted to estimate some of the terms in (13), using 
the expression for the work function of sodium developed in Sec. 90. 
His treatment is not rigorous, but it shows that the terms on the right- 
hand side of (13) are not negligible even for simple metals and that the 
A* 

value of log is of the order unity, that is, lies between +5 

and —5. W(V,T) may be related to the work function TF(F,0) com- 
puted in the previous sections in the following way: W(V,T) is defined 
as the energy required to remove an electron from the metal at tempera- 
ture T. The total energy of the crystal when no electrons have been 
removed is 


E 


= &>(y) 


+ E e 


where Ed is the vibrational energy of the lattice, which we shall express in 
terms of Debye’s characteristic temperature Oa, and E e is the electronic 
energy, which is not temperature-dependent if the small electronic 
specific heat is neglected. If n electrons are removed at temperature T, 
the new energy E' is 

E ' = Ed + Ee + nW(V,T). (14) 


Suppose that n electrons are removed at absolute zero of temperature 
instead and that the metal is then raised to temperature T. The resulting 
energy, which is again E', is 

E d ( ^ d + Ae ^ + E e + nW(V, 0) (15) 

where A0 n is the change in the characteristic temperature that results from 
the removal of n electrons. Equating (14) and (15), we obtain 

W(V,T) = l + W(V,Q). (16) 

1 E. Wignhk, Phys. Rev., 49, 696 (1936). See also K. F. Hebzfeld, Phys. Rev., 36, 
248 (1930). 
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Wigner finds that the contribution to (13) from the last term 1 in Eq, (16) 
is about -3.6 for sodium. It turns out that this result is balanced 
somewhat by the contribution from the first term in (16). There is 

however, no reason for expecting the two terms to cancel. 

Direct measurements of the temperature coefficient of W{V,T) in 
Eq. (5) have been carried out by Kruger and Stabenow 2 for molybdenum, 
tungsten, and tantalum. These workers measured the heat lost by a 
wire during thermionic emission. The temperature variation is within 
the experimental error in molybdenum and has the value 0.6 • 10 -4 ev/deg 
per electron in both tungsten and tantalum. If the integral in the expres- 
sion (9) is evaluated with the use of this coefficient and with the assump- 
tions that ( dW/dT ) approaches zero near absolute zero, so that the 
contribution from the lower limit of integration may be neglected, and 
the temperature coefficients at constant volume and constant pressure 

are practically the same, it is found that log [ — 1 , si 

L-40- — r)J 

Hence, A * would be about 0.66 amp/deg-cm 2 if r were zero. Unfortu- 
nately, these workers did not measure A* on the specimens for which 
this work was carried out. The values of A * measured by other workers 
are about one hundred times larger. 


‘Since the last term is independent of temperature, it is the work function dis- 
cussed m the preceding sections of this chapter. 

s F. Kit USER and G. Stabenow, Ann. Physik, 22, 713 (1935). 



CHAPTER XII 

THE EXCITED ELECTRONIC STATES OF SOLIDS 


93. Introduction. — Both the Bloch and the Heitler-London approxi- 
mations have been used to treat the excited states of solids. Although 
these methods have not been rigorously tested in particular cases, qualita- 
tive and semiquantitative arguments may be used to show that one 
approximation is more suitable than another in a given case. For 
example, we may expect that the Bloch approximation is more suitable 1 
to use in a discussion of the excited states of metals because it alone 
leads 2 to the low-lying continuous, conducting levels that are character- 
istic of these solids (c/. Sec. 66). Similarly, we shall find that the Heitler- 
London approximation is more applicable to the lower levels of molecular 
and ionic crystals. 

In this chapter, we shall discuss the general principles upon which 
computations of excited states are now based and shall also present some 
simple results. This discussion begins with a survey of the uses of the 
Bloch method and is followed by a similar survey of the Heitler-London 
scheme. Problems in which intermediate approximations are applicable 
will be discussed in later sections. 

94. Excited States in the Band Scheme. — The band scheme is based 
upon a one-electron approximation in which the \p have the form 

*k = Xke 25rik ' r (1) 


and satisfy Fock’s equations 

+ (7 + ( 2 ) 

where V is the coulomb or Hartree potential and A is the exchange oper- 
ator. The entire wave function of the solid may be constructed from 
determinants of wave functions of type (1). V and A are not appreciably 
altered if one of the fa in the set is replaced by another, since the yf/ 

1 Direct evidence for the qualitative correctness of the Bloch approximation is 
also obtained from a study of the soft X-ray emission spectra of metals (c/. Sec. 104). 

2 It should be pointed out that the Heitler-London scheme would also include 
the Bloch states if we considered atomic wave functions of the type associated with 
continuous spectra as well as the localized wave functions of the type associated with 
the discrete atomic levels. We shall explicitly avoid including the first type of 
wave function, however. 
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one another. If r 0 is the distance between nearest neighboring ions 
in the lattice, the electrostatic potential at the negative ions is L748e 2 /r<> 
and that at the positive ions is the negative of this. Thus, the halogen- 
ion levels and alkali-ion levels are respectively raised and lowered in 
accordance with the equations 


€ (Cl ) = —3.8 - 
e(Na‘ h ) = -5.2 + 


47.3 \ 

Oo /a h yi 

47.3 

(r 0 /a h ) I 



in which the unit of energy is the electron volt. These equations are 
valid only as long as the ions do not overlap appreciably. When they 



ionic model. At large separations the state of neutral atoms is most stable because the 
ionization potential of metal atoms usually is larger than the electron affinity of the halogen 
atom. This situation is reversed as iho atoms are brought together, because the Madelung 
energy favors the ionic state. Corresponding to each level of the metal atom there are 
an infinite number of levels of the entire solid, each of which is related to a particular value 
of R„ in Eq. (3). 

do overlap, additional energy terms should be added to (1) in order to 
include the effects of exchange and correlation interactions. Since these 
terms are only about 10 per cent of the electrostatic terms, we shall 
neglect them temporarily. The energy Ae required to transfer an electron 
from a halogen ion to a distant alkali metal ion then is the difference 
between the two terms in (1), namely, . r r 

Ae = -1.4 + (ro y aft) (ev). (2) 

This is 16.5 ev for the normal interionic distance of 5.29 ah in sodium 
chloride. There are, however, an infinite number of levels lying below 
this one, for an energy e 2 /R less than (2) is required to transfer the excited 
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eUctoa from a Mogen ion to an alM ion that is at a finite distance R. 
That _ this statement is true may be seen from the fact that the Madelung 
potential at a given alkali ion is decreased by e*/R if an electron is removed 
from a chlorine atom at distance R. Thus, the normal and excited levels 
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portions of the curves represent'me^m-^ 11 ^* °k halide crystals. The dotted 

O’Bryan, Phys. Ren., 51, 293 (1937) ] ments by Hilsch and Pohl. (After Schneider and 

the ground'stTti 1 ^^ 8 excited levels are separated from 

xne ground state by an amount 


Ae, = —1.4 -f- 


94.6 


27.08 


(ev). 


(3) 


( r o/ a-h) ( R,/a h ) 

abote^e^mrl 1 ^ 06 the firSt excited level > which is 113 ev 

’ COri ; esPOnds t0 = 5 - 29 ^- the di^nce between 
th r f/ e f ° mS X ° nS ’ whereas the n ext level, which is 12.9 ev above 

poL£d out ttt - t0 ^ *** first 

pointed out that the difference in the quantum energies of the first two 

1 R. Hmscs and R. W, Pohl, Z. Physik, 59, 812 (1930), 
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ultraviolet absorption bands of sodium chloride is very nearly equal to 
the difference between these computed excited levels. The first band 
has its peak at 1580 A (c/. Fig. 2), and the second has its peak at 1280 A; 
these values correspond to energies of 7.8 and 9.6 ev, respectively. The 
difference between these energies is 1.8 ev, which agrees closely with the 
difference of 1.6 ev for the calculated absorption energies, von Hippel 1 
has attempted to refine this simple calculation of the first excited levels 
by including corrections for the perturbation of the neutral alkali and 
halogen atoms. His computed values and the observed values are 
compared in Table LXXI. 

Table LXXI. — Comparison of Computed and Observed Energy Differences 

BETWEEN THE GROUND STATE AND THE FlRST EXCITATION STATE OF THE ALKALI 

Halides (after von Hippel) 



Observed, ev 

Calculated, ev 

' 

NaCl 

7.8 

8.3 

KC1 

7.6 

8.0 

RbCl 

7.4 

7.7 

LiBr 

6.7 

8.1 

NaBr 

6.5 

7.4 

KBr 

6.6 

7.3 

RbBr 

6.4 

7.1 


The excited discrete levels, shown in Fig. 1, actually are highly 
degenerate, for the excited electron may be removed from any one of the 
N halogen ions of the crystal and may be carried to any one of its g 8 
neighboring alkali metal ions that are at distance R 8 without altering 

A€ a . Thus, the levels are Ng a - fold degenerate. Since ^ g a is equal to N, 

8 

the total number of alkali metal ions, we see that the total number of 
excited levels in the system is N 2 . 

In the simple model used above, the first excited level is sixfold 
degenerate, if spin is neglected, for each chlorine ion has six equidistant 
neighboring alkali ions. This degeneracy is partly accidental, for the six 
functions do not have the proper symmetry to have the same energy 
in a cubic crystal. Thus, the degenerate levels would split if interatomic 
interactions were taken into account. In first approximation, the new 
functions should be linear combinations of the six functions that are 
localized on the separate alkali ions. The electronic distribution of the 
new functions should be spread over all six neighboring ions. The lowest 
state evidently is the symmetrical function that is formed by adding all 
1 A. von Hippel, Z. Physik , 101, 680 (1936) 





Cb) 

Fiq. 3. — Schematic diagram of the wave 
functions of excited electrons in ionic 
crystals. Function a is the analogue of an 
atomic s function and distributes the 
electronic charge equally about all of the 
neighboring positive ions. Function b 
is the analogue of a p function and has 
opposite signs in the two ‘‘wings.” 
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six f t and is analogous to an atomic « function. Above this, there are 
P ^ degenerate SCt that is anal °S° us t0 the three atomic p functions 

and a doubly degenerate level that 
has no atomic analogue. Two of 
the four possibilities for a two-di- 
mensional case are shown in Pig. 3. 

Let us now consider the con- 
tinuum of levels corresponding to 
ionization of the halogen ion. The 
continuum remains essentially un- 
changed as long as the ions are far 
apart; however, the free electrons 
begin to be perturbed appreciably 

frnn+i-m ^ ^ 1 » when the ions occupy a considerable 

fraction, of the volume of the crystal. Since the new levels should be 
computed by determining the wave 
functions of the free electrons in the 
field of the entire crystal, they are 
obviously the same as the excited 
levels that are computed on the 
basis of the Bloch approximation. 

We know, however, that the Bloch 
bands contract into the levels of 
the excited states at infinite separa- 
tion. Hence, we may conclude that 
the levels of the continuum tend to 
cross and combine with the excited 
discrete levels of the Heitler-London 
scheme, broadening these lines into 
bands. The extent to which this 
broadening actually takes place de- 
pends upon the interatomic dis- 
tance. Only the series limit is 
affected in a case in which the lattice 
is highly extended, whereas in the 
opposite extreme of a highly com- 
pressed lattice the continuum over- 
laps even the lowest level, making 
the solid a metal. In the interme- 
diate case the lowest level is dis- 
crete, as. shown schematically in Fig. 

4 * One important case is that cor- ® «t»wua voils ior r\ aui. 

responding to the point A of Fig. 4 in which the continuum hae overlapped 



4.— Schematic diagram showing 
the behavior of the levels of an ionic crystal 
as the atoms are brought together (see 
also Fig. 1). At large distances the 
neutral system is stable, whereas at 
intermediate distances the ionic system is 
stable. The bands corresponding to the 
ionization continuum broaden and spread 
and may actually overlap all of the discrete 
eve s. The broadening of the excited 
nonconducting levels at A corresponds to 
the formation of excitation bands, which 
is discussed in the next section. The 
energy units are electron volts for NaCl. 
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all the excited levels except the lower ones. In this case, the first excited 
levels should be determined approximately by means of the Heitler- 
London scheme, as von Hippel has done, whereas the higher states should 
be determined by the Bloch approximation. Experimental evidence, 
which will be presented in the next chapter, indicates that this corre- 
sponds closely to the state of affairs in the simpler ionic crystals. It 
should be noted that we have removed some of the degeneracy of the 
lowest excited levels in Fig. 4 before they merge with the continuum. 
The origin of this effect is discussed in the next section. 

Frenkel, 1 who was one of the first to discuss correctly the possible 
relationships between normal and excited states in insulators, has called 
the lower excited levels of Fig. 4 that have not mingled with the con- 
tinuum at A “excitation levels,” since they are analogous to the excited 
states of atoms. Similarly, he has called the higher levels that should 
be treated by the band approximation “ionization levels,” since they 
are analogous to the ionized states of atoms. The ionization states 
have already been discussed in Chap. VIII. We know from this pres- 
entation that the crystal should become photoconducting when excited 
to these levels since the excited electron is then free to roam throughout 
the lattice. On the other hand, the excited electron remains fixed relative 
to the atom from which it came in the excitation states. Hence, we 
should not expect photoconductivity to accompany optical excitation 
to these states. Photoconductivity actually does not seem to occur 
as a result of absorption in the first fundamental absorption bands of the 
alkali halides, a fact which indicates that the first excited levels in these 
solids correspond to excitation states. 2 

It should be mentioned in passing that Valasek 3 has presented good 
experimental evidence that the excited X-ray levels in salts such as 
sodium chloride and potassium chloride should be described by the 
atomic scheme, or by the exciton scheme which is discussed in the next 
section, rather than by the band scheme. 

1 J. Frenkel, Phys. Rev ., 37 , 17 (1931); 37 , 1276 (1931). 

2 The cases of the alkaline earth oxides and sulfides, such as zinc oxide and zinc 
sulfide, are still uncertain, for the structure of the absorption bands of these solids 
has not been thoroughly investigated. A recent experimental investigation of this 
problem for the alkali halides has been carried out by L. P. Smith and J. N. Ferguson 
(see paper 177, program of Washington Meeting, American Physical Society, 1940). 
These observers find photoconductivity in the long wave length tail of the fundamental 
bands, but not in the interior. According to the exciton viewpoint (see next section) 
this conductivity arises either from direct ionization of impurity atoms or lattice-defect 
atoms (Chap. XIII), or from secondary ionization of these atoms by excitons. In 
view of results of this kind, however, it must be admitted that there is no conclusive 
experimental evidence that photoconductivity would not occur at least in the tail of 
the fundamental band of a pure perfect crystal. 

3 J. Valasek, Phys. Rev., 47 , 896 (1935); 53 , 274 (1938). 



414 


THE MODERN THEORY OF SOLIDS 


[Chap. XII 


Let us consider another example of a system to which the Heitler- 
London method may be applied, namely, that of an insulating crystal 
which contains a neutral impurity atom. As we shall see in the next 
chapter, this system corresponds to a semi-conductor, such as ZnO 
m which there are interstitial zinc atoms. At present, we shall be 
interested in the case m which the ionization potential of the neutral 
atom is less than the energy of the first absorption band of the pure 
ciystal and the interstitial atom occupies a position of zero potential 
at which it is symmetrically surrounded by positive and negative ions. 
These conditions are approximately fulfilled in zinc oxide. We may 

expect, by analogy with the case of 
sodium chloride, that the energy re- 
quired to transfer an electron from 
a negative to a positive ion is nega- 
tive at infinite separation, for the 
electron affinities of negative ions are 
usually smaller than the ionization 
potential of metal atoms. This situa- 
tion is altered as the atoms are 
brought together, for the positive 
ions are surrounded principally by 
negative ones, and vice versa. At 
infinite separation, the ionization con- 
tinuum of an interstitial atom lies at 
the same position as that of the nega- 
tive ions and must blend into the 
Bloch bands of the entire solid as the 
atoms are brought together, because 
these are the levels of a free electron 
in the lattice. The normal state of 
an interstitial atom behaves in the 
T-, + r. „ . T manner shown symbolically in Fig. 5 

In tius cas e , the level remains discrete until it merges with the spreading 
ionization continu um F s 

96. Excitation Waves.— As we have seen in the preceding section 

beneath the*™ d° b ,® lieVe ttiat tiiere are nonconducting excited levels 
in ^tL conducting states described by the Bloch approximation 
m insulators such as sodium chloride. We shall attempt to describe 

moTel'thlt Z StateS , m °, re fl fully 111 the P re seat section, using a simple 

Frenke11 and by Peierle2 and more 

^Fbbnkbl, op ait.; Physik. Z. Sowj, 9, 158 (1936). 
s ■ K * Feiebls, Ann. Physik , 13, 905 (1932). 

8 J. C. Slates and W. Shockley, Phys. Rev., 50 , 705 (1936). 



? IG * 5 ;-r Behavior of the levels of 
aa interstitial atom in an ionic crystal. 
The dotted lines correspond to the 
energy-level curves of the bulk material. 
In this case, the excitation and ionization 
energies of the bulk material are larger 
than those of the interstitial atom at the 
eqmhbrium position, which corresponds 
to the minimum of the lower curve. At 
small interatomic distances, the lowest 
level of the impurity atom may merge 
with the ionization continuum. This 
probably does not happen in actual cases. 
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Let us consider a system of identical atoms that possess only one 
electron and are ordered in a simple crystalline array. For simplicity, 
we shall neglect electron spin and shall assume that both the lowest and 
first excited levels are nondegenerate. It will be evident that the impor- 
tant conclusions which may be drawn for this simple system are valid for 
a similar system of atoms of any type in another lattice. 

Let us assume that the atoms are located at the positions 

r(n) = ttrci + + n 3 x 3 (1) 

where the * are the primitive translations of the lattice and the n range 

over all integer values. We shall let \p n and ^ r n be the normal and excited 
wave functions of the electron at r (n), and we shall assume 1 that we are 
dealing with a case in which the wave functions on different atoms 

overlap so little that the ^ are practically the same as atomic functions. 

\p n and \p' n then are orthogonal to one another and to the wave functions 
of electrons on other atoms. A wave function for the lowest state of the 
entire system may be constructed by taking a determinant of the form 


\[/i(ri) 'I'lfa) 

= ; ; (2) 
f»(rx) tofa) 

where N is the total number of electrons and of atoms. The mean energy 
of this wave function is 

E 0 = JVHWt (3) 


where H is the Hamiltonian of the entire system. This integral may be 
expanded in terms of the eigenvalues of the ^ and the exchange and 
coulomb integrals between atoms. 

Let us consider next wave functions for the case in which one atom is 
excited. The system of wave functions ¥ n obtained by replacing \p n 
in (1) by are not the best excited wave functions, for the integrals 

E mn = S^m*H^ n dr m n (4) 

do not vanish. It is easy to show in fact that, under the orthogonality 
conditions on the \p n and \p r n that were assumed above, (4) is equal to 

2 f ^m(ri)^n(r 2 )^t»(fl)^n( r 2) ^ T _ f ^m(ri)^n(r 2 )^m(r2)^n(ri) ^ (5) 

J 7*12 J ri 2 

1 It should be emphasized that the following approximation is accurate only when 
the atoms are not too close together. There may be no nonconducting excited states 
if the atoms are pushed together sufficiently (c/. Secs. 66 and 95). 
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levels ofthp’ nn^T m T n ’. (4) , may be expanded in terms of the energy 
eyek of the normal and excited atoms and the exchange and coulomb 

integrals between normal and excited atoms. We shall designate the 
d fference between E nn and E 0 , which is the order of magnitude of the 
resonance energy of an isolated atom, by S ° 


= E nn - E o 


( 6 ) 


We shall attempt to diagonalize the N - dimensional matrix formed by the 

^f th^hicTh ::rs to findins those iiQear 


(7) 


n 

in which the a satisfy the equations 

— E'a n . 

m 

tL^difflrcnTh^ Sym “ etry 0f the crystal that E mn depends only upon 
difference between the integer sets m and n. This faet suggests 

th^ s2"en “ the N eqUf “ iOM ® to * »•*■« 

dm = aue 2rCk < m ) (g) 

“ 11,6 redPr0Cil lattice 0f tte cr),staL (8) 


E> * = E »» + X E n , n+ ie SHfcr 

l 


(0 


(io) 


where £? m+r , m+r+J) if f and r are arbitrary integer sets The 

ouSd^thT SUmmati ,° n indicat es that the term for l = 0, which appears 
assocfate^litU^ 18 ^ e f luded ’ The normalized wave function 

in (7) and WaVC nUm ' k may be f0UDd by substituting Eq. (9) 


= «***<">*. 


(ii) 


P^u^nlTd t V K 1UeS °! i Pange ° Ver a Single zone if there is one at °m 

over n * “1 th ' exclted state ls nondegenerate, whereas they range 

eaoi Z levTis 1 , " “ “ t0me P " “ U “ d the de S e ” e “°y of the 

Jl 'T f * te >r“»P«on that overlapping is small, it is reasonable to 
at E mn is zero for all except nearest neighbors. If I is the 
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value of E mn in this case, (9) may be written 

E'-k = E nn + I'£ / e 2wik ' T (12) 

T 

where * is to be summed over nearest neighbors. Equation (12) is 
simply 

E ' k = E nn + J( cos 2irk x a + cos 2tt k y a + cos 2 Trk 3 a) (13) 

in the case of a simple cubic lattice having lattice constant a. This 
equation, which is similar to the equations derived in Sec. 65 for the 
case of narrow conduction bands, shows that the excited levels form a 
band the width of which is of the order of magnitude I. Equations (10) 
and (11) are valid only as long as I is appreciably smaller than e. Other- 
wise, more atomic states must be considered in diagonalizing the Hamil- 
tonian matrix. 

The excited atom is not localized in the states described by (11); 
instead it is distributed throughout the crystal. By constructing wave 
packets, it is easy to show that the excitation moves with the group 
velocity 

v = ^ gradk E& (14) 

in the energy state E k ( cf . Sec. 68). 

The current associated with a given wave function is the mean 
value integral 

I k = (Sfk gradi 'J'k* - 'i'k* gradi ^dr’ , (15) 

which may be reduced to 

r e 2iak.[r(m) -r(n)] _ e 2irik-[r(n) -r(m)]] f gradi ^ndr'. (16) 

2 J 

mn 

If St''™ and S£ n are expanded by substituting their determinantal form, it is 
found that J'¥ m gradi V n dr f vanishes for m ^ n, for one or more vanishing 
integrals of the type 

S'l'J'Ldr, SMmdr, 

appear in each term. 1 Hence, (15) is zero and the excitation waves carry 
no current. We may, if we choose, regard the excitation wave as though 

1 If the overlap integrals for immediate neighbors do not vanish, the current will 
not be strictly zero, but will be very small, corresponding to motion of an electron 
an atomic distance. 
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it were an uncharged particle, created by exciting the crystal, that mav 

bvTrenkef T ThlS convenient concept was first introduced 

by Frenkel, who called the imaginary particle an “exciton.” 

The selection rules for optical transitions from the ground state to 
the excitation state are determined by the integral 


grad; 


Zn) 


(17) 


where i is summed over all N electrons and 
for the light quantum. 1 Substituting from 
(17) becomes 


n is the wave-number vector 
Equation (11), we find that 


V N grad e~^-^ n dr{ Xh . . . , 2 „) 


(18) 


where r is the coordinate vector of any one of the electrons. If the 

determinantal form of the ^ is used i-n i * ji • 

reduced to ^ ™ mtegral 111 this equation is 


V j '*• g^d e- 2 ^ f nd r( x ,y,z), 


(19) 

^ de *“ the selection rules for optical transitions in isolated 
ove^ ° t™*! 7 ’ " 1S /° smaU that does not vary appreciably 

blcomes “ may be replaC6d by e ' 2 ” Vr(n> - Thus > ( 17 ) 

^ Kdr , VA?(JV, pad (20) 

Jonditfon 6 C ° aCluded that the transition Probability is zero unless the 


k = n 


( 21 ) 


S fallowed UU q eSS theeXcited state < is one to which transitions from 
fhat k = 0 " 18 V6ry Sm ’ (21) is e( * uivalent to the condition 

sodiunTir^ 1 ’ in S\ ad ° f the system described above, one such as 
crystal the ™^ T hlch J he ch . lonne ion has excited states when in the 
Std bv TUI fw r ° f Constructin S the excited states is corn- 
electron Tht l iH . « con 1 stitueil t ions contain more than one 
SrnTi n ° affect the qualitative results of the preceding 

discussion, such as that the width of the excitation band increases with 

XVIL* 16 ° pticaI pr0pertiea associated with excitation bands are discussed in Chap. 
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increasing interionic interaction and that the excitation wave carries no 
current. 

The lowest states of the electronegative ions in simple ionic crystals 
are S-like, since these ions have closed-shell configurations, whereas the 
first excited states have P-like symmetry, as we have seen in the last 
section. Since optical transitions between these types of level are 
allowed, the condition (21) determines the selection rules. 

Wannier 1 has proposed a very simple semiquantitative method of 
looking at the excitation bands in insulators. If we remove an electron 
from the highest filled band of an insulator, we produce a positive charge 
that should be able to move about freely in an undistorted lattice. In 
the Bloch picture, the excited electron is independent of the positive 
hole and is also able to move about freely. Actually, the hole and the 
electron should attract one another with a force that is cpulomb-like at 
large distances. Wannier has shown that the excitation bands are 
analogous to the discrete levels of a hydrogen atom in the sense that in 
these states the electron and hole revolve about one another in closed 
orbits. The different levels in a given band correspond to the different 
translational levels of an excited hydrogen atom. On the basis of this 
picture, Wannier has derived a set of simple approximate equations 
from which the wave functions and energy levels of the exciton may be 
determined. 

1 G. H. Wannier, Phys. Rev., 52, 191 (1937). 



CHAPTER XIII 

THE ELECTRONIC STRUCTURE OF THE FIVE SOLID TYPES 

surveL rrr; The pr ®f ent cha Pter, in which we shall present a 

rZfivethft • C r tltUti0n 0f the normal “d excited states 
oi the five solid types, is the central chapter of the book since all the 

preceding chapters are preparatory for it A laree ™,-t J' Tv a . 

electron approximations freely in cases 
in which they do not lead to quali- 
tatively incorrect results. In other 
cases, we shall employ the method 
of description in which the energy 
levels of the entire solid are used. 
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| ° A. METALS 

e(k) ai \ ~jf— 98 - General Remarks— Although 

the correlation terms that were dis- 
cussed in Chaps. IX and X probably 
are important in a quantitative deter- 
mination of any property of a metal, 
it is unlikely that they often affect 
the qualitative properties. The pos- 
sible exceptions occur in connection 

k ^ tll0se low-temperature effects, 

'--Tie «(k) curve for the SUch as superconductivity, which are 

oot well understood at present. For 

n ar in? ola ‘ The ener «y scale is in ^ ls reason, we shall discuss the valence 
Rydberg units. (After Slater.) electrons of simple metals on the basis 

the minlitatrtra ^ an d approximation. Many of 

sSFS? 'zzxz. 
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spin-wave theory of ferromagnetism which is developed in Chap. XVI. 
It is usually assumed at present that the accurate solution would yield 
the same result as the one-electron schemes in those cases in which 
the latter appear to give a satisfactory description of affairs. 

99. Simple Metals, a . The Alkali Metals . — We discussed most of 
the known facts concerning the electronic levels of the alkali metals in 
Chap. X. A few additional results follow. 

The zone structure of sodium 1 has been investigated by several 
workers. All the results show that the gaps are very narrow and that the 
effective electron mass is close to unity. In view of Shockley’s investi- 
gation of the empty lattice by the cellular method (cf. Sec. 73), we may 



Pig. 2. — The dependence of the energy bands of sodium on interatomic distance d. 
It should be observed that the s- and p-level bands overlap strongly at the observed value 
of d. This behavior is characteristic of the simpler metals. The energy scale is in Rydberg 
units. {After Slater.) 


say that the electrons in sodium are free, within the accuracy of this 
method. The zone structure determined by Slater is shown in Fig. 1, 
and the dependence of energy levels on interatomic distance is shown in 
Fig. 2. It should be noted that the s- and p-level bands overlap a great 
deal at the actual interatomic spacing. This overlapping of s and p 
levels is characteristic of all metals. 

Bardeen 2 has pointed out that exchange terms have a very important 
effect on the density of electronic levels near the top of the filled region 
when the electrons are nearly free. In this case, the exchange energy is 


k\ 


1 To 


e ex = — 0.306\ 2 + 


k/ko 


i og ]*• 


+ fci 


1*0 - k[ 


( 1 ) 


1 E. Wigntee and F. Seitz, Phys. Rev., 43, 804 (1933); 46, 509 (1934). J. C. 
Slateb, Phys. Rev., 45, 794 (1934); Rev. Modern Phys., 6, 209 (1934). 

2 J. Bardeex, Phys. Rev., 60, 1098 (1936). 
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so that the total dependence of electronic energy on A; is 

«(h) = 60 + -f- e.,. 

The number of levels having values of k in the range from k to k + dk is 

dn = 8 rkWdk = S&Vj^U. (3) 

^uaTto 7 f Tb f ChaP ' that de - /dk is infinite when k is 

than ■+ °i j v ’ tte density of levels 1S much smaller at k = jfc 0 
than it would be if e were simply a parabolic function of k. Since the 

in thi? mC . spe ^ fi J 3 ' ^ eat s J lould b e proportional to the density of levels 
gas in S’ 1 7 that the electronic specific heat of a free-electron 

tS’valuI 6 mteracti0n is included - s bould be less than 


7 n K1 

k Ji;’ 

in SeC ' 2 n lQ faCtj Bardeen has sh °wn that the spe- 

he form o^ Eo 77 777 *? /T l0W tem P^ures when .<k) has 
m ®,T ao (2) - The iow-temperature specific heat of the alkali 

S i! no h ibl^ r n m f aSUred accur ately enough to check this behavior. 

for ‘ 6mS l “ Ve “ ^ 

This infinity in the slope of the exchange energy is accompanied bv 

ln , faC V *• ““ val^of the ZS 

SS 1®, r ■ “ Iog I*" - *1 "tar fact implying 

eectromc mass of the uppermost electrons in the Fermi band 
approaches aero at the absolute aero of temperature. This singularity is 
usually ignored m computations of such effects as conducSy irS 
iamagnetem (see Chaps. XV and XVI) because of the undeteLSd 
niuence of correlations. This procedure seems to be justified at room 

STSSSSS - ** obtoined " U8UaIlr “ g00d ■*- 

t v-5j? r e Struc ? ure ° f Uthium2 was investigated by Millman . wring 

m7stlr7Jfr7h°^ at l 0n '- 72 Sh ° W that the effective electron 

In all other 77’ “ tias ™ se > as we already have seen in Sec. 78. 

~T, th respects > the zone scheme is like- that of sodium 

matrix elements that determine the transition probabilities for 
optical absorption are zero for perfectly free electrons and are und^ubt- 

(1938™ P0SSMity WM P0inted out by E - Wigner, Trans. Faraday Boo., 34, 678 
2 J. Millman, Phys . Rev ., 47, 286 (1935). 
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edly small for the nearly free electrons in the alkali metals. Were this 
not so, the alkali metals would probably be colored, since the first allowed 
transition of the type k — > k + K 
should occur at 1.5 ev in sodium 
and at about 2 ev in lithium, ac- 
cording to the zone diagrams for 
these metals. 

b. The Noble Metals Copper , 

Silver, and Gold . — The monovalent 
noble metals differ from the alkali 
metals in that they have newly 
completed d shells in the atomic 
configurations. These d levels lie 
so close to the $ levels that con- 
figurations such as 3d 10 4s and 
3d 9 5 s 2 in the free atoms are about 
1^ ev apart. When the atoms are 
brought together, the s and d 
levels split into overlapping bands. 

Naturally, the d-electron band is 
narrower than the s-p band because 
the d electrons are partly screened 
by the others. 



Fig. 3. — The e(k) curves for the (110) 
direction of copper. The five branches I 
to V meet at k =0, giving a five-fold degen- 
erate point. Curve V corresponds to the 
s-p band in simple metals and is nearly the 
same as the free-electron curve. Actually 
all levels are mixtures of s, p , and d states. 
Curves I to IV and the lowest curve cor- 
respond to the d band. The energy scale 
is in Rydberg units. ( After Krutter.) 


The first investigation of the d band was made by Krutter, 1 who 
applied the cellular method to copper. When computing the s-p bands, 


I* 



Fig. 4. — Dependence of energy bands of 
copper on interatomic distance d. It should 
be observed that the s, p, and d bands overlap 
appreciably at the actual interatomic dis- 
tance. The energy scale is in Rydberg 
units. ( After Krutter .) 

ure shows that the limit of the filled 


he assumed that the field within 
each cell is that of the free Cu* 
ion; when computing the d band, 
he used a field obtained from the 
3d 9 4$ configuration of Hartree’s 
atomic wave functions for copper. 
In view of the discussion of Chap. 
X, we may say that these simpli- 
fications are reasonable for semi- 
quantitative work. Figures 3 and 
4 show the dependence of the 
bands upon interatomic distance, 
and the reduced-zone structure in 
the (110) direction at the observed 
lattice distance. The second fig- 
region is far above the uppermost 


1 H. M. Kbtttter, Phys. Rev., 48, 664 (1935). 
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level of the d band, so that this band is completely filled. It is doubtful 
whether the d band actually is as wide as Knitter’s work inZZ 
Hartree neglected exchange and correlation terms in deriving the field 
used m computing these wave functions for copper, so thal they Extend 

d band fTe nUCl T ff ° Verlap more they should The t e 
ItrV ? T eS “f at k = 0 in Gutter’s results. His approximate 
method of applying the cellular scheme is responsible for this degenemey 
for m a more accurate solution the level would split into a twofold and a 

threefold degenerate level. 1 

The reddish color of copper is attributed 
to an optically induced electronic transition 
from the d band to the s-p band. According 
to Krutter’s results, the minimum difference 
e tween. levels for which a transition is 
allowed is of the order of 3 ev in the (100) 
direction, which implies strong absorption in 
the blue region of the visible spectrum. 
Since silver is not so strongly colored as cop- 
per, we may conclude that the difference be- 
tween the d and s bands is larger for this 
metal. The difference presumably decreases 
again in gold since it is colored. 

Tibbs 2 has carried through similar com- 
putations for both copper and silver, includ- 
ing the conduction electrons in more detail. 

. c ' Cafcfzm. The only extensive calcula- 
tion on the zone structure of the alkaline 
earth metals, aside from that for beryllium, 
which was discussed in Sec. 81, is the work 

““ h “ ^“e-centered cubic lattice, 

by K “ op^* thC 6 “ rSy CM “° UrB Weie Simil ” "»■> 

sp! ™! 1LT h m t“ 1S Sh ° Ul 'l be irisulltore for large interatomic 

Stef doeed - shc11 configurations in the normal 

at rte „h a ? . ameS fr ° m overIa Pping of the s, and d 
bands at the observed interatomic distance. Manning and Krutter 

functions ** h ° m , & S rou P' the «etical treatment of crystalline wave 

Se Z detente f0r k = « that 7re higher tZ 

I T ,? BS ’ Proc ' Camb - PhU - Soc -> 34 > 89 (1938). 

M. F. Manning and H. M. Keutiek, Phy S . Rev., 61 , 761 (1937). 
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-^ IG * 5. — The density of en- 
ergy levels in calcium. The 
contributions from the first and 
second zones are indicated] sep- 
arately. The energy scale is in 
Rydberg units. (After Mann- 
ing and Krutter .) 
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found that this overlapping occurs not in the three principal crystallo- 
graphic directions, but instead in the (021) direction. Figure 5 shows 
the density of levels as a function of energy for the first band and part 
of the second. According to this result, the amount of overlapping 
actually is very small, a fact which suggests that calcium, like beryllium, 
is very nearly an insulator. 

100. Metals with Irregular Structures. — Mott and Jones 1 have made 
a detailed investigation of the zone structure of metals such as mercury, 
white tin, and bismuth that have unusual valencelike structures. In all 
these metals, it is found that the edge of the filled system of energy levels 
is very close to a prominent zone boundary, that is, to a boundary that 
corresponds to a strong X-ray reflecting plane, 
probably are large at a boundary of this type 
(c/. Sec. 62), there is only a small amount of 
overlapping of the filled and unfilled zones in 
these metals. Calcium, which was discussed in 
part c of the preceding section, is a simple case 
of this type. Figure 6 shows the prominent 
zone boundary for the bismuth lattice which 
contains five electrons per atom. 

This observation that irregular metals pos- 
sess nearly filled bands gives a very satisfactory 
phenomenological explanation of the fact that 
their properties lie between those of ideal metals 
and of valence types. The gaps in an ideal 
valence crystal are wide enough to keep the 
occupied and the unoccupied zones apart, for 
these solids are insulators. On the other hand, 
the gaps are very narrow in ideal metals. Since the gaps in irregular 
metals are intermediate between those of these two cases, we may expect 
that other properties should be intermediate. 

The question of why the irregular metals choose those structures 
which have nearly filled bands rather than others in which the properties 
are more metallic can be answered accurately only by computing the 
lattice energy for a nonmetallic and a typically metallic structure, as 
has been done in the case of hydrogen (c/. Sec. 79). Since such computa- 
tions have not yet been carried out, we must be satisfied for the present 
with the chemist’s type of answer, namely, that the constituent atoms 
of irregular metals bear a resemblence to hydrogen in that they prefer to 
form a structure in which the atoms are coordinated, as in valence 
crystals. 

1 N. F. Mott and H. Jones, Theory of the Properties of Metals and Alloy s } pp. 162 ff. 


Since the energy gaps 


B 



Fio. 6. — The prominent 
zone boundary for bismuth. 
This contains 10 n states 
so that it is nearly filled. 
The overlapping of the 
levels of this zone and the 
next is believed to occur 
at points A . (After Jones.) 
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as t,ri T T iti0n n! talS 7 MottI and Slater2 have used a zone model 
Twn vt a qualitative discussions of the transition metals as a class. 
Two types of band are employed in this model, namely, a wide low-densitv 
valence-electron band, which arises from the . and p atonSc stltl, 

leveW 1U ? k_denSlty rf ‘ electron band (tf- Fig- 7). This scheme of 
ene? °r “ C ° PPer ’ f T have seen in Sec - "• The essential differ- 

metals is that the d b - d - 

is 1 ?T Per u Y ° f the ferrom agnetic transition metals that 

is nearly eouaftol 2 ° Qe th f ory is that their gyromagnetic ratio 

s nearly equal to 2. A mechanical moment may be induced in a ferro- 

moment C SUbStan “ by ma S netizin g it. and the ratio of the magnetic 
moment, expressed in umts of the Bohr magneton, to the angular momen- 

turn, expressed in units of h , is 
called the gyromagnetic ratio. 3 If 
the magnetic moment arises purely 
from orbital motion, the ratio 
should be unity (c/. Chap. V); if it 
arises from electronic spin, the ratio 
should be 2; and if it arises from a 
combination of spin and orbital mo- 
tion, it should lie between zero and 
2. The fact that the value usually 
is nearly 2 (for example, the value 
for iron is 1.93) indicates that most 
of the orbital angular momentum 
that the d electrons possess in the 

£ i i 


p Band 



Fig. 7.— Schematic diagram of the 
relative positions and widths of the d 

Th« d ^ d ^ ( ^\ Fig - 4 for copper). 

The narrow d band has room for ten 

electrons per atom, whereas the a-p band 
has room for only two. 

free atom i« UilB ° ei ectrons possess in the 

”2 'V^" 8 ,rom the *“ 40 ““ °° M **• th.t 

principally the spin magnetic moment remains. The orbital annular 

rSTfilTed^ 16 “ b “ d SCW -‘ 

— T T t f direotio r ’■“> ^ ‘SSl'Sr 

88 .^ be one Clted a bove for iron show that the orbital 
magnet moment is not entirely quenched, a fact indicating that the 
band approximation is not entirely accurate! 

mf 3 6 CeUu J ar method has been applied in detail to only one transition 
metal, namely, tungsten, which is discussed later, in ^ 6 

l N. P. Morr, Proc. Phys. Soc., 47, 571 (1935). 

, iyj r ***•■*"- 49. 537 (1936); Jour. Applied Phys 8 385 (1937) 
n„. “" My V H. Brooks (psps, i„ 
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however, has used the level system computed by Krutter for copper to 
discuss some of the details of the iron-group metal alloys, assuming 
that the relative positions of the d and the s-p bands do not change very 
much throughout the iron group (cf. Sec. 103). The density of levels 
in the s-p and d bands of copper is shown in Fig. 8; the vertical lines 
indicate the extent to which these levels would be filled in transition 
metals with different numbers of electrons per atom. 

a. The Iron-group Transition Metals . — We shall now discuss several 
properties of the iron-group transition metals on the basis of the band 
picture. 

1. Cohesion . — One of the striking properties of the cohesive energies 
of the transition metals immediately preceding copper, silver, and gold is 



Fig. 8 . — The density of levels in the iron-group series. The vertical lines designate 
the limit to which the levels are filled in the elements having the number of electrons 
corresponding to the integers given. Thus the d band is completely filled in copper (11 
electrons) and is not quite filled in nickel (10 electrons). This figure is based on Knitter’s 
work on copper. The abscissa is expressed in Rydberg units. {After Slater.) 


the fact that they usually are larger than the cohesive energies of the 
monovalent metals. This fact is illustrated by the following sequences: 


Ni 85 kg cal /mol Cu 81 kg cal /mol 

Pd 110 kg cal /mol Ag 68 kg cal /mol 

Pt 127 kg cal/mol Au 92 kg cal/mol 


Mott has proposed the following qualitative interpretation of this fact. 
The electrons in the s-p band are principally responsible for the cohesion 
of all these metals, since the d shells are nearly filled. Fuchs has esti- 
mated the d-shell interaction in copper (c/. Sec. 80) and has found it to be 
of the order of 0.5 ev per atom. If it is assumed that the electronic levels 
are very nearly the same in the transition-group metals and in the simple 
metals that immediately follow them (for example, in the sequence from 
iron to copper), it should be expected that the differences in binding 
properties arise from differences in the way in which the levels are filled. 
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L et us consider iron, cobalt, nickel, and copper. In the first three cases 
the d band is not completely filled, and the s-p band presumably is filled 
o the same height as the d band. Since the density of d levels is very 
high, this fact means that the s-p band is filled to very nearly the same 

bandVr ^ TV V* ^ SSUmed tbat the relative positions of the two 
bands remain fixed. On the other hand, the d band of copper is com- 
pletely fified, so that the additional electrons fill the s-p band^o a point 

s-p W the tonl/th MOtt P ° intS ° Ut tbat the bottom of tte 

’ . p . e ed re gion, and the mean energy per atom in 

bottom^tl^h? T ma “ e T r . sh ° wn in Fi S- 9, in which curve I is the 
bottom of the s-p band curve II is the top of the filled region, curve III is 

ato “ * energy-and the zero of energy is referred to the state in which all 
atoms are infinitely separated. Since the electrons between curves II and 



‘ofr^curveTcurreEfia the I top 1 of a ttw n filled^mn^. 0 ai^ 1 Cu ™ 1 ia th * 

points out tbat curve m wou?d be^^ 

III wouMTel^T-r ib 11 aVCTage ’ !t might be ex P ected tbat curve 
were J W / ^ f'T™ ** the Upper part of tbe filled region 

e^n+ lf ? d . ° r placed in lower levels - These electrons are 

Sode? H rem T d m transition metals, ^cording to the zone 

Trnltm ! i’ “tb be . expected that > in these cases, curve II and 
J™ p n ! are lower than in copper. It is only fair to say that this 

— r i ^ T 7 in a qUalitative wa y> si nce a shift in the filling 

corSr+tl 1 haS associated ritb. it changes in exchange and 

relation energies that cannot be included in a simple energy diagram. 

• * k as been suggested by other workers 1 that at least part of the bind- 

Af g r 6 rai ^j 1 1 ° n I f etals ls rdated to a lowering of the center of gravity 
wr>tt ° CC , UPled / leVe ! S . m passing from the free at om to the solid. Recent 
Zk m + T S f en ’ WhlCh is discussed below, indicates that this effect is 

trsW'lf ^ T S wTT ° f cohesive ener gy in the platinum series of 
transition metals. Whether or not it is important in the iron group 
remains to be seen. 

1 F. Sam and R. P. Johnson, Jour. Applied Phys., 8, 84, 186, 246 (1937). 
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In addition, Pauling, 1 reasoning on the basis of the empirical knowl- 
edge of the properties of transition metals, has suggested that some of the 
d electron wave functions combine with the s-p functions to form a scheme 
of levels in which there is a larger number of valence electrons per atom 
than the one s-p function per atom suggested by Knitter’s band scheme 
for copper. In principle, Pauling’s suggestion is equivalent to assuming 
that there are two types of d-electron band in the transition metals, 
namely, a wide band (see Fig. 10), which is similar to the s-p band but 
contains 2.6 of the 5 d functions per atom of given spin, and a narrow band, 
which contains the remaining 2.4 d functions. The first class of function 
(A type), along with the s-p func- 
tions, is responsible for the large 
cohesive energy of the transition 
metals since its existence implies 
an increase in the number of bind- 
ing electrons in the metal, whereas 
the second class of function ( B 
type) is responsible for the mag- 
netic properties in a manner that 
will be described under 2. It was 
pointed out in Sec. 99, in connec- 
tion with Knitter’s work on cop- 
per, that the five d zones should 
break into two separate systems 
containing two and three zones, 
respectively (see footnote 1, page 
424), and that Krutter’s approxi- 
mation does not give this splitting. 

It is possible that Pauling’s scheme of levels would be obtained from 
Krutter’s if the band approximation were applied with a higher degree of 
accuracy. We shall see in Sec. 104, however, that the experimentally 
determined levels do not seem to agree with Pauling’s assumptions. 

2. The filling of levels in the ferromagnetic elements . — This topic was 
previously introduced in Sec. 27, Chap. IV, in which we used the band 
theory to explain the low-temperature specific heats of transition metals. 
It was postulated there that in the ferromagnetic elements the half of the 
d band associated with one kind of electron spin is completely filled and 
that the saturation magnetic intensity, expressed in Bohr magnetons per 
atom, is equal to the number And of unoccupied levels per atom in the 
other half of the d band. The number of electrons per atom n v in the s-p 
band may be computed from this hypothesis. If m is the total number 

l I*. Patjling, Phys. Rev., 54, 899 (1938). 



2 electrons 

Fig. 10. — The energy bands in the iron- 
group metals according to Pauling. The 
s-p functions combine with some of the d 
functions to form two broad bands, namely, 
the left-hand band, which is designated 
as the s-p band, but which contains a mixture 
of d functions, and the A type of d band, 
which has room for 1.6 electrons per atom 
of given spin. The B type of d-electron 
band is narrow and has room for 2.4 electrons 
per atom of given spin. 
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* ** atom ' “ **>" »• 


10 — Arid + n v = 


or 


m 


n v = m + An d - 10. 


02 E l aturltio ” moments, that n, is, respectively, 

.sto s^, i, ,h r°’ C ° ba “' “ d The «"* valu; undoubtedly 

en^v Tl t the cohere energy of iron is to be explained in terms ot (hi 
energy of s-p electrons, whereas the other two are reasonable 
vaJae sn^este either that half the d band is not filled in thi! case o^tta 

ener^mw' I'Z’f ta *he metals following it and the cohesive 

unreSnlh e h lowenng. The second possibility is not entirely 

imreasomble, for, as was mentroned above, the cohesive energy of tung- 

oPte d b»d lETf” 0 TT fo be related “tirely to the behai 

PanbL's “Lw . »“ *0 basis of 

unngs suggestion, for in iron the B type band of Fie 10 would Tip 

and S 2 eL 1 eleCtr ° nS per atom h a ™g one type of s^n 

wherei t cXr ^ ° ther type of s P in w °uld be removed, 

hand m U and mckel 0nly a fraction of the electrons in half this 

“nZ^rr d - f T “ ab ‘ e ‘° dedde ^ “ tw, 

alternatives on the basis of the present knowledge of energv levels how 
tot 'is“oit qU “‘ dis0,lssi0 ° s we ■ h *U nrbitrarily assume thkt the 

in b “ bee ” “ Sed with “MMomble success 

ChaT OT? 068 as wili be seen in 

Se SL.ST apprommation does not provide a satisfactory 
mpie explanation of the low-temperature electronic heat of the transi- 
tion metals, it cannot be used in place of the band theory fL aU purp^ 

Se C ^'2^hat a th^^band C tl^ mnS ^ 1:0,^ metals - W& already seen in 

both the sDecific hpn+ d + v° iy cannot ex Plain even semiquantitatively 
transition P mpS h Tt nd magnetlc susceptibility of the paramagnetic 
“r f S ^ l6nds additional ™PPort to the Itote- 

““ ° f ba » d —ion 

bodv-cIntTe7l' fl 7 + The band ® tructure of metallic tungsten, which has a 

a newly filled f sheU Tt 7 ^ at ° mS P ° SSeSS six Valence elect ™ns and 
gated bvMau^ Tnl d( rare ^ configuration, has been investi- 
SeU is T d C 1 h ? dorow ' 1 T bese workers assumed that the / 

energy le^fterle 7r fl di ^ ^ ° btained Wave Actions and 
ergy levels for the remaining six electrons per atom. In first approxi- 

. 1 M. F. Manning and M. I. Cnonoaow, Phye. Rev., 66, 787 (1939). 
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mation, an effective field for these electrons was obtained from a charge 
distribution derived by renormalizing the parts of the free-atom wave 
functions lying within the atomic sphere of the lattice. Valence-electron 
wave functions and e(k) contours were then computed with the use of 
this field. In second approximation, the charge density obtained from 
the results of the first approximation was used to compute a new field. 
This second approximation was very nearly self-consistent. 



b € V 

Ftq. 11.— ?i(e curves for the five d zones and one 8-p zone of tungsten. The energy scale 
is in Rydberg units. ( After Manning and Chodorow.) 

The n(e) curves for the six lowest zones are shown in Fig. 11a. The 
set labeled with roman numerals I to V correspond to the five d bands, and 
curve VI corresponds to the $-p band. The total n(e) curve for all six 
bands is given in Fig. 116. The limit of the filled regions of tungsten 
and of the neighboring element tantalum are marked by vertical lines. 
According to these results, the number of electrons in the s-p band is of 
the order of magnitude 0.1 electron per atom in both these metals. 
Manning and Chodorow estimate that the center of the filled region is 
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leveis rf °» *- — . 

210 kg cal/mol, arises from the fact thaTnrary 6 ^ ol tun Ssten, namely, 
electrons may occupy the low-ener™ r, act ically all of the six valence 

they imply that the contribution^ P ° rt * 0n . of the d band - In addition, 
which are responsible for most of the °°^ es } on . irom tiie S 'P electrons, 
ligible in this case. the C ° heslon in sim P^ metals, is neg^ 

— — 

derived in Chap. IV “S tte use ot tie e d uat iona 

Table T .yTYTT P “ ohxired and calculated values are given in 

Table LXXII. A Comparison of Observed A ^n n 

o* Tungsten ane Tanta eST™ ElECTEONIC Heats 
(In units of 10 * c al /deg-mol) 

Experimental 



High, temperature 


seT hi" 0 " 3 ' fr ° m 

:XSnir c : d -retr i "v he « 

A discussion of tUs ^rk m^ be for/T **■ ° b * r ™ 1 mol “ 

and Chodorow. It is difficult to sav ^ on p na * P a P er by Manning 
low-temperature and high-temperature t l ® discrepancy between 
theory of electronic heat iS" ^ in the simple 

experimental results. In anv fit “ ap - IV or in the treatment of 

Chap. I, it wi seen^thaTth^ H^me Rothe^ " Xp , erimentaI surve y of 
correlates the solid-phase portions nf +v, ^ Z e “ tr011 ' atom ratio rule 
substitutional alloy systems. This rule states ^®. dwfi ? ains ° f different 
for a fixed electron-atom ratio in ™ f* T at a ^ ven PW occurs 

£ jt : r srs 

when the Hume-Rothery rule is sat* fied. 

op. £, ChapfV^ 0 '' R ° y ' S ° C ’’ 144 ’ 225 (1934 >>‘ 147 » 396 (1934). Mora and Jones, 
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to replace the Hume-Rothery rule by the statement that the stable alloy 
phases have nearly filled systems of zones. 

As we mentioned in Sec. 100, it is not evident why a nearly filled 
zone system should be more stable than another, and this fact has not 
yet received a completely satisfactory explanation. Figure 12 shows 



Fig. 12. — Schematic behavior of density of levels near a prominent zone boundary of a 
metal (c/. Fig. 5 for calcium and Fig. 8 of Chap. X for beryllium). 

the behavior of the density of states per unit energy range near a zone 
boundary at which the gaps are large. The density of levels in the lower 
zone increases at first as the zone boundary is approached because the 
e(k) curves bend over. After this rise, the density falls and approaches 
the axis sharply. It should rise sharply again in the higher zone in the 
manner illustrated. We may conclude that the 
two zones overlap in the substitutional alloys 
from the fact that these alloys are metallic 
conductors. Jones assumes that the maximum 
A of the lower zone occurs at that value of 
energy for which the contours in wave-number 
space just touch the zone boundary. This 
assumption has been justified by a detailed 
treatment of the e(k) curves for a number of 
zones with the use of simplified models (cf. Sec. 

65). He then postulates that the stability of a 
phase increases as the levels are filled to the 
point A and then decreases rapidly beyond this 
point, because the average energy of the addi- 
tional energy is much larger than the mean 
If this assumption is true, the electron-atom 
should be the value for which the phase is most stable. 

Four phases are commonly met in simple substitutional alloy systems. 
The a phase is face-centered cubic, the p phase is body-centered cubic, 



Fig. 13. — The prominent 
zone boundary for the y 
brass phase. This zone con- 
tains room for 90 electrons 
per unit cube of the lattice. 
{After Jones.) 

energy of all electrons, 
ratio associated with A 
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packed hexagonal. ThTSstZne^foTthe^ 11 ?’ ^ ^ V Ph “® “ cIose * 
in Chap. Yin. The promin t he a > and v phases were shown 

Kg. 13. This acme contains 90 states f or / l PhaS ® is shown in 
states per atom. The Hume Rrdhp i CU ^ 1C ce ^ °f 52 atoms, or 1,731 
1-615. Jones has computed £? leCtr0n - atom ratio is or about 
Kg. 12, for each of these fom 1 ^ponding to the point A, 

are spheres. His values are given in S LXyTTT^? Contours 

Rothery s fractional estimates Tha + XXIII along with Hume- 

equally well with the experiments values. ® ^ gh% but agree 

Table LXXIII 


Phase 


a 

0 

7 

V 


Hume-Rothery's 
fractional value 


f = 1.5 
fir = 1.615 
I = 1.75 


Jones ' 

value 


1.362 

1.480 

1.538 

1.7 


103 Alloys Involving Transition Metals— 1 Th* 
tion metals explained most readilv bv the K a P ro Perties of transi- 
xng of ferromagnetism by the Addition 1 the0I 7 are 0) the quench- 
solid solutions and (2) the dependent nf nontransitlon metals that form 
of ferromagnetic alloys on atomic com the + ? aturation magnetic moment 
two topics together. ° COm P° sltl ^- We shall discuss these 

practically thesame : zmiestructurel we may 611 ^ ^ COpper and zinc have 
erties of their alloys depend principal! y ex Pec t that the magnetic prop- 
are that is, upon the electron atom UP £ n ^ extent to which zones 
mg two principles in correlating the saW W * ^ USe the foUow - 

1- The number of valence elect™ 10Q magne ti c moments: 

ferromagnetic metab U .t„ ut 0 7 °ff t*?.” band of all 

Pauling’s postulate, we should akn’»J,, m addlt , 10n f we were to accept 
10, which contains 2.6 electrons per a+o ^ ^ type d hand of Fig. 

the electrons are removed from or added’ T nearly mied and that 

2- The saturation maanewf t0 the * type band - 

is approximately equal to^he numhe ^ m B ° hr units P er atom, 
The word “approxLte^ Sh ^ atom “ the d band! 
tmn seems to be less in iron as we* hi be ° aUSe th ® Oration magnetiza- 
try to give additional insight into ?v SeCtion 10L We shall 

Before presenting a general surve/pf^ “if 6 foUowin g paragraphs. 

typical cases. Suppose that some of the nickel 8 ’ ^ shall consider two 

tne nickel atoms in a specimen of 
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nickel are replaced by copper atoms. Since copper has one electron per 
atom more than nickel, we should expect that each copper atom which is 
added has the same effect as if one electron were added to the bands of 
pure nickel. These additional electrons enter the d band and should 
decrease the number of holes at the rate of 1 per copper atom. Since 
there is 0.6 hole per atom in pure nickel, we should expect the satura- 
tion magnetization to decrease linearly with the concentration of copper 
and to be zero when the atom fraction of copper is 0.6. Sadron’s meas- 
urements show this to be the case (see Fig. 54, Chap. I). We should 
expect zinc atoms to have twice the effect of copper atoms since zinc 
has two valence electrons instead of one. This is also found to be 
true. 

Let us consider next the effect of alloying nickel and cobalt. Nickel 
has 0.6 hole per atom in the d 
band and cobalt has approximately 
1.7. According to the band model, 2 
the number of holes per atom in j 
the alloy that contains an atomic or 
fraction of x nickel atoms and { 

(1 — x) cobalt atoms should be 

n* == 0.6a; + 1.7(1 - a;), (1) 

0 

so that the saturation magnetic 0 Ni 1 Co 2 Fe 3 4 

moment should be n x Bohr mag- _ . .. J* , ,, a . .. 

. Fig. 14. — Relation between the saturation 

netons per atom. This rule is magnetization, expressed in magnetons per 

closely obeyed in the nickel-cobalt “ d tbe llumber of holes P° r atom - 

J J {After Slater.) 

system, as we shall see below. 

Figure 14 shows 1 the relation between the saturation magnetization 
per atom and the number of holes per atom for a number of substitutional 
alloys of the iron-group elements. The number of holes per atom in the 
d band is computed by the use of equations of the type (1) on the assump- 
tion that there are 0.7 $-p electron per atom in all transition metals 
except nickel, which has 0.6. Nontransition elements are assumed to 
have a negative value, corresponding to 0.7 minus their valence (that is, 
—0.3 for copper and —1.3 for zinc). If oc a and are the number of 
holes per atom in the pure metals A and B, the number per atom in the 
alloy that contains a fraction f a of A and /& of B is 

Kh — &afa + Ctbfbj (2) 

analogous to (1). The abscissa of Fig. 14 is the value of nh computed 
from (2) ; the ordinate is the saturation magnetic moment per atom cr. 

1 J. C. Slater, Jour. Applied Phys 8, 385 (1937). 
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* Mott and Jones, op. tit., pp. 199-200. 

( 1 938)^ 6 ( Cambridge" U^versity PresI'lS^Tw’ ^wv Pr<OT ™ Physics V 
W. V. Houston, Phys. Rev., 38, 1797 ( 1931 ) S posslblllt y was first pointed out by 
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Let us suppose that an electron is missing from an inner shell of an 
ion in a metal. We may describe these inner-shell levels in the Heitler- 
London approximation and may designate the wave function of the 
missing electron, which is localized about a single ion, by ^/(r). If the 
Heitler-London or the excitation-band picture were valid for the excited 
states of this electron, there would be a set of discrete levels or a set 
of nonconducting excitation states beneath the ionization limit; the 
latter corresponds to the beginning of the Bloch levels (c/. Fig. 15). 
Thus, the emission and absorption spectra would consist of a continuum 
corresponding to transitions between the Bloch band and the lowest 
level and of discrete lines corresponding to transitions between the 
excitation levels and the lowest levels. On the other hand, if there are 



Fig. 16. — The soft X-ray emission spectra of several metals. ( After Skinner.) 


no excitation bands 1 because the ionization band has broadened enough 
to absorb them, only the continuum should be present. In the transition 
from one of these cases to the other, we may expect the intensity of the 
discrete lines to predominate over that of the continuum at first, then 
decrease, and finally disappear. 

The observed soft X-ray emission spectra of lithium, sodium, beryl- 
lium, magnesium, and aluminum, as determined by O’Bryan and Skinner 2 
and Farineau, 3 are given in Fig. 16. The lithium and beryllium bands 
arise from transitions to the Is level ( K band), and the two magnesium 

1 The absence of excitation levels would imply that the free electrons so com- 
pletely screen the hole in the ion core that there is not enough potential for a dis- 
crete level. The quantitative description of this effect would require a very accurate 
treatment of the many-electron problem. 

2 H. M. O'Bryan and H. W. B. Skinner, Phys. Rev., 46 , 370 (1934). 

3 J. Farineau, Compt. rend., 203 , 640 (1936), 204 , 1108 (1937), 204 , 1242 (1937), 
206 , 365 (1937); Nature, 140 , 508 (1937). See footnote 1, p. 440, also. 
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the actual curve and the Ve curve that would fit the sodium curve 1 
most closely is given in Fig. 17a. This suggests that there is a residue 
of the excitation bands; however, it is also possible, although not probable, 
that the measured tail is due to a background emission of impurity atoms. 
Since the K emission curves of Fig. 16 correspond to the second of the 
two cases, they should rise as eK Figure 176 gives a comparison of an 
ej curve and the observed curve for lithium. The high-energy cutoff 
of the theoretical curve is chosen so that the width is the same as that 
computed in Sec. 78. The discrepancy on the low-energy side may have 
the explanation suggested in Fig. 17a for sodium. The discrepancy on 
the high-energy side indicates that the actual density of levels does not 



tribution from vestiges of the excitation bands. The energy scale is in electron volts 
(6) Comparison of the actual emission band of lithium and that predicted by the band 
theory. 

vary as Ve in lithium. The premature peak in the curve for lithium 
has not received a satisfactory explanation. It is possible that it is 
related to a rapid variation in exchange and correlation energy at the 
top of the filled region; however, if this is the case, it is not easy to see 
why sodium does not have a similar peak. If the difference between the 
curves for lithium and sodium is real, we may expect the electronic 
specific heat of sodium to be more normal than that of lithium, for its 
level density is more nearly like that for perfectly free electrons. 

It is interesting to note that the beryllium curve of Fig. 16 behaves 
as though the levels of a single zone were almost completely occupied, 
a fact indicating that this metal is very nearly an insulator. In mag- 

1 In these comparisons, the effect of both exchange and correlation on the calcu- 
lated band widths is neglected because the second, which tends to compensate for the 
broadening effect of the first (see footnote 1, p. 422) is not precisely known. 
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t t ablb lxxiv -° bsbrvbd x\ c D nr™ s WiDTH r F the sopt x -^ y e — 

IThe theoretical values are those To^Z, i^cZ x V1 - 

free-eleetron valuesf ‘ ® “ P arenthesea are 



Observed, ev J 

Li 

4.1 ± 0.3 

Na 

3.4 ± 0.2 

Be 

14.8 ± 0.5 

Mg 

7.6 ± 0.3 

A1 

13.2 ± 0.5 


3.4 

3.2 

(13.8) 

(7.2) 

( 12 . 0 ) 


and Skinner, andoEs^am ^ 

n JL, laDie EXXIV and are compared 

/ 1 , V , theoretical values in cases in which 

/ I the latter have been computed. The values 


fC Ai/3n 0 V 

r< A 10 2m\&r/ 

,,, / / \ f ° r Pe , rfeCtly free electrons are given in 

!/ Co \N parentheses in the other cases. 

q' ' ' ' 1 1 i” t-j- — fll] T he em i ss l° n bands of metals containing 

A 5 '0 . filled or partly filled d bands have been 

/ ^ — s . investigated by a number of workers, 1 

/ zn J“°J g Wh °“ are B earden, Shaw, Beeman, 

/ \ p edma n, Saur, Gwinner, and Farineau. 

0 s' ' ' IQ 1 1 •- -^ nneau , s curves to* nickel, copper, and 

for ^ t 18 ,- The ^on curves are shown in Fig. 18. Since the density 
&■££& 18*5*2* Zin °- u f ! eVel l mthedb aa d Presumably is much 
Sffere y fr °K the d band - a Tte g ? r , han tllat in the s-p band, we may 
nifkeTl C6 m ^ e d n ue C to PP t e h f “? f ^ practicaU y all of this structure 
&£» I 0 ™' the d ban d - One of the import- 

ever. haa an “entirely 2 ^ h ° W ; featUreS ° f these curves is the fact that 
structure so that tte tand ££ ^ & Sm S le Peak in the cases of copper 

ture should be different. and nickel and not two, as we might expect 

shown in the diagram for coDDer™ Tf bh ^' 8 1 W ° lk ' Krutter ’ s cur ve is 

PP • this peak were to be associated with 

H. Friedman, Rhys. Rw. t 18 i 19 p 5 ' ) ’ W ‘ W - Bebman and 

E. Gwinner, Z.Physik, 108, 523 (I93 8 f 9 ’ E ' SA1TE ’ Z ' Physik ’ ]03 > 421 a936); 
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'auling’s B type of d band (see Fig. 10), we should expect that it would 
ccur nearer the high-energy cutoff of the curves, at least in the case of 
ickel. Assuming that these density curves are trustworthy, we must 
onclude both that the d bands shift to some extent in going from copper 
o nickel and that the one-electron approximations discussed in previous 
ections are not very accurate when applied to d electrons. The curves 
or copper and zinc are considerably different; however, this fact is not 
urprising, for the crystalline symmetry is different in the two cases. 

B. IONIC CRYSTALS 

105. Plan of Treatment. — In the preceding chapter, we saw: (a) that 
he lowest state of ideal ionic crystals may be treated approximately by 
iither the Heitler-London or the band scheme; (b) that the lower, non- 
jonducting, excited states may be treated by the method of excitation 
yaves, at least in the case of the alkali halides; and (c) that the higher 
ixcited states may be treated by the band scheme. In the following 
jections, we shall apply these approximations to several alkali halide 
jrystals and alkaline earth oxide and sulfide crystals the experimental 
Droperties of which have been investigated with some degree of com- 
Dleteness. The first two sections apply to crystals having ideal, undis- 
torted lattice structures, and the following section applies to ideal 
crystals having lattice distortions of a type that will be described in 
more detail in that section. 

106. The Alkali Halides. — Zone-structure calculations have been 
made for two alkali halides, namely, lithium fluoride and sodium chloride. 
In addition, computations have been made for lithium hydride, which 
resembles the alkali halides closely since negative hydrogen ions behave 
like ions of a halogen. In an atomic picture, the eight valence electrons 
per unit cell of the alkali halides completely occupy the outer s and p 
shells of the negative ions. In the band scheme, the same electrons 
occupy four zones, one of which connects adiabatieally with the ionic s 
level and the three others of which connect with the ionic p level 
Figure 19 illustrates the manner in which the ionic levels broaden into 
the bands of the zone theory as the ions are brought together. The 
levels of the negative ions are depressed and those of the positive ions 
are raised because of the Madelung field. In addition, the levels break 
into bands when the ions begin to overlap. At the observed lattice 
distance, the s and p bands are separated from one another and from the 
higher unfilled band which connects with the lowest level of the metal 
ion. The ionic levels do not split into bands in the Heitler-London 
approximation but remain discrete, roughly following the center of 
gravity of the bands (c/. the discussion in Sec. 64 concerning the connec- 
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the squares of the S 'w&v^iMionot edo 0 ^ nw &Y parameters )- If 
part of the p wave function of inn* fl . miC ^ t ^ nuin anc * °f the radial 
that each distribution is centered aboi^ 0 ™ 6 ^ lotted in such a way 
the distance between the lithium and fhf * WhlCh are separated b ? 
found that the peaks of the distriW 0rm , e 10ns in tbe cr ystal, it is 
gravity of the charge of an undist tl0 “ S °^ erla P and that the center of 

S the — * 

charge distribution b “ chlorinT' chlorine 

& rcree s cblonne ion wave functions 

i within a sphere the volume of which 
is equal to that of the unit cell of 
sodium chloride. He assumed that 
only eight electrons are in this cell 
at any one time, because of correla- 
tion effects, and computed the effec- 
tive field for a given electron in the 
sphere by taking the charge of the re- 
maining f seven into account. The 
effective field for an electron near a 
sodium ion was taken as the ion-core 
eld used in the computations on 
*j | metallic sodium. To these effective 

1 j *° n , f . ields ’ Shockley added the 

S A r „ 1 Madelung field of the surrounding 

of tt Q m an^ C n e wh at i° 1°™' additio11 ’ be subtracted 

of the constituents Of ^“cryslals fl ?? the . SOdium ion ' COr e field the 
tion A*t° in the , ba \ d appro w ^.arising from a Single electron 

negative ion are sepTrate^ whereV at* B ^ ^ Uldfonnl y Over the six 

they overlap. hereas at B surrounding halogen ions. Themis- 

sodium ion. Boundary condit,™ SmS eleCt ™ n is assumed to be at the 
in three different ways- ('ll bv rf app ^ ed to *be wave functions 
and treating the latTS as thou b t S ing ^ S ° dium wave functions 
by satisfying T* T* 0 ** ° f chlorine ions - < 2 > 

satisfying both sodium-chlorineTnd , C 1 ° ndltions ’ and (3) by 

tions. The equations employed in i ^° r ! ne - chlonne boundary condi- 
Krutter for copper and SWVi a ■ ° aSe were those derived by 
other cases. The e(k) curves tb T env ® d similar equations for the two 
shown in Figs. 20 a,b & W6re obdained f r °m these equations are 

1 W. Shockley, Phys. Rev., 50, 754 (1936). 
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More recently, Tibbs 1 has investigated the conduction band of sodium 
chloride by a similar method and has shown that the effective mass of the 
conduction electrons is close to unity. 

Attempts to construct self-consistent fields for the lattice were made 
in the treatments of lithium fluoride and hydride . 2 This task is much 
more difficult in the case of diatomic crystals than in the case of mona- 
tomic ones, because the total charge in each polyhedron of the unit cell, as 
well as the relative distribution within a given polyhedron, must be the 
same in the initial and final solutions. In these ionic crystals, the 
lattice was divided into cubes of equal volume centered about each of 
the ions, and the cubes were replaced by equivalent spheres. The Li + 



Fig. 20. — (a) e(k) curve for the (111) direction of sodium chloride. Only the p-band 
curves are given. The full curve corresponds to the results obtained by neglecting the sod- 
ium wave functions; the dotted lines correspond to the most accurate procedure described 
in the text. ( b ) Same for the (100) direction. {After Shockley.) 


ion-core field was taken from the work on metallic lithium, and the field 
of the (Is ) 2 ion core of F~ was taken from Hartree's work. The remain- 
ing eight electrons per unit cell were treated by a self-consistent method. 
The charge distribution of the valence electrons was not determined by 
computing wave functions for all values of k and taking an average. 
Instead, it was assumed that the average of the four wave functions 
associated with k = 0 is the same as the average distribution of all 
electrons. This approximation is justified by the fact that the mean 
charge distribution in the alkali metals is practically the same as the 
distribution for k = 0. Boundary conditions were satisfied at different 
points of the polyhedra for several different values of k, group theoretical 

1 S. It. Tibbs, Trans. Faraday Soc. f 36 , 1471 (1939). 

2 D. H. Ewing and F. Seitz, Phys. Rev,, 60 , 760 (1936). 
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methods being used to choose the appropriate combination of zonal 
harmonics in each case. 

Figure 21 shows the agreement between initial and final charge 
distributions in the final trials for lithium fluoride, and Figs. 22 and 2H 
give plots of the s- and p-band functions fork = 0 for both lithium fluoride 
and lithium hydride. 
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urnishes a good justification for the Born-Mayer approximation in which 
he charge in this sphere is assumed to be zero, for the correction to the 
Vladelung energy would be only 
ibout 5 per cent, which is less than 
he importance of repulsive terms. 

Figures 24 and 25 show the e(k) 
curves for several important crystal- 
ographic directions. 1 The values 
iorresponding to the dots are the 
actual computed cases, whereas the 
:ull lines were obtained by interpola- 
tion. The upper curve of the second 
band for lithium fluoride is doubly 
degenerate in the (100) and (111) 
directions. This degeneracy also ap- 
pears in Shockley’s results. 

One important feature of the zone scheme is the fact that the upper- 
most filled bands are several volts wide. Although these values probably 
are too large, because Hartrcc fields were used in obtaining them, their 
order of magnitude seems unquestionably to be correct. 

0.80 
0.60 
0.40 
0.20 
0 

- 0.20 
-0.40 
-0.60 
*0.80 

-0.5 0 0.5 -0.44 0 0.44 -0.53 0 0,53 

Ikl a — ■»- Ikla — >- Ikla — >■ 

Fig. 24. — e(k) curvos of lithium fluoride for three prominent crystallographic directions. 
The Greek letters are crystallographic term symbols; a is the interionic distance. The 
lower two band systems are filled; the upper band is empty. The energy is expressed in 
Rydberg units. ( After Ewing and Seitz.) 

In summarizing this discussion of the normal states of the alkali 
halides, we may say that the charge distribution in the lattice is very 

1 It is interesting to note that the 5 curves increase with increasing |k|, whereas the 
V curves tend to decrease. This fact was pointed out in Sec. 65 on the basis of the 
narrow-band approximation. 



r 3 

ii 



Fig. 23. — The wave function for 
k = 0 in the filled band of lithium 
hydride. The abscissae are in Bohr 
units. ( After Ewing and Seitz.) 
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nSvffor M TV ? the . cr ^“, W * re C °“ l ’° sed *«• positive and 
XTZZ 1 7“‘ * bmd 0f the ' one Pitture is very narco, 

s el ^ 18 not appreciably perturbed. The width of 
the p band * of the order of 1 ev, which indicates that neighbowfoi 

l ev 6XChange interaction » omeTder “ 

mass of a W Tol Ud - e °i ^ ^ also indicates that the effective 
ekTtron “ th<5 P band is C0 “P^able with the mass of an 

The wave functions for k = 0 in the first unoccupied zone of lithium 
fluoride are shown in Fig. 22. Here, the electronic 

c arge is distributed more or less uniformly 
between the positive and negative ions. The 
closest vertical distance between the filled and 
unfilled bands of Fig. 24 is 7.5 ev for the end 
pomt of the zone in the (110) direction. This 
difference should be the energy required to induce 
Photoconductivity in the pure crystal, and it 
should be greater than the first absorption 
enerpr. Actually it is less, since the funda- 
mental peak of lithium fluoride occurs below 
1000 A, which makes the absorption peak 
greater than 12 ev. The Hartree approximation, 
can be blamed for this discrepancy, for the 
exchange terms would lower the filled band much 
more than the empty one. This tendency for 
the exchange energy to be smaller in magnitude 
for an excited electron than for a normal one is 

shown for perfectly free electrons in Fig 5 
Chap. IX. e ' ’ 

We have seen in Sec. 95, Chap. XII, that the 
position of the nonconducting excited levels of 
he alkali halides can be estimated fairly closely 
by the use of an atomic model. According to 
about 12 w xv , work ’ tbe first citation band should lie 

Fig 26 y ^t Ca s eeS e n S + Cl1 i“! ° f Sodium bromide > illustrated in 

the^r? 10115 exc ! tatl0n levels and tkat the ionization edge fX^n 
to tort wave tag* toot of th. bond, that it, at about i»l a 



Fig. 25. — Same as Fig. 
24 for the (100) direction, 
m lithium hydride. There 
is only one filled band in 
this case so that the upper 
two bands are empty. 
These bands correspond 
to the occupied p bands 
of lithium fluoride (Fig. 
24). The energy is ex- 
pressed in Rydberg units. 
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rresponding points for lithium fluoride and sodium chloride (c/. Fig. 2 
Chap. XII) undoubtedly lie at energies greater than 14 ev and 12 ev, 
spectively. 

107. Alkaline Earth Oxides and Sulfides.— Although the cellular 
ethod has not been applied to any of the alkaline earth salts, it is pos- 
)le to draw several plausible conclusions about their zone structures by 
direct reasoning. The interatomic exchange terms, which give rise 
most of the repulsive forces in ionic crystals and arise mainly from 
e metal-ion negative-ion interactions, are about four times larger in 
e oxides and sulfides than in the halides. Since these exchange 
ergies are closely related to the widths of the occupied bands (c/. 
ic. 64), we may expect that the bands are much broader in the oxides 
id sulfides. Referring to Fig. 19, we may expect that the point B where 



e $ and p bands are very close corresponds to the alkaline earth oxides 
Ld sulfides, if the point A corresponds to the alkali halides. 1 
It is possible to construct reasonable energy-level diagrams for some 
the alkaline earth salts by use of energy-level data derived from the 
>rn cycle and from spectroscopic measurements on the free ions. As 
amples, we shall take zinc oxide and zinc sulfide, which have properties 
at are typical of other members of this group of salts. The crystal 
ructure of zinc oxide is the wurtzite lattice, which is also the high- 
mperature structure of zinc sulfide. The low-temperature form of 
ic sulfide has the zincblende lattice which is similar to diamond. 

We shall begin by considering the energy necessary to remove an 
ictron from a free negative ion and place it on a free zinc ion. The 

1 This overlapping of s and p bands occurs in diamond, as is shown in Sec. 109. 
mce we may expect it to be associated with some valence characteristics. H. M. 
mes and V. A. Johnson (Phys. Rev., 66, 119 (1939)) have shown, in fact, that the 
arge distribution in zinc oxide is not perfectly ionic. 
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total electron affinities of 0 and S — have been determined approxi- 
mately by the Born cycle and are about -7 and —4 ev, respectively. 
Lozier 1 determined experimentally the affinity of neutral oxygen for one 
electron and found that it is 2.2 + 0.2 ev, which shows that the negative 
affinity of oxygen for two electrons is due entirely to the second electron 
and that the energy necessary to remove one electron from O — is about 
-9 ev. The energy level of 0~ is plotted 2 relative to the normaKstate 
of 0- in the right-hand column of Fig. 27. Since 0“ and S~ have about 



the same classical radii as F~ and d— ,. ac ,„ +• i 

that the electronic structure +n * I . p ctlveIy > we ma X conclude 

that of the second pat fot Pair of ions is to 

periodic chart Fwthis reaso^ 086 ^* 3 ^ 01,6956 aS ° ne passes down the 

sulfur atom a shLSr • ™ “ MBUme that the ***7 of a 

ion, which makes the energy of K- * w \ ** 1688 ^ that ° f an oxygen 
This is indicated in the right-hfL ^ 5 ^ !, elatlve to the energy of S~. 

of zinc ions have been measured soL't™ 11 ° f ^ n 28 ' Th ® energy Iev(i!s 

“ coWs ,rom tte Z 
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energy of Zn + relative to Zn ++ is 17.9 ev, the energy required to remove 
m electron from a free oxygen ion and place it on a free zinc ion is —26.9 
iv. The same quantity is —22.9 for S — and Zn ++ . Let us now arrange 
■he ions in the lattices of ZnO and ZnS and gradually decrease the lattice 
jonstants, from infinity. The lattice potential at the position of the 
Dositive ions is negative, and the potential at the negative ions is positive, 
so that the levels of the negative ions are depressed and those of the 
positive ions are raised during this process. This change is indicated by 
;he dotted lines of Figs. 27 and 28, which show the total shift as computed 
:rom the Madelung potentials of the zinc oxide and zinc sulfide lattices. 



At the actual interatomic distances, the discrete levels of the free ions 
broaden into bands characteristic of band structure, and excitation 
bands appear 1 below the first unoccupied zone, which is adiabatically 
connected with the lowest level of free Zn; 1- . The energy required to 
remove an electron from a negative ion and place it on a zinc ion at 
infinity, as found from these diagrams, is about 16 ev for zinc oxide and 
10.5 ev for zinc sulfide. This transition evidently corresponds to 
ionization. The energy required to carry the electron from a negative 
ion to a near-lying zinc ion is less, of course, as is indicated in the figures. 
The first absorption band of zinc sulfide has been measured roughly, 
and the experimental work seems to show that the first excitation band 
should be about 6 ev above the ground state. The value of the absorp- 
tion energy obtained from Fig. 28 is somewhat larger than this. Figure 

1 It is possible, however, that the excitation levels may merge with the ionization 
levels. 
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27 indicates that the first absorption band of -a 
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valid, of course, if the excitation id • J* Z& Iu ThlS selection rule is not 
alpha particles, which have appreciTbl^mom Cathode rays or 

may move more swiftly in these cases If fhe ^’ henC6 ’ the exciton 

ese cases - If tM exciton is regarded as an 
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Faraday Soc., SB, 740 1939)^^’ 101 ’ 680 (1936) - F - Seitz, op. ait., p. ISO; Trans. 
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icited ion, it is easy to see that the lattice near it is under stress for the 
>rmal atomic arrangement, for an excited ion and a normal ion usually 
teract differently with their neighbors. These stresses would set the 
:cited atom into oscillation about a new equilibrium position if the 
:citon were permanently at rest. If it is moving even slowly, however, 
.e atoms near the exciton may not have time to move very far during the 
.ort time that the exciton is near. For example, the time required for 
l exciton that is moving at 10 6 cm/sec 
traverse a distance of 10~ 8 cm is 10“ 14 
c, and the time required for an atom 

• make one oscillation is about ten 
mes this. We may expect, however, 

Lat some lattice vibrations about the 
>rmal atomic positions are stimulated 
id that the exciton is slowed because 

dissipates this vibrational energy, 
hus, the exciton should eventually 
rop to the lowest excited energy state, 
id it should ordinarily be at rest in 
iis state because gradk *(k) is zero at 
le lowest point of the exciton band in 
mple crystals (c/. Sec. 96 of the pre- 
ious chapter). The atom on which 
le exciton comes to rest should be set 
Lto violent vibrational motion because 
; the stresses mentioned above. This 
ind of motion is strongly damped since 
le atoms are strongly coupled. Thus, 
le localized vibrational energy should 
e dissipated during a time of the order 
[ 10“ 13 sec, which is the atomic oscilla- 
on period, by the production of elastic 
aves that radiate from the vibrating 
bom. 

The possible disposition of the normal and excited levels of the crystal 
shown symbolically in Fig. 29. The abscissa represents the configura- 
onal coordinates of the lattice, that is, the interatomic distances, and 
le ordinate is the energy of the crystal. The lowest level corresponds 
> the normal electronic state so that its minimum A corresponds to the 
ormal atomic arrangement of the lattice. The second curve represents 
re lowest excited state, in which the exciton is at rest. The minimum 

* corresponds to the values of the configurational coordinates for which 
ae excited atom and its neighbors are at equilibrium. The quasi- 



Fig. 29. — Schematic representation 
of the possible positions of normal 
and excited states of an insulator 
as functions of atomic coordinates. 
The lowest curve corresponds to the 
normal state and its minimum deter- 
mines the normal atomic arrangement. 
The cross-hatched region corresponds 
to the levels of moving excitons. 
Their minima are at position A 
because the lattice cannot come to 
complete equilibrium when the exci- 
tons move. The discrete level that 
separates from this band represents 
the state of an exciton at rest. Its 
minimum is not at A , because the 
interactions between normal and ex- 
cited atoms are different. 
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continuous band of levels represents the excited states in which tin? 
exciton is in motion. These levels have their minima at the same point 
as the normal state because the stresses are not localized when tin* 
exciton is in motion. During excitation, the system jumps from A to 
A'] as soon as the exciton comes to rest, the state of the system “slides” 
toward B with the emission of elastic waves. 

There are two conceivable arrangements of the normal and excited 
levels. In the first (Fig. 30a), the excited state has its minimum li 
within the minimum of the lower curve. In the second case (Fig;. Wh). 
the minimum E is outside the lower curve. The system slides to IS 
in the first instance and may then jump to the point C on the lower 
curve by emitting a light quantum. It slides to D in the second ease 



and may then slide either to A or tn F a 11 +u . , 

immediately in the form of 1 ™ E ‘ A 1 the ener gy w dissipated 

may rest at E indefini^J 1® WaVGS m the first case - The system 
energy. At temDerati 6 ^ 6 sec ° nd > storing a part of the excitation 

about ~ E and should PV pT n ° Ve a ^ so ^ ute zero > the system oscillates 

may be fluorescent in d ° Wn to A ' The cr - v ' stal 

energy may be radia+ari r -l since some of the absorbed 

second case * is not descent in the 

accompany absorption in T n , eVer ^ een observed 1 unambiguously to 

indicates that the second p ^ amental bands of ideal crystals, which 
^ hne second case occurs commonly. 


CRYSTALS 


of the subject, practicallvrnfmit ^! araond - In spite of the importance 
practically no quantitative work has been done on valence 

1 See ibid. 



ec. 109] 


THE ELECTRONIC STRUCTURE 


453 


inding in crystals. The reason for this lack, as we mentioned in Sec. 97, 

3 that the simplest atoms entering into valence crystals have so many 
alence electrons which are appreciably affected by the crystalline binding 
hat the computations are more complicated than for simple metals or 
alts. The existing work consists of a semiquantitative investigation 
f the zone structure of diamond and a qualitative discussion of the most 
ppropriate form of the Heitler-London functions for the atoms in 
alence crystals with a tetrahedral arrangement of nearest neighbors. 
Carbon and silicon are the principal atoms to which these considerations 

ppiy- 

The fact that the lowest state of atomic carbon is degenerate and 
hat diamond is an insulator shows that the energy levels of the entire solid 
'ary very much as the atoms of the lattice are brought together. The 
3 west level is highly degenerate at infinite separation, and it must 
>roaden into a dense band just as the 
owest levels of metal atoms do. Since 
he crystal actually is an insulator, we 
nust conclude that a single level 
eparates from this dense array and is 
he lowest level at the observed inter- 
itomic distance (cf. Fig. 31). A simi- 
ar situation occurs in ionic crystals, 
or the highly degenerate state cor- 
responding to free neutral atoms is 
nore stable than the state of free ions 
it infinite separation; in this case, 
aowever, the two states cross before 
ippreciable splitting occurs, since the 
Madelung energy favors an ionic state. For this reason, the situation 
.s much easier to understand in ionic crystals. A simple picture of the 
same type has not been developed for diamond, although the separation 
Df the singlet level can be shown to occur in the band approximation, as 
will be seen below. In fact, the separation occurs for such a simple 
carbon field that we may expect the effect is determined primarily by 
the crystal structure, that is, is connected with the way in which wave 
functions are diffracted by the diamond lattice. 

a. The Band Approximation. — Kimball, 1 who is responsible for a semi- 
quantitative zone treatment of diamond, satisfied boundary conditions 
at the center points of the four faces of the atomic polyhedron, which is 
shown in Fig. 3, Chap. IX. There are two polyhedra of this type in 
the unit cell. The boundary conditions, which were taken as the con- 
tinuity of ^ and its normal gradient at these points, require that ^ be 

1 G. E. Kimball, Jour. Chem. Phys ., 3, 560 (1935). 



levels of diamond on interatomic 
distance (schematic) . At large dis- 
tances the lowest state is highly de- 
generate; however, a nondegenerate 
discrete level separates at smaller 
distances. 
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the radial parts being the one derived bv ^ 7“ USed t0 ° btain 
functions of atomic carbon The by , To f ance for the 2s and 2p 
The atomic 2 S level splitsLo^ t bands are sk °wn‘ in Fig. 32. 

unit cell, whereas the atomic 2 p fu^fonlSs^T tW ° at ° mS PSr 
two systems of zones overlan at r 9 7 pbts , lnto S1X zones - These 

systems which contain four zones each T^o Q f tT ** tW ° new 
have zero width fn Kimball''! „„„ • ' .. W0 tke ^ ower se t of zones 

pproximation, but they probably would 

1 “ ^ A ha . ve ^ ^dth if more boundary 

points and surface harmonics had 
een used. Since the lower zone 
system is just exactly filled by the 
eight electrons per unit cell, the 
crystal is an insulator at the ob- 
served lattice distance in Kimball’s 
approximation. There is no iso- 
lated low-lying group of four zones 
at large distances, however, so that 
the crystal should be a metal when 
7 s greater than 2.7 a h . From the 
standpoint of the entire crystal, this 
means that, a single level separates 
irom a continuum when r is 2.7a*. 

Kimball found that his initial 
an final charge distributions were 
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,rbon has tetrahedral directional properties. For this reason, he assigns 
tetrahedral bond structure to carbon and assumes that this atom prefers 

join with other carbon atoms or with hydrogen atoms along these 
>nds. The structure of diamond supports this viewpoint since each 
rbon atom in it is surrounded tetrahedrally by four other carbon 
oms. 

Pauling 1 and Slater 2 have independently established a set of principles 
.at may be used to understand this tetrahedral character. Let us con- 
ler molecular hydrogen for a moment. As we have seen in Sec. 56, the 
ability of this molecule arises from the following two facts: (1) The 
dd between two protons is stronger than the field of one. (2) Two 
ectrons may share this region and minimize their repulsive energy by 
irrelating their motion so that they are not there at the same time. 
r hen the binding is largest, the atomic distributions are distorted in 
.ch a way that the wave functions extend along the line of centers, where 
.e field is largest. On the basis of results such as this, Pauling and 
ater suggest that the observed atomic arrangements in valence com- 
>unds are those for which the Heitler-Lon- 
>n functions have the largest peaks along 
e line of centers. In applying this principle 
. carbon, they assume that the carbon bonds 
e so strong that the 2s and the 2p elec- 
ons should be treated on an equal footing, 
imball’s results support this assumption, 
r in his model the s levels split into bands 
iat are as wide as the p bands and the two 
r pes of state become thoroughly mixed, 
auling found by direct computation that 
Le four orthogonal functions which are 
rear combinations of one s function and 
Lree p functions and which have maximum directional localization 
ctend toward the four corners of a tetrahedron. The equation of any 
le of these may be placed in the form 

/(r)(i + f cos 0) (1) 

here f(r) is a radial function and 6 is the polar angle measured from the 
.rectional axis. The angular part of (1) is shown in Fig. 33. 

It is evident that the Slater-Pauling principle cannot be rigorous, for 
irbon also forms a stable crystal in which the coordination is not tetra- 
edral, namely, graphite. 

1 L. Pauling, Jour. Am. Chem. Soc., 63, 1367 jf. (1931). 

a J. C. Slater, Phys. Rev., 37, 481 (1931). 


7r/2 
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Fig. 33. — Polar plot of the 
Pauling bond function (1) for 
carbon. 



456 THE MODERN THEORY OF SOLIDS [C hap. XIII 

deri ™ d ,rcm ^ 

tetrahedral functions. Since neither schemTh^ h° th ° Se ° f Pauhng ’ s 
quantitative computation of 8 been USed to make a 

pos^ to say * is not 

bonds ra TLTc C S e P U,r«^r‘ta e<i “ t"* 5 other sim P le ™>“<* 

between silicon Id f4“Tn smcI^TbeT *7* “ ““*<”> ° r 

silicon atom is surrounded hv fn be second case > in which each 

by two silicon atcms^^complfcated^nf 611 “ d ° X ^ en atom 

m place of having two electrons availawT^vf- b J the fact that oxy S en > 
electrons from a complete p shell As ” Jf ndmg ’ actually ] acks two 
discussion on solids these hnlp« ' k W6 kave . seen * n the previous 

electrons. Hence, we may say that the ” positively barged 
occurs between a directed lra i y , tbe sl h con -oxygen bond in silica 
of oxygen We Silic ° n and a Seated hole 

behaltt. posit Z^T “““ bMds to >» P“>“ because holes 

D. SEMI-CONDUCTORS 

nam^^lStt^ ‘™Vpes of semi-conductor, 

polar salts, such“ no f f 1 th ? 86 -ot. Many 

cipally interested in nnrp J • n ^,° c * asses - We shall be prin- 
properties have been studied ^ Gt ° TS ! Smce their experimental 

semi-conductors. 6 SystematlcaI1 y than those of impure 

that T ^t^“^:t e £ 27 *. - »■» 

and developed by Schottby and Water ” Thff We f , first r “°S ni zed 
pie, that the electronic nnnrNw ■+ to £ P° m ted out, for exam- 

with interstitial zinc atoms the™ '' ° pure anc oxide can be associated 
in terms of ortbniv Ze^ Tf ° f whlch “V be understood 
present their work in a ~ £ ° S '“‘ S * lcal mecl >ar,ics. We shall 

mmmofstatisticaW^n^taStfk m ^ ^ »* 

those wLridTctWfrefjT ° f P .T *“«onduotors, z namely, 
These two tZ ml te rJ^Ts" d ‘ W boll. 

Hall coefficient- for the first elf h 6 ( f x l ,ennlentall - v by the sign of the 
sign as the alkali metals Idttalh «” 

It -asyto construct a 3^,^“ ^StpS 

z. phymt. ChZ ™ mf SiTST Z ' ’* >A UB ’ 163 (l930) - °- W “™*. 

(1934); also Chap, iff thh foot* ^ B ‘ Qudden ’ Zrpetnwse exakt. Nolur., 13, 223 



c. 110] 


TEE ELECTRONIC STRUCTURE 


457 


lalitatively the difference between these two types. Consider, for 
ample, a typical insulator having the system of filled and unfilled 
/els shown in Fig. 34a. If we add foreign atoms or distort the atoms 
another way, we may expect to introduce new electronic levels in the 
[■bidden regions. The electronic charge associated with these states 
localized about the distortion or impurity atom. 1 The detailed 
operties of the additional levels vary from case to case and should be 
scussed separately in each one. If all the discrete levels are occupied, 
in Fig. 346, the electrons near the conducting bands may be thermally 
cited to this band, thereby making the crystal an electronic conductor, 
e discussed the properties of this type of semi-conductor in Chap. IV 



a b c 


Fig. 34. — (a) The filled and unfilled levels in an insulator. ( b ) The discrete impurity 
el is occupied by an electron. This substance may be an electronic semi-conductor if 
) electron may be thermally excited to the empty band. ( c ) The level is unoccupied, 
is substance may be a hole semi-conductor with an ‘anomalous’ Hall coefficient, if 
ctrons may be thermally excited from the filled band to this level leaving free holeH in 
j lower band. 


d found that the low-temperature conductivity c should vary according 
the equation 


<r = n b i^2 ^{2irm*kT)ie (1) 

iere n 6 is the number of bound states per unit volume, Zo is the mean 
ie path, m* is the effective mass of the free electrons, and Ae is the 
tivation energy for freeing the electrons (cf. Fig. 35). The sign of the 
all coefficient is normal in this case. If the discrete electronic levels 
e unoccupied (Fig. 34c), the electrons in the filled region may be 
ermally excited to the lowest unoccupied level, leaving free holes in 
e band. These holes should behave like free positively charged dee- 
ms and should give the solid a Hall coefficient whose sign is opposite 
that of the preceding case. Equation (1) should also be valid in this 
se if the constants ni 7 Z 0 , m*, and Ae are reinterpreted in terms of free 
d bound holes. We shall discuss the electronic levels of several solids 
more detail below. 

1 The behavior of models of this type has been discussed by A. H. Wilson, Proc. 
V. Soc ., 133 , 458 (1931), 134 , 277 (1931); R. H. Fowler, Proc . Roy. Soc. t 140 , 505 
133); 141 , 56 (1933). 
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At temperature T, the equilibrium state of an insulator is determine*} 
by the condition that its free energy 

A = E - TS 



be a minimum. This quantity is simply E at zero temperature so that 
the equilibrium condition presumably demands ilia? 
the ideal crystalline arrangement be most stable a? 
this temperature, since E probably is then a mini* 
mum. This arrangement need not be the most 
stable above the absolute zero; for if the entropy 
associated with a distorted arrangement, such as 
that caused by placing some atoms in interstitial 
positions or by removing normal atoms, is large 
enough, the distorted state is more stable than the 
normal one. Let us consider a simplified system 
consisting of a monatomic lattice of N atoms. We 
shall let e be the energy that is necessary to remove 
one atom from a typical lattice site and to place it 
at the surface in a normal position. It will he 
assumed that this energy is independent of the 
number n of atoms removed for small values of n. 

equilibrium ■ a r — 5 T e neglect any changes in the vibrational energy 
ment when the electron , f may occur as a result of this transposition, the 
^nimt e L T H e * two ? en * r0py chan S e is determined by the number 
because the ion^^Tfor- f ' **** “ the n vacancies may he 

eign atom does not ais tabuted among the N sites. This number 

£ 6Vide ^ is - n) ! so that th^ntro^ 

S = k l0g n\W~ ~nyi ~ ~kn log (2) 
Thus, the free energy 


Fig. 35. — Schema- 
tic representation of 
the excited and normal 
levels in a semi-con- 
ductor containing an 
impurity atom. The 
minimum of the lower 
curve corresponds to 
the equilibrium atomic 
arrangement when the 
discrete level of the 
foreign atom is oc- 
cupied. The minim um 
of the upper continuum 
corresponds to the 


as the un-ionized one. 
For this reason the 
energy Ae for thermal 
ionization is usually 
less than the energy 
for optical ionization, 
for the second process 
must obey the Franck- 
Condon principle and 
corresponds to a verti- 
cal jump j n ^ 
gram. 
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The principles used in this computation may be applied to other 
,ses, most important of which for the theory of semi-conductors are the 
>lar crystals having the composition M m X n , where M is a metal atom 
Ld X is an electronegative atom. The four independent types of 
iviation from ideal arrangement that may occur in these solids are as 
Llows: There may be vacancies (a) in the metal lattice or (f>) in the 
3ctroiiegative lattice; and there may be (c) interstitial metal atoms, or 
) interstitial electronegative atoms. These four types of lattice defect 
ay occur in any one of the various possible combinations. We shall 
scuss a few actual cases in the following sections. 

111. The Alkali Halide Semi-conductors. — Hilseh, Pohl, 1 and their 
Lmerous collaborators have made extensive investigations of semi- 
nducting alkali halide crystals that are produced by heating these 
lids in alkali metal vapor until the^ become colored. Figure 36 shows 



a. 36. — P-center absorption bands at room temperature in various alkali halides. The 
wave-length scale is in units of 10" 7 cm. (After Pohl.) 


e spectral dependence of the new absorption band in several cases, 
lentical discoloration may be produced by X-ray or cathode-ray 
>mbardment. The discoloration is not so durable in these cases, 
>wever, for it may be removed by relatively mild heating that does 
>t affect the discoloration produced by heating the crystals in alkali 
ipor. From the intensity of the absorption bands, it is possible to 
itermine the number of absorption centers that are responsible for the 
scoloration. This number depends upon the method used to prepare 
.e colored crystal and varies from 10 15 to 10 1J) per cubic centimeter 

the specimens ordinarily used in experiments. Pohl has named these 
>sorbing centers “F centers,” ( Farbzentren ). We shall use the same 
rm. 

The electronic conductivity of the alkali halides containing F centers 
icomes appreciable above 200°C and is superimposed upon the ionic 
inductivity, which is also appreciable. The two may be separated by 
easuring either the conductivities of separate clear and colored speci- 
ens or the conductivity before and after the F centers have been 
moved. This removal can be accomplished by placing the colored 

1 See the survey article by R. W. Pohl, Physik . Z. } 39, 36 (1938). 
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crystal in a constant field at the temperatures at which the conductivities 
are measured. The F centers then migrate to the anode and disappear. 
During this procedure, the conductivity drops, as is shown in Fig. 37. 
Electronic conductivity may be induced at low temperatures by illu- 
minating the crystal with light in the absorption bands. We shall 
discuss this photoconductivity in detail in Chap. XV. 

The ionic conductivity of the alkali halides usually is caused by the 
migration of both positive and negative ions, as may be determined by 
transport measurements, such as those discussed in Chap. I. Frenkel 1 
first pointed out that the migrating positive and negative ions probably 
do not move by squeezing past one another, as they would in an idea] 

lattice, since the activation energy 2 that 
would be required for this process is much 
larger than the activation energies deter- 
mined by measurements of the tempera- 
ture dependence of conductivity. He 
estimated that the activation energy in an 
ideal lattice would be about the same as the 
cohesive energy. This is about 7 ev in 
sodium chloride, whereas the observed 
value 3 of the activation energy is only l.£ 
ev. For this reason, Frenkel postulated 
that alkali halide crystals normally contain 
Fig. 37. — Decrease in the vacancies both the positive- and negative- 

current of colored potassium ion sites. We may conclude that these 
chloride as the F centers are • . . . , 

removed by conduction. The vacancie s are present in equal numbers in 

initial conductivity is due to uncolored crystals, for otherwise these 

conducti^ t jT^to Tons 8 alone . The cr y stals would be charged. They presum- 
temperature was 580°C; the ably have the same thermodynamical origin 

cm. {After PoU.) as vacancies in the simple monatomic 

lattice discussed at the end of the previous 
section and can be discussed in terms of the theory used there. 

It is possible to give two reasonable pictures of the discoloration oJ 
alkali halides by X rays. In both pictures, it is assumed that the primary 
action of the X rays is to free an electron from one of the inner shells 
of an atom of the lattice and that the discoloration center is associated ! 
with the absorption properties of this electron when it subsequently j 
becomes trapped in the lattice. The most apparent trapping positions 
are the vacancies in the negative-ion lattice and the positive ions. The 

1 J. Frenkel, Z. Physik, 35, 652 (1926). 

2 The activation energy is the least energy required to interchange two atoms 
This is discussed in detail in the next chapter. 

3 W. Lehfeldt, Z. Physik , 85, 717 (1933). : 
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vacancies should have an affinity because the Madelung potential is 
positive at these positions, whereas the positive ions should have an 
affinity because an electron should be able to polarize the surrounding 
lattice and produce a stable discrete level lying below the conduction 
bands discussed in Sec. 106 of this chapter. Evidence obtained from 
investigations of photoconductivity seems to support the first interpre- 
tation of the trapping position and rule out the second. If any alkali 
atom could trap an electron and produce an F center, the mean free path 
for trapping of free electrons should be independent of the density of 
F centers and of vacancies in the negative-ion lattice, since the number 
of these is far less than the number of alkali metal ions. The experi- 
mental work on the photoconductivity of crystals containing F centers 
shows that the density of trapping points is far less than the density of 
alkali metal ions and depends upon the density of F centers. Hence, 
it may be concluded that F centers are electrons trapped in vacant 
halogen-ion sites. 1 There has been no experimental evidence to show 
that electrons are ever trapped by the positive ions. 

When an alkali halide crystal is heated in alkali metal vapor, some of 
the atoms of the vapor presumably become absorbed on the surface and 
lose their electrons. These electrons then wander into the crystal and 
occupy vacant halogen positions, producing F centers. The ions left 
behind may then diffuse into the lattice, decreasing the number of 
positive-ion vacancies and keeping the volume of the crystal unchanged. 
Let us suppose that the crystal is at temperature T and that it normally 
contains n vacancies in the positive- and negative-ion lattice. In addi- 
tion, let us suppose that it is placed in a container of which the volume V 
is much larger than that of the crystal and which contains N A neutral 
alkali metal atoms in vapor form. If np atoms are absorbed into the 
crystal, the number of vacancies in the positive- and negative-atom sites 
is decreased from n to u — uf. The mixing entropy associated with 
the vacancies is 

— 2 k(n — up) log jy---- (1) 

where N is the number of ions in the lattice. In addition, the rip electrons 
that occupy the halogen sites have the entropy 

— Imp log jj-j (2) 

since they may occupy any of the N sites. The vapor has the entropy 

1 This interpretation of F centers is due to J. II. de Boer, Rec. trav. chim. Pay$-Bas, 
56, 301 (1937), and has been developed by R. W. Gurney and N. F. Mott, Trans. 
Faraday Soc.j 34 , 506 (1938). 
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-k(N A - »,) log c Uf) (3) 

where 

C s* ¥- 3 (2TnkT)i 

in which n is the atomic mass. Thus, the total free energy as a function 
of np and n is 

A(yiF t Yi) = Upe -f“ (u Uf)€ / + — Tip) log — ^ — — -f- rip log *4“ 

(N a - nr) log ^--^] (4) 

where « is the energy required to dissociate an atom into an F center and 



WI/C) 


= New. 


(5) 
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If the equilibrium density of F centers is established at one tempera- 
ture and alkali metal pressure and the crystal is then cooled, the excess 
p centers should coagulate into colloidal globules of alkali metal unless 
the cooling takes place so rapidly that the higher density is frozen in. 

Following a plan of Gurney and Mott, 1 we may obtain a rough idea 
of the energy levels of an F center by using classical methods. The 
Madelung potential at a vacant negative-ion site is — Ae 2 /r a as long as 
the surrounding ions have perfect crystalline order. Here, A is the 
Madelung constant and r 0 is the nearest-neighbor distance. This poten- 



Fig. 39. — The potential trough, tor an electron near a halogen-ion vacancy. The 
full curve represents the potential when polarization is neglected, the dotted curve the 
potential when it is not. 

tial is of the order of 9 ev for sodium chloride. At large distances from 
the vacant site, the total potential is 

+ F„ (6) 

r 

where V u is the periodic Madelung potential of a normal lattice and 
e 2 /r is the potential arising from the vacancy. The mean value of Vm 
is very close to zero for an electron placed in an alkali halide crystal (cf. 
Sec. 91), and so we are justified in dropping it from (6) in a good approxi- 
mation. The remaining potential then varies smoothly between the 
value — Ae 2 /r 0 at the vacant site and the value — e 2 /r at large distances, 
in the manner shown in Fig. 39. If there were no electron in the vacant 
site, the surrounding ions would be displaced from their equilibrium 
positions for the normal lattice. We shall assume, however, that they 
are nearly in their normal positions when an electron is present, for this 
electron should have nearly the same electrostatic effect on the neighbor- 
ing ions as a halogen ion. When the electron is at large distances from 
the site, it is partly screened from the excess positive charge by the 
polarization charge that it induces in the crystal. Hence, the potentia 
at large distances should vary roughly as e 2 /n 2 r instead of as e /r, w ere 
n is the refractive index. Thus, the potential well in which the electron 
is trapped should have the form of the second curve, Fig. 39. . s 

trough has an infinite number of discrete levels, which end in a series 

1 R. W. Gttrkey and 1ST. F. Mott, Proc. Phy$. Soc. (sup.), 49, 32 (1937). 
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limit at zero energy, since the field is coulomb-like at- large; distances. 
The lowest of the discrete states is an s state, and the next two are x and 
V states. The optical transition from the lowest s state to the lowest p 
state should have the greatest probability and should correspond to the 
absorption band of the colored crystal. This transition should not lead 
directly to photoconductivity, for the excited electron is bound to the 
vacant site just as the normal electron is. The excited state; lies nearer 
the continuum, however, so that the probability for a thermal transition 
to the continuum is higher from it than from the lowest level. In order 
to account for the observed photoconductivity, we must assume that the 
electron actually becomes free by thermal excitation. The probability 
or this excitation should decrease with decreasing temperature and 
vanish at absolute zero. This disappearance of photoconductivity near 
the absolute zero is actually observed. i We shall discuss the' effect 
further in Sec. 134. 
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where e' and A are not strongly temperature-dependent in the range over 
which conductivity is measured. It was also seen in Sec. 37 that these 
constants are influenced by the pressure of oxygen in which the specimen 
is heated. Since A is related to the mean free path lo and the density of 
centers n b by the equation 

A = 0.024Z 0 n^T’ i ohm-" 1 cm" 1 

and since Hall-effect measurements show that lo is practically constant 
for a given specimen, we may conclude that the variation of A with 
oxygen pressure implies a variation in n„. This variation has been 
investigated by Wagner and Baumbach; 1 we shall now discuss their 
results. 



Fig. 40.— -Dependence of the conductivity of zinc oxide on vapor pressure of oxygon 
(After Baumbach and Wagner.) 

Figure 40 shows the variation of high-temperature conductivity 
with oxygen vapor pressure for a specimen that has been heated at two 
temperatures. Practically all the n b bound electrons are free at the 
temperatures at which these measurements are made, for. Ae then is 
appreciably less than kT . Hence, the curves ^of Fig. 40 give directly 
the dependence of rib on oxygen pressure po. They show that 

n b — epo " (2) 


where 4.2. b 

All the experimental results may be explained satisfactorily it we 
assume that the heated zinc oxide loses oxygen atoms from the surface 
and leaves excess zinc atoms, which become ionized and diffuse into the 
interstices of the lattice. Wagner has ruled out the alternative possi- 
bility that vacancies are produced in the oxygen lattice and that the 
conduction electrons are those which might normally occupy these 
vacancies by showing that the negative-ion transport number is very 
small compared with the positive-ion transport number. The small 
observed positive ionic current is carried either by ionized interstitial 

1 H. H, v. Baumbach and C. Wagner, Z. Physik Chem ,, 22B, 109 (1933). 
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zinc atoms or by the normal zinc ions. There is ample room for intei 
stitial zinc atoms in the zinc oxide lattice because it has the porou 
wurtzite structure. 

The displacement of equilibrium with changing oxygen pressure ma 
be treated in the following way. We shall let e" be the energy require 
to produce a singly charged interstitial zinc ion, a free electron in th 
lattice, and one atom of gaseous oxygen, which is attached to anothe 
oxygen atom to form an 0 2 molecule. We shall let n be the number c 
interstitial Zn+ ions and N 0l the total number of 0 2 molecules in th 
gas, where No, is much larger than n. The total free energy then i 


A(n,N 0l ) = ne" + kT\ 




where the first entropy term is that of the interstitial ions, N being th 
total number of interstitial sites, the second term is the entropy of th. 
free-electron gas, and the third term is the entropy of the 0 2 molecules 
lae equilibnum value of n is 


nN^ = Be~* T (4 
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heated for a long while in a vacuum. Moreover, Fritsch (c/. Sec. 37) 
has found that 4 in Eq. (1) varies with the pressure of oxygen and has 
shown that 4 increases as the density of interstitial atoms- decreases. 
This effect indicates that the interstitial zinc atoms interact with one 
another and in some way decrease the distance between the bound and 
free levels. The density of interstitial atoms is of the order of 10 1 , 
according to Hall-effect measurements, so that this interaction is con- 
ceivable only if the radius of the interstitial atom is ten times larger than 
the radius of a normal zinc atom. Now, the radius of a hydrogen atom 
in a medium of index n would be n 2 times larger than the radius of a 
nor mal atom. Thus, it is possible that the electrons in the interstitial 
atoms move in very large orbits because the surrounding medium is 

highly polarizable. _ 

113. Cuprous Oxide and Other Substances That Involve Transition 
Metals.— Cuprous oxide is a very useful semi-conductor, but its highly 
intricate properties are only partly under- 
stood. The most reliable evidence seems 
to show that it has hole conductivity, 
which indicates that it has either a 
deficiency of metal atoms or an excess of 
oxygen atoms. Wagner and his cowork- 
ers 1 have evidence to show that the copper 
ion is much more mobile than oxygen, and 
they conclude from this that the con- 
ducting oxide probably contains vacancies 
in the copper-ion lattice. These are shown 
schematically in Fig. 41. Since the defi- 
cient copper ion carries away an electron, the lattice should contain one 
electron hole for each vacancy. This hole may normally reside either on 
a copper ion, turning a Cu+ ion into a Cu++ ion, or on an oxygen ion, 
turning an 0~ ion into an 0" ion. Wagner suggests that the first 
picture is more probable since copper is commonly bivalent. According 
to this view, the conductivity of cuprous oxide should result from the 
motion of the hole from one copper ion to another. The most stable 
position for the hole should be near the vacancy since there is an excess 

negative charge at that position. , 

De Boer and Verwey 2 have attempted to make a systematic classifica- 
tion of other semi-conductors containing metals with partly filled 3 
shells. They computed the energy of electrons on atoms and ions near 
vacant sites, using atomic-model methods similar to those that we ave 


Cu + 

Cu + 

Cu + 

Ca + 

cr 


cr 


Cu + 

□ 

Cu + 

Cu+ 

cr 


cr* 


Cu* 

Cu + 

Cu + 

Cu+ 


Fig. 41. — Schematic representa- 
tion of copper vacancies in cuprous 
oxide. The vacancy leaves the 
lattice with a deficiency of one 
electron. 


1 C. Wagnbb, Phyaik. Z., 36, 721 (1935). n<mi 

j j. H. db Bobu and E. J. W. Ybewbt, Proc. Phys. Soc. (sup.), 49, 59 (1937). 
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used in Secs. 95 and 107. We shall discuss their results for throe cast-.-, 
namely, nickel oxide (NiO), cuprous iodide, and potassium iodid> . 
Although the last case does not involve transition metals, they consid< ■ 
it for comparative purposes. 

In nickel oxide, which has sodium chloride structure and an oxvgi ■; 
excess, some metal-ion sites are vacant. De Boer and Vcrwcy conclud 5 * 
that the electrons removed from the lattice with the positive ions :tr- 
taken from two nickel ions alongside the vacancy, leaving two hsi " ' 
ions. These holes may be thermally freed making the crystal conduct inir . 

Cuprous iodide has the zincblende structure and is a halogen exci*.** 
semi-conductor. The workers conclude that in this case there :u< 
neutral iodine atoms at the iodine sites alongside the metal-ion vacancies 
s case should be contrasted with that of cuprous oxide, discussed 
above, m which the hole is believed to reside on the positive ions. 1 >■ • 
Boer and Verwey estimate that in copper iodide the hole would bo 1 ev 
less stable at a copper-ion site than at an iodine site. 

Potassium iodide is also an excess halogen semi-conductor. Tim 
computational evidence indicates that there are positivc-ion vacant*-* 
and neutrai halogen atoms nearby, just as in copper iodide. 

• 6 , ,° er and Verwey also point out that the zone approximal ion 

? much le^ accurate f or d-shell electrons than for electrons in s-p levels 

tlin n l fl b rf bl L 6 ? at ?! 1 ! west level of the entire solid in a salt eon- 

lif 5 ,“ ° d * number of d electrons unit cell is separated from (ho 
g . els by a large gap, even though the lowest levels should !>»• 

tobeCoO wh° U h h ^ approximati °n- A case in point seems. 

uni^cell sfnf J? ^ cM ° ride lattice with one cobalt ion per 

metamf conduct “" Bl d electrons > the Should be a 

a £ct wMch she aCC + °? lng ? the Z ° ne theor y- Actually, it is not , 
a tact which shows that the ordinary rules for predicting metallic char- 
acter cannot always be applied to d-electron groups. 

E. MOLECULAR CRYSTALS 

energy'lOT^of'^w 6 ! ^ b< f} n ° explicit work on the electronic- 
that AellwerexcSedtt ? ^ t Apparently ’ * » safe to assume 
waves to a hieh deSl f ^ ** treated by the metl *ods of excitation 
should be smSf for the Widths of the citation bands 

of this factTs ^ SmalL ° ne consequeneo 
be nearly the same as th* S bdWe f n the Wr excitation bands should 
free molecules. In addition^t? 8 b ? We ff tbe electronic levels of tin* 
the ionization continuum th + ^ S ° j ^ ac ^itional bands below 

from ^oleoule ^rofSilT^ ““ ° f “ electro,. 

111 ** l6VdS be — * Zse wKSe^utdlroi 



Sec. 115 ] 


THE ELECTRONIC STRUCTURE 


469 


fully in connection with ionic crystals to require no further comment 
here. This subject probably could be developed considerably if experi- 
mental investigations of the absorption spectra of molecular crystals 
were carried out in the near ultraviolet and Schumann regions. 

115. The Transition between the Solid Types. — In Chap. I, we 
attempted to show the interrelation between the solid types by means 
of Fig. 82. We may now discuss this diagram again, using our knowledge 
of the electronic states. The ideal metals, which are on the left, possess 
broad, incompletely filled bands when described by the zone approxima- 
tion. They cannot be described adequately by the Heitler-London 
approximation, since the lowest energy levels of the entire solid are 
quasi-continuous. 

As we move to the right in Fig. 82, the energy bands separate into 
filled and unfilled sets. This transition takes place gradually, being 
well advanced in metals such as calcium, bismuth, and graphite and 
complete in diamond and possibly boron. The separation of bands also 
occurs as we move from ideal substitutional alloys to ionic crystals. 
In this case, substances such as Mg 3 Sb 2 occupy the intermediate positions 
that correspond to bismuth, and so forth, in the monatomic case. Ideal 
valence and ionic crystals may be described in terms of both the Heitler- 
London and the Bloch scheme. Neither is completely satisfactory when 
used alone, however, even for qualitative work, and the two approxima- 
tions must be combined to form a complete picture. The atomic func- 
tions must be greatly perturbed in constructing the best Heitler-London 
functions for the lowest state of these solids. This is indicated by the 
fact that the best functions in valence crystals have directional properties 
and the best functions in ionic crystals are closely like the functions of 
free ions. In the energy-level diagram of the entire solid, a singlet 
separates from the quasi-continuous levels of metals as we move from 
left to right. 

Passing still farther to the right, we come to molecular solids, which 
usually are described more satisfactorily by the Heitler-London approxi- 
mation than by the Bloch approximation, since the Heitler-London 
functions are very nearly the same as those of the free molecular units. 
The lowest level of the entire solid is a discrete singlet, and the higher 
levels that lie below the ionization limit presumably are grouped into 
narrow excitation bands. 

Semi-conductors are insulating crystals that have additional electronic 
states because they contain lattice defects or foreign atoms. 



CHAPTER XIV 

THE DYNAMICS OF NUCLEAR MOTION. PHASE CHANGES 

coor 1 d?nat T ef a , A tt atiC / PPr0 ^ ati0n *~ We W treated the nuclear 
coordinates as parameters m practically all the preceding discussion 

WeXhTow exam' “ the station ^y electronic states, 
and shdl dLXT 6 t 6Xt ; nt t0 Which this P rocedure may be justified 
together tX t " ^ treating electronic and nuclear motion 

^ empl ° yed by B ° rn and Oppenheimer* in 

subsequently in simila^probrems ?* 68 ^ m ° leCuleS and has been used 

The complete Hamiltonian operator, £ C) >r a crystal is 


«--2&.-2fr.+i2'£ + 


-'-2 


h* 

2 M, 




i.f 

1 ^ n t £l> 


j £>) + V«(£i, 


■A 0 . 


, f/) 
(1) 


The indices i j . n extend over all electrons, and the indices 
1’, ‘ • ’ /extend ov er all ions. M a is the mass of the ath ion 7 • is 

of the Sio 0 ns 'andXX^X" 1 ’ F « is the faction potential 
which the 1S the electr °nie Hamiltonian of Chap. VI, in 

V was + i, , ea f ne tic-energy terms were neglected. In Chap VI 
Vet was taken to have the form s m unap. vi, 


2^(r<). 

* 

t£utao e "°^T r ? Mde ^ “ be "8 taed . m had the periodicity of 

Si ZLXt °°a T t r on the endear 

emulates, since they will also be treated as dynamical variables. 

‘Sr* s 157 amx 

2. physih. Chem., 19B, 203 (1932)- R Ww r^’ 445 (1932 ^ E ‘ Wignbb, 

W- »™» «a* in aZ to V is aS ri Chm ' P t"i’ ”• 107 *■ (1935) 
Faraday Soc., 32, 708 QQSfi'i a J: + - 1 *' L ’ Farkas E. Wigner, Trans. 
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*h» J- 0. HteWdto »?E % ?*• M - » a«Si» 
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Although the exact characteristic functions $ of usually are 
intricate functions of the x and the £, we shall attempt to use approximate 
solutions of the form 


<Mzi> • • * , s», ii. • * ’ i ?/) - 

• • • j Zn, ll, • • • > f/)Xra(.tl, ! i/j 

where * r is an electronic function of the type used in previous chapters, 
in which the | were regarded as parameters, and Xr«($i, ••■,?/) is a 
function of the nuclear coordinates. This approximation is commonly 
called the adiabatic approximation, because at each instant the electronic 
distribution is taken to be the same as though the nuclear coordinates 
were at rest at the positions they have at this instant. This assumption 
obviously can be true only if the electrons move much more rapidly 
than the ions. We shall see presently that the accuracy of the approxi- 
mation depends on the fact that ionic masses are great relative to the 
electron mass. 

If the function (2) is substituted in the equation 


= 


hd$ 
i dt 


(3) 


and if it is recalled that 

HVr(x 1 , €x, '■•> *7) - • • • , ( 4 ) 

it is found that 

“2k grad * •' ■ grad ‘ x " ~ 22K* rA * x '* + 

R(I., • • • . (»> 

Multiply ing this by ^ r * and integrating over the electronic coordinates, 
we obtain 

j Zn)1 \ Xra ~ 

a 

2[k(J ** grad * <M ') srad " *’■] - 22K a-x ~ + 

R(i., («> 

It will now be shown that the first term may ordinarily be neglected for 
stationary-state problems. In order to do so, two extreme cases will be 
considered, namely, that in which the electrons are perfectly free and that 
in which they are completely bound. 
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The one-electron wave functions are of the form c 2ir{k ' r in the iir.-i 
case and hence are practically independent of nuclear coordinate.-'. 
Thus, the first two terms in (6) are vanishingly small. 

In the opposite case, we may, for simplicity, regard the wave function 
as though it were composed of one-electron functions of the typo 

fa{%i £a> Vi £*«)• (i j 

Under this condition, we have the relation 


X grad a ¥ = grad, ¥; (8) 

a i 

hence, the first term in (6) is simply 

<»> 

i 

if it is assumed that there is only one type of ion. Since the quantity 
(9) is equal to m/M times the mean kinetic energy of the electrons it i* 
normally negligible because the ratio m/M is at most 1/1,840. 

The second term also may be dropped in stationary-state problems, 
tor ¥ can then be chosen as a real function. Hence, 

JV* grad a ¥ = l grad„ J |¥| *dr = grad a 1 = 0. 

The final equation for x™ is 


2 2M a ^ aXra + Er ^ 1 ’ ‘ » £f)xra = 


_ ° x rs 
i dt ’ 


( 10 ) 

which has the form of a Schrodinger equation in which E r is the effective 
oUhTform 1 i0n ‘ ThiS eqUati ° n haS st ationary-state solutions 


Xra(£lf ‘ , f/, 0 = Ka(£l, * - • , £,)e ' 

where \ ra satisfies the equation 


2 2M a Aakra ^ r ^ 1 > 


J fr)X ra — @ r »X r 


(ID 


( 12 ) 


1 ^s enero ' °' the system - n is th “‘ e™ 

of (6) are nXbSe. *' in which the fat two tern., 

within SfcTrdlf 0? t,l‘ I" the , fu ” ction ® i. accurate to 
6 order of times the electronic kinetic energy 
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if ¥ and x satisfy Eqs. (4), (11), and (12), it does not follow that all mean 
values are equally accurate, 1 for we know from the variational theorem 
that the energy is stationary for small variations in the wave functions. 
As we have seen in Sec. 39 the accuracy of the mean values of other 

quantities is usually of the order of magnitude A /nijM. 

117. A Qualitative Survey of the Theory of Phases. — Equation (12) 
of the prece ding section, which is the equation for the stationary states 
of nuclear motion, is usually very difficult to solve accurately because 
E r (£i, ■••,{/) usually is an extremely intricate nonseparable function 
of the nuclear variables. This may be realized from the fact that this 
equation should yield a description of all types of phases of matter from 


i J 

JJJ* 


LU 


Configurational Coordinates (£•” *£p) 

Fig. 1. — Schematic behavior of the 
electronic energy of the lowest state of 
tho entire crystal as the interatomic 
distance is varied. For large separations 
E o approaches a constant, whereas it 
decreases and then increases again as 
tho atoms are brought closer together. 


solids to gases. 

Let us consider the behavior of the 
function E 0 (£i, •••,£/) that is as- 
sociated with the lowest electronic 
wave function. This is the effective *r\ 
potential field in which the ions usually 
move. Eq approaches a constant value 
corresponding to the normal energy 
of the constituent atoms when the 
atoms are separated by more than 
10- 6 cm, (c/. Fig. 1). As the nuclei 
are brought together, Eq usually de- 
creases to a certain minimum value and 
then increases again as the nuclei are 
crowded more closely. The depth of 
this absolute minimum relative to the value * of Eq for large separa- 
tions is a measure of the cohesive energy of the solid. In addition 
to this absolute minimum there may be secondary minima correspond- 
ing to atomic configurations that may be metastable at very low 
temperatures. A part of the purpose of the next section is to examine 
the relative stability of the minima of this type that correspond to crystal- 
line arrangements. 

If the coordinates of any atom or group of atoms are varied, slightly 
when the system is at an equilibrium point, we may expect E 0 to increase. 
The change in E 0 is not the same for all directions of variation but 
depends upon the crystalline binding. Now, if we rearrange the atoms 
in any way that does not alter the crystal structure, the initial and final 
energies are the same. Since Eq increases for changes near the. equi- 
librium values, it follows that this function passes through a maximum 


1 The accuracy of the adiabatic approximation in special cases is discussed by H. 
Pelzer and E. Wigner and by E. Wigner (c/. footnote 2, p. 470). 
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during the rearrangement from one equilibrium distribution to anoth* * 
The minimum value of this maximum for all possible rearrangem< - 
paths, that is, the height of the "saddle point ” of E 0 in the potent:., 
barrier that separates the two minima, is called the "activation energy 
for the rearrangement (cf. Fig. 2). Paths leading through this sad* s', 
point are the ones ordinarily followed when rearrangements take pk 
thermally. 1 

We may now describe the stationary states of nuclear motion qualit .• 
tively, using these concepts. In the very lowest state, which is descri! - . 
by the wave function X 00 , the system is localized near the absolute mi;,: 



mum of 2?o(£i, * * • , £/). The act*. : 
distribution of nuclei is given by 
function |A 0 o| 2 , which will be descri! ■ 
more fully in the next section. 'I’:, 
energy parameter ©oo, associated \v;\. 
the lowest state, is slightly greater ib./ 
the minimum of Eo, the difference 1)* :: ; 
the zero-point energy of the at or. 1 
Since the probability distribution fur. 
tion decreases very rapidly in the regn J 
where E 0 is greater than ®oo, it follnv 


Fig. 2. — Schematic diagram 
showing the behavior of the energy 
of the system when the atoms are 
rearranged without changing the 
structure. A and B correspond 
to the minimum energy arrange- 
ments. During the rearrangement 
from A to B the energy increases, 
passes through a maximum, and 
decreases. The lowest maximum 
occurs at the saddle point S of the 
potential hill separating A and B. 
The height of S above A and B is the 
activation energy. 


that the individual atoms are statist! ctk . 
localized near their equilibrium posit i« ■: 
as long as the energy per atom is h - 
than the saddle point of the barr: ^ 
surrounding the equilibrium posit b 
There is a chance that a large part of “ ; 
zero-point energy of the system ir/.< 
become localized in one atom, allow I: ^ 
it to move away; however, the likelih*- : 
of a large fluctuation usually is v*-:; 


small for the normal state as we shall see in the next section. 


As we go to higher energy states, the probability of finding the on v ~ 
system at regions away from the equilibrium position increases beca;:- 
there is a larger range of configuration space in which (S 0 « — -Eo is p« ■ 
tive. When the mean energy per atom becomes comparable with *k 
height of the saddle point for a given rearrangement, this rearrangem* -r* 
may take place spontaneously with an appreciable probability. Tk' 
very lowest states in which rearrangements occur appreciably are tin ^ 
in which the system is still crystalline and in which a small fracth u 


of the atoms are diffusing about, whereas the higher states correspond * 


1 Cf. the survey article by H, Eyring, Chem, Rev,, 17, 05 (1935), 
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liquid phases in which there is no lattice structure and in which atoms 
correlate their positions only with those of their nearer neighbors. 1 Thus 
the gradation of stationary states from the crystalline phase to the liquid 
phase is perfectly continuous. The phenomenon of melting, which 
ordinarily occurs abruptly with the absorption of heat, does not imply 
any discontinuity in the allowable energy states but is a process in which 
a range of possible states is jumped over for reasons that are described in 
Sec. 121. The states skipped during melting are those associated with 
glasses and supercooled liquids. 

The states for which the total energy is greater than that of the system 
of free molecules correspond to the gaseous phase. In this phase each 
molecule has enough energy on the average to surmount the barners 
holding the atoms of the solid or liquid phase together. 



• Gas 


' Liquid 
> Super coo fed 
liquid 


Fig. 3. — Schematic diagram showing the types oi energy ^ 

I II, and III represent relative minima of the Uo(£i, * * ’ > ?») function that corrospon 
to different allotropic phases. The energy states below A correspond to crystalline phases 
in which the atoms are vibrating. Long-distance order vanishes at A and the range ot 
glasses, supercooled liquids, and liquids lies between A and B. The levels near A are 
usually skipped during melting. The gaseous phase lies above B. 


When two or more different crystalline arrangements of the £ cor- 
respond to relative minima of J5o(£i, •••>£/)> on ^y lowest ' IS thermo- 
dynamically stable at the absolute zero of temperature. The time 
required to bring about thermodynamical equilibrium may be very long, 
however, if the system gets caught in one of the higher minima at low 
temperature. For this reason, several different phases of a substance 
may be stable in a practical sense. 

We may summarize this qualitative discussion by means of the energy- 
level diagram shown in Fig. 3. There usually are several types of stable 
states, labeled I, II, III, etc., which correspond to the different poly- 
morphic forms. Above each of these is a range of energy, terminated 
by the line A, in which the system possesses lattice symmetry. The 

1 Evidence for this type of atomic correlation is given by X-ray analysis of liquids. 
See, for example, A. H. Compton and S. K. Allison, X-rays in Theory and Experiment 
(D. Van Nostrand Company, Inc., New York, 1935). 
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region above A, which is the domain of glasses or supercooled liquids, 
gradually blends into the less viscous liquid state. The states cor- 
responding to energies near A usually are thermodynamically unstable 
at all temperatures. The line B, which marks the point at which the 
entire system is in the gaseous phase, depends upon the volume in which 
the system is kept. B actually may fall below A, in which case the solid 
sublimes before melting. 

118. Low-energy States. — As stated in the last section, we shall 
assume that the relative minima of # 0 (£i, ■ • • , f /) occur for lattice 
arrangements of the nuclear coordinates. Let us consider a minimum 
of this type and describe the lattice in terms of the notation of Sec. 22, 
Chap. III. It will be assumed that the corner points of the unit cells 
are specified by the vectors 

r (p) — Pit i + P2*2 + P3V3 (1) 

where the p, are integers and the t ,• are the primitive translations. In 
place of the variables i\ a , and we may introduce the variables 

r <*(PijP2,P3) = r(pi,p 2 ,p 3 ) + (2) 

where the r* are the position vectors, relative to the origin of coordinates 
of the n atoms in the cell specified by p h p 2 , p 3 and g a is the position of 
these atoms relative to the corner point. In addition, we may introduce 
the variables 


^ i (Pi ) P2,p 3 ), (i = 1, 2, 3), (3) 

for the coordinates of the displacement of the ath atom from its equi- 
librium position. 

1 ^ * s ex P an ded in terms of the av(p), we need retain 

only the quadratic term in the first approximation. The problem of 

nrntr g *5? , statloaary states then educes to the normal coordinate 

T “ SeC ' 22 ’ Chap ‘ IIL Wo know - ^om the 
results derived there, that the quadratic terms in E 0 may be reduced to 

the sum of squares by making the normal coordinate substitution 


“ t,<r 


(4) 


^ the complex amphtude of the tth normal mode of wave 

Lh atoJ lf +K A 0 ** direction vector of the displacement 
of the ath atom. If the «,(*) are replaced by the real amplitudes 


a t (6) = gf fo) + a^j d) 
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the normal form of E$ is 

Bf = i^4irV ( (<})a s t (<f) ^ 

t, a 

where 6 is summed over an entire zone. There are 3 nN in all, for 

6 has N independent values and t has 3 n values. 

Since the kinetic energy T has the form 

T = (?) 

t,<r 

when expressed in terms of the a, the Hamiltonian function of the system 


H = f£[pi(<0 + 4 TFf(d)fl«(«)] 


where p 4 (d) is the momentum variable conjugate to The cor- 

responding quantum operator is 




which may be separated into operators for each normal coordinate. 
Hence, the stationary-state wave function has the form 

t,cr 

A( • • • , • • • ) = (««(<*)) ( 10 ) 

where X n (a 4 (<i)) satisfies the Schrodinger equation for a simple harmonic 
oscillator, namely, 

— : + 2TT 2 vl(^)a i t (6)\ n = «„X„. ( 11 ) 

2 dafw 

The total energy in the state (10) relative to the minimum of E 0 is 

B( ■ ■ ■ , »<(<*), • • • ) = X'mu) = + ^ hvt ^' (12) 

t,ff t,<T 

Let us examine the properties of the lowest state. The normalized 
eigenfunctions of the wave equation (11) are 


\o (at(<i)) 


“( t ) 


I p 2 hvt(o) 


so that 


Ao = Ce * 


^1 47r 2 yt a (g , )ogt 8 (p') 
2 hn(<r) 


( 14 ) 
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(15) 


whfrh ES P T f energy and * is a mean oscillator frequency. 

V M F ? magnitude /C0 -A. ©* being the characteristic 
temperature of the substance. The probability of finding the system 

in the volume element JJda,(d) is 




hv 


(! 6 ) 

and the probability of finding E% lying in the range from E to E + dE is 

_2E 3V 

C'e is E 2 dE ( 17 ) 

width to COn f tant : This function has a very steep maximum of 
width hv at the value of E 0 satisfying the equation 

E = iNhv. 

eati tUati011 ^ ^ po f tion and ener g7 of a single atom may be 

^itimated by expressing Eq. (16) in terms of the atomic coordinates If 

deoenTon^T ^ ^ &t their e( l uilibriu m positions, E 

£T whem T able " 0f this atom a « the function 
a: , where k is related to v m order of magnitude by the equation 

k ^ 4ir 2 ?W 


4r , 


th Z ^ trib f ion > name1 ^ (WVhjm, is 10-» cm 
tor ? = 10 sec and M = 2 X 10“«, the mass of hydrogen a fact 

of iU0tUi “ i0n oWiMrUy b smaI1 " th 

for two ‘ > M has a relative minimum 

om at'the ^sohitp^ 8 ^ 0 ^^^ 10 Pha8eS ’ the thermodynamically stable 
Annthpr arrnmro ° t em Perature is that having the lowest energy. 

We w obS?? T ■ ^ S * abl6 ’ h0Wever > at temperatures. 
We may obtain a simple interpretation of this fact in the following way. 
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According to Boltzmann’s theorem, 1 the relative probability of finding 
the ath modification in the energy state E a at temperature T is 

E a E a -TS(E a ) 

G(E a )e~l& = e~ (1) 

where G(E a ) is the degeneracy of the energy level E a and S = k log 
G(E a ) is the entropy associated with this level. The function (1) has 
an extremely steep maximum at the 
value of E a satisfying the equation 

dS tt ’ K 

as may be proved by setting the de- 
rivative of (1) equal to zero. The 
sharpness of this peak may be ap- | 
predated from the fact that E a is of 
the order of calories for an ordinary- 
sized crystal, whereas the fluctuations 
in E a are of the order of hT, which is 
about 10 -20 cal at ordinary tempera- 
tures. The condition (2) allows us 
to specify the equilibrium state of a 
given modification at any temperature 
very simply, for this state corresponds 
to the point on the E(S ) curve at 
which the slope is T ( cf . Fig. 4). It 
should be observed, in passing, that 
the condition that the function (1) be 
a maximum is that the function 
A(E) — E — TS(E ) be a minimum. 

Since A is the thermodynamical free 
energy, this condition is identical with 
the thermodynamical condition for 
determining the stable state. The 
• numerical value of A at any tempera- 
ture is determined from the quantities in Fig. 4 by extrapolating the 
tangent line to the energy axis. 

The relationship between E and <S may be derived very easily when 
the lattice frequencies are all the same. In this case, the number of 
quanta available for distribution among the 3 N degrees of freedom of 
the crystal is 

1 See the footnotes on statistical mechanics in Chaps. Ill and IV. 


:cs 



Fig. 4. — Schematic diagram sho-wing 
the relationship between E, S, T, and A. 
The full line is the E(S) curve as deter- 
mined, for example, by solving the 
Schrodinger equation. The equilibrium 
state at temperature T is the state 
corresponding to the point (.E', S') where 
the slope of E(S) is T. The intercept 
of this tangent with the energy axis is 
the free energy. The specific heat at 
temperature T is related to the second 
derivative by the equation 


Cv 


(d*E\ 

\dS*J 
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where E' is the energy of the lowest state and v is the vibrational fre- 
quency of the modes. The degeneracy 0 of this state is the total number 



Fig. 5. — Schematic representa- 
tion of the E(S) curves for the 
lattice vibrations of a crystal. The 
Einstein curve rises more rapidly 
than the Debye curve because 
there are fewer ways of dividing E 
into quanta if the Einstein fre- 
quency distribution is used. 



Fig. 6. — 22 OS) curves for two crystalline 
phases. Both curves resemble those of 
Fig. 5; however, the curve rises more 
rapidly in the crystal having the higher 
vibrational frequency (the a phase in this 
case) . Since the curves cross, they have a 
common tangent and a phase change will 
occur under equilibrium conditions at the 
temperature corresponding to the slope of 
the common tangent. The latent heat is 
the energy difference at the points of 
tangency, etc. 


of ways in which these quanta may be distributed among the inodes, 


namely, 


_ _ (3iV + n — 1) ! 
** ” (3 N - 1) 1»! ‘ 


.(4) 


Hence, by the use of Stirling’s approximation, we find 
8 = ft log Cr = ft[(3W + ra) log (3 N + ra) - 32V log 3 N -n log »]. (5) 

S and dE/dS are zero when n = 0 and S increases monatomically with E 
(cf. Fig. 5). The E(S) curve rises more slowly for small values of S 
if the Debye distribution of frequencies is used. We may determine the 
value of E and S at any temperature T by employing the value of ra 
that minimizes the free energy E — TS. Using E and 8 as determined 
by Eqs. (3) and (5), we find 

n = 3 

e 57 _ i 
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Vhen E and S are computed from this, it is found that 

hv_ 

kT 

A = E - TS = E f - 3 NkT log (6) 

e i£ _ ! 

Let us consider two different crystallographic modifications a and /3 
>f a substance and determine the transition temperature for a case in 
vhich Eq. (5) may be used for both phases. The fundamental fre- 
quencies of the two phases will be designated by v a and vp, respectively, 
.f it is assumed that Ep is greater than E a ', so that the a phase is most 
table at low temperatures, and that v a is greater than vp, the two S(E) 
:urves have the form shown in Fig. 6. Since S a (E — EJ) rises more 
lowly than Sp(E — Ep), the two curves cross and have a common tan- 
gent line. 

The ratio of the probabilities P a and Pp of finding the system in either 
-he first or the second phase at temperature T is 


Pa 


e 


[E a (T) - TS a (T)]-[Ep(T) - TSp(T)] 
kT 


A a (T)-A^T) 

kT 


( 7 ) 


vhere A tt and Ap are the free energies of the two phases. The ratio (6) 
s either very great or very small except for a narrow temperature range 
n which A* and Ap differ by a factor of order of magnitude kT. Thus, 
he transition temperature T f is given by the thermodynamical equation 

A a (T') = ApCn. (8) 

Lt may be seen from the construction of Fig. 6 that this condition is satis- 
ied at the temperature corresponding to the slope of the tangent line 
if the two E(S) curves. The a phase is stable below this temperature, 
md the ]8 phase is stable above; moreover, the heat of the transition is 
squal to the difference L between the energies of the two tangent points. 

According to Eq. (6), the free energies of the two phases at tempera- 
sure T are 

hv a 
kT 

A«(T) = E tt ' - 3 NkT log 

e kT — 1 

e TT 

hi>p 

e kT — 1 



Ap(T) = Ep' - 3 NkT log 
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LA a p = Ed - Ed - 3 NkT 


h(v a —pfl 

log g tr _ i 0 g 


5; « 

e* r - 1 

top 

e kT - lJ 


which is zero at the temperature defined by the equation 

hv a 


E a ' — Ep f 
e 2 NkT' _ 


kr 


fop 

e~W' _ i 


( 10 ) 


(ID 


The necessary and sufficient condition that must be satisfied if this 
equation is to have a root is that v a should be greater than vp if Ep is 
greater than EJ . 

The condition replacing (11) when all the 3 N frequencies are different 
is 


E a '-Ep' 

kT 


v a to a 

H>~^' ~ D 


r P _h»JI 

J[(e kT - 1) 


( 12 ) 


as may be seen by using the expression 


Ed + kT log ]J(1 - 9 ) (13) 

for the free energy of a system of oscillators. 1 Equation (12) is difficult 
to solve directly even when there is a simple relation between frequency 
and the wave number. In practical work, it actually is simpler to 
compute numerically the free energies of the phases and to find the 
temperature at which these functions are equal. The specific heats of 
none of the phases for which transitions have been investigated thor- 
oughly obey either the Einstein or the Debye law, however, so that 
there is no need for discussing these computations in detail. Instead, 
we shall discuss several actual cases. It should be mentioned at this 
point that the credit for the first intensive investigations of the thermal 


1 This expression may be derived from the partition functions discussed in Sec. 
18, Chap. Ill, by the use of the relation 

- kT log/ = A 

connecting the free energy of a system and its total partition function. [See, for 
example, R. H. Fowler, Statistical Mechanics (Cambridge University Press, 1936).] 
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effects associated with allotropy is due to Nernst, 1 who used this subject 
as the cornerstone in establishing his heat theorem. 

a. Tin . — The transition between black and white tin has been studied 
fairly completely and has practical interest because it is responsible 
for tin disease which may impair the protective coating of tinned metals. 
The low-temperature, or black, form has the diamond structure; the 
high-temperature form has a complex tetragonal lattice. The ther- 
modynamical transition point was determined most accurately by 
Cohen and van Eijk 2 who measured the temperature at which the emf 
of an electrolytic cell in which the two electrodes are made of the different 
phases vanishes. This temperature is 292°K. The specific heats of 



Fig. 7. — The A cv/T curve for gray and 
white tin. The specific heat of white tin 
is the larger and accounts for the phase 
change. The ordinates are cal/deg 2 . 
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Fig. 8. — The AE and A A curves 
for gray and white tin. Below the 
transition temperature, A is smaller 
for the gray modification. The 
point at which A A becomes zero is 
the transition temperature. 


both phases were measured by Lange 3 4 to within a few degrees of absolute 
zero; the difference of these specific heats divided by T is shown in 
Fig. 7. The specific-heat curves do not obey the Debye law closely, 
but they do approach 3 R at high temperatures, showing that the oscilla- 
tor model is probably accurate. The transition heat A2J of the phase 
change was measured by Bronsted and was found to be 535 cal at the 
transition temperature and 399 cal at absolute zero. The complete 
transition-heat curve is shown in Fig. 8. The corresponding free-energy 
curve A A, which may be determined by computing A E(T) and AS(T) 
from the empirical data under the condition that S(T ) vanish at absolute 
zero, is shown in the same figure. The same curve may be obtained 
from A E(T) alone by solving the Gibbs-Helmholtz equation 

1 W. Nernst, The New Heat Theorem (E. P. Dutton & Company, Inc., New York, 
1926). 

a E. Cohen and C. van Eijk, Z. physik. Chem. t 30A, 601 (1899). 

3 F. Lange, Z. physik. Chem., 110 A, 360 (1924). 

4 J. N, BrGnsted, Z , physik , Chem. } 66, 744 (1909)« 
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under the third-law condition that dAA/dT be zero at absolute zero. 
AA crosses the axis at 295°, showing good agreement with Cohen and 
van Eijk’s directly measured value. 

b. Sulfur . — The transition of sulfur from rhombic to monoclinic form 
at 368.5°K was investigated by Nernst, 1 Bronsted, 2 and a number of 
other workers. It is worth mentioning that this transition is the first 
recorded case of allotropy.® The specific-heat curves deviate con- 
siderably from the Debye form, and their difference is shown in Fig. 9. 
The transition temperature as computed from the point at which A A 
vanishes is 370°K. 



for the two phases of sulfur. for diamond and graphite. The latter 

has the lower free energy at all tem- 
peratures at ordinary pressures. 

c. Carbon. — Detailed measurements of the transition heat of the 
diamond-graphite phase change by Roth and Wallasch 4 show that 
graphite has the lower energy at ordinary temperatures and pressures. 
The difference, however, is only 160 ± 30 cal at room temperature. 
The lower curve of Fig. 10 shows the temperature dependence of this 
difference. Since the characteristic temperature of diamond is higher 
than that of graphite at ordinary pressures, it follows from the preceding 
discussion that graphite is more stable than diamond at all temperatures. 
The free-energy difference curve of Fig. 10 supports this conclusion, for 
it rises away from the value at absolute zero. 

Simon 5 has made a thermodynamical estimate of the pressure depend- 
ence of the free-energy curve and has concluded that pressures in the 

1 Nernst, op. cit. 

2 J. N. Bronsted, Z. physik. Chem., 56, 371 (1906). 

3 Mitscherlich, Ann. Physik, 88, 328 (1852). 

4 Roth and Wallasch, Ber. deut. Chem. Ges. f 46, 896 (1913). 

8 F, Simon, Handbuch der Physik , Yol, X, p. 376 (Julius Springer, Berlin, 1926). 




Sec. 119] 


THE DYNAMICS OF NUCLEAR MOTION 


485 


neighborhood of fifty thousand atmospheres would be needed to reverse 
the equilibrium at the high temperatures at which the rate of change is 
appreciable. 

An outstanding exception to the rule that the amplitude of the 
zero-point oscillation is small compared with the interatomic distance 
seems to occur in one of the condensed phases of helium. The phase 
diagram of helium at low temperatures is shown 1 in Fig. 11. In the 
immediate vicinity of absolute zero, this substance forms a true solid 
if the pressure is above 25 atmospheres; however, at lower pressures, 
it forms two liquid phases, which are known as liquid helium I and liquid 



Fig. 11. — The low-temperature 
phase diagram of helium. There is 
no solid phase below 25 atmos- 
pheres. The ordinate is expressed 
in atmospheres. 



T°K - 


Fig. 12. — The anomaly in the 
specific heat of liquid helium at the 
X-point. The ordinate is expressed 
in cal /gram-degree. (After Keesom 
and Keesom.) 


helium II, and no ordinary type of solid. The density of the liquid 
phases is about 0.70 relative to that of the high pressure solid phase. 
The transition point between helium I and helium II, which is known 
as the X point, is distinguished by several striking effects. Thus, it is 
found that the specific-heat curve 2 has the discontinuity shown in Fig. 12 
and that the fluidity 3 and thermal conductivity increase very much in 
passing below the X point. In addition, it is found 4 that liquid helium II 
exhibits the mechanical analogue of the thermoelectrical effects observed 

1 W. H. Keesom and K. Clusius, Proc. Acad. Sci. Amsterdam , 36, 320 (1932); 
W. H. Keesom and H. P. Keesom, Proc. Acad. Sci. Amsterdam , 35, 736 (1932). 

2 W. H. Keesom and H. P. Keesom’, Physica, 2, 557 (1935). 

8 W. H. Keesom and H. P. Keesom, Physica, 2, 557 (1935); B. V. Rollin, Physica , 
3,266 (1936); J. F. Allen, R. Peierls, and M. Z. Uddin, Nature , 140, 475 (1937). 

4 J. 0. Wilhelm, A. D. Misener, and A. R. Clark, Proc. Roy. Soc ., 161, 342 
(1935); E. F. Burton, Nature , 136, 265 (1935), 142, 72 (1938). 
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in metals, for mechanical flow is induced as a result of temperature 

gradients. . 

Guided by the similarity of the specific-heat curve shown in tig. 12 

and the specific-heat curve observed during the transition between the 
ordered and disordered state in alloys such as fi brass in which the com- 
ponents are present in equal numbers (c/. Fig. 43, Chap. I) Frohlich 1 2 
suggested that the two liquid helium phases represent ordered and 
disordered phases of a crystal. In particular, he suggested that the 
phases have the diamond structure (Fig. 4, Chap. I), which may be 
regarded as a body-centered cubic lattice in which half the atoms are 
replaced by vacancies, and that the disordering process consists in the 
interchange of atoms and vacancies. Thus, according to this picture, 
liquid helium I would correspond to the phase in which there is no long- 
distance order and liquid helium II would correspond to the partly 
ordered phase. There are, however, the following two objections to 
Frohlich/s model: (1) It should be expected that the liquid helium II 
phase would become more and more solidlike as the temperature is 
lowered and ordering increases, whereas it is actually found that the 
viscosity seems to become smaller and smaller. (2) London* showed, 
on the basis of the Slater-Kirkwood expression for the interaction energy 
of two helium atoms, that the diamond type of lattice is unstable relative 
to the inter chang e of vacancies and atoms, so that Frohlich’s ordering 
process is unlikely. 

As a result of this work, London suggested that the amplitude of the 
zero-point oscillations in these liquid phases is so large that the atoms 
should be treated as though free in the same sense that the electrons m a 
metal are free. Since the helium atoms obey Einstein-Bose statistics 
instead of Fermi-Dirac statistics, London suggested that a qualitative 
insight into the properties of the two liquid helium phases might be 
obtained by treating them as a degenerate Bose-Einstein gas. The 
thermal and mechanical properties of a gas of this type may be obtained 
by methods analogous to those used in the Sommerfeld theory of metals, 
the function 

M = — r — 

Ae kT - 1 


replacing the Fermi-Dirac function. It is found that the specific-heat 
curve of this gas has the singularity shown in Fig. 13 which begins when 
the particles start to condense in the lowest energy state. . London 
suggested that this singularity corresponds to the X point of liquid helium 


1 H. Frohlich, Physica , 4 , 639 (1937). 

2 F. London, Nature , 141 , 643 (1938), 142 , 612 (1938) j Phys. Rev. t 


54 , 947 (19381. 
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and that the differences between the curves of Figs. 12 and 13 arise 
because the helium atoms interact and thus are not perfectly free. The 
temperature T 0 at which the singularity occurs in Fig. 13 would be 3.14°K 
for a perfect gas of helium atoms having the observed density of the 
liquids. This actually is fairly close to the 
observed X point at 2.19°K. London has also 2 r| 
shown that many of the unusual thermal and 
mechanical properties of liquid helium II can 
be given a qualitative explanation on the ir 
basis of his simple model. 

120. The Effect of Electronic Excitation 
on Phase Changes. — The Gibbs-Helmholtz 
equation, namely, 

A 

A =E+T^, (1) 

may be integrated and placed in the form 



A 


- 


Fig. 13. — The molar heat of 
a Bose-Einstein gas near the 
degeneracy temperature To. 
The temperature To is equal to 
h 2 


E 

T'J 


AT', 


( 2 ) 


/ 3no \ 2 

V2.612,/ 


which makes it possible to compute the free 
energy when the function E(T) is known, 


2irMk 

where M is the atomic mass and 
no is the number of atoms per 
unit volume. 


Since 


E(T') = E(0 ) + f o r C(T")dT'‘ 


(3) 


where C(T) is the molar heat, 

A = E{ 0) + T C{T")dT". (4) 

Thus, A may be computed from the molar heat. We may conclude from 
this equation that A is affected appreciably by a given part of a system 
only when this part contributes to the specific heat. Since the electrons 
do not contribute appreciably to the specific heat in simple metals and 
insulators, as is evidenced by their obedience to Dulong and Petite 
law above the characteristic temperature, we may conclude that phase 
changes in these solids are not influenced by the electronic excitation 
which ordinarily occurs. This is not true of substances containing 
transition-element atoms, however, for the electronic specific heat 
usually is comparable with the 3JS value at sufficiently high temperatures. 

An important case in which the electronic excitation probably 
plays a role is afforded by iron. As we have seen in Sec. 2 the a or body- 
centered phase is stable at all temperatures in the range from 0°K 
to the melting point at 1803°K except for a region extending from 
1174° to 1674°K in which the face-centered 7 phase is stable. It is 
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possible to understand this behavior by using the information given by 
the specific-heat curves of Fig. 17, Chap. I. We may see from this 
figure that the 7 phase has the lower characteristic temperature; hence, 
we may conclude from the discussion of the preceding section that it 
would be the stable phase at high temperatures if the free energy were 
determined by the lattice vibrations alone. Actually, the electronic 
specific heat of the a phase is larger than that of the 7 phase at tempera- 
tures above 580°K, and this difference tends to compensate for the 

“advantage” the y phase receives 
from the larger value of the vibra- 
tional specific heat below 200°C. 

The situation that probably 
exists is indicated schematically in 
Fig. 14 in which the dotted lines 
represent the contribution to the 
E(S) curves of the two phases from 
lattice vibrations. If these were 
the actual curves, the y phase 
would be stable at high tempera- 
tures. The electronic specific heat 
alters the curves and leads to the 
full lines. Since the electronic 
specific heat of the cl phase is the 
larger at high temperatures, the 
E(S) curve of this phase is altered 
most. We may conclude that the 
E(S) curve for the y phase crosses 
that for a twice in the manner 
shown, two tangent lines being thus 
produced. 

If the electronic specific heats of 
a and y iron were accurately meas- 
ured , 1 it would be possible by the use of Eq. (4) to test the preceding 
picture by direct computations of the contributions to A. 

Since cobalt has a similar reappearance of the low-temperature phase 
at high temperatures, we may conclude that Fig. 14 also applies to it. 

121. Melting —We shall not attempt to give a survey of the present 
status of the theory of liquids, for to do so would carry us too far afield, 
but we shall mention briefly the process of melting . 2 

1 An analysis of the entire specific-heat curve of nickel that is cased on the use 
of the low-temperature value has been given by E. C. Stoner, Phil. Mag., 22, 81 

2 Survey articles on the theory of liquids are as follows: K. F. Herzfeld, Jour. 
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Fig. 14. — Probable behavior of the E(S) 
curves of the a and y phases of iron. The 
ol curve is initially lower, but rises more 
rapidly because the characteristic tempera- 
ture of the ol phase is larger. At higher 
values of S, the larger electronic heat of 
the a phase reverses the curves. 
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The quadratic approximation for the function 2?o(£i, • • • , f/), 
which was discussed in Sec. 118, is not valid when the amplitude of atomic 
vibrations becomes comparable with the interatomic distances, because 
the potential well about any atom flattens in the directions in which 
there are saddle points (cf. Fig. 15), such as the saddle points correspond- 
ing to the interchange of two atoms. This flattening should cause the 
density of levels G(E) to increase 1 more rapidly than for the quadratic 
approximation, so that the entropy may increase in the manner shown 
in Fig. 16. If the S(E) curve has an inflection point, as in Fig. 16, the 



Fig. 15. — Schematic repre- 
sentation of the behavior of the 
atomic potential well. This devi- 
ates from the aimple parabolic 
well assumed in the ordinary 
theory of specific heats, when the 
atomic displacements become 
large. 



Fio. 16. — Schematic representa- 
tion of the E(S) curve for an actual 
solid (full line). The effect of 
anharmonic forces is to increase the 
entropy of higher energy states. 


system jumps from the state I to the state II at a temperature T given 
by the slope of the line joining these two points. Below this temperature, 
the system is crystalline; above it, the system presumably is in the liquid 
state since this is the phase in which atomic rearrangements take place 
fairly freely, as is evidenced by the ability of liquids to Ilow. If e is 
the height of the activation hill for the interchange of atoms, the number 
of atoms having enough energy to pass over this hill should vary with 
temperature in the manner 


Ae kT (1) 

where A is nearly constant. Hence, the flowability, that is, the reciprocal 
of the viscosity, should vary with temperature as the quantity (1). The 

Applied Phys., 8, 319 (1937); H. Eyring and J. Hirschf elder, Jour. Phys. Chem., 41, 
249 (1937); R. H. Ewell, Jour. Applied Phys., 9, 252 (1938); J. E. Lennard- Jones, 
Physica, 4, 941 (1937) ; N. F. Mott and R. W. Gurney, Reports on Physics Progress , 
Vol. V (Cambridge University Press, 1939). 

1 A part of this increase may be regarded as a mixing entropy (cf. ibid:). ‘ 
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energy L ( cf . Fig. 16), by which the system jumps during the transition, 
is the latent heat of fusion. It should be clear from the figure that this 
heat is connected with the change in entropy A 8 by the equation 

„ L 
A 8 = y 

The states immediately below II, which are skipped during melting, 
describe supercooled liquids, whose flowability decreases with decreasing 
temperature and which become glasses at low temperatures. The E(S ) 
curve of such a glass may depart from the full curve of Fig. 15 {cf. the 
dotted section) when rearrangements no longer take place. Thus, the 
entropy may decrease rapidly, although the atomic arrangement is not 
crys tallin e and the energy is not so low as for a perfect crystal. 

Mott 1 has used a simple model of the liquid state to compute a 
partition function, which he has employed successfully in relating some 
properties of the liquid and solid phases. He assumed that the liquid 
state is dynamically similar to a solid, inasmuch as the individual atoms 
are vibrating, and he assumed that the mean liquid vibrational frequency 
vi is lower than the mean solid frequency v, because the liquid is less 
rigid than the solid. He neglected the contribution to the partition 
function from the interchange of atoms so that the relationship between 
the solid and liquid phase in this model is essentially the same as that 
we have found for allotropic modifications. Thus, the partition functions 
for the liquid and solid phases are 

/ bm \ 3JV 
_JL>/ phT \ 

/« = « ' 


\e kT - 1/ 

( hv, \3N 

pkT \ 

-E—J ” 

e kT - 1/ 


( 2 ) 


where E, is the lowest state of the crystal, E t is the lowest state of the 
liquid, that is, the energy of the supercooled liquid at absolute zero, and 
N is the n um ber of atoms. The condition for equilibrium at the melting 
temperature Tu is 


GD 


Eh — Ei 

m =e -mr 

n 


( 3 ) 


in which it is assumed that kT M is much greater than hv,. E t — E, is 
very nearly equal to L, the latent heat of fusion, whence 

1 N. F. Mott, Proc. Roy. Soc., 146, 465 (1934). 



Sue. 121] 


THE DYNAMICS OF NUCLEAR MOTION 


491 



(4) 


which is Mott’s relation. 

Mott has tested this relation for metals by comparing the ratio vjvi 
computed from (4) with the ratio derived from conductivity measure- 
ments. We shall discuss the connection between the electrical conductiv- 
ity <r and the vibrational frequency of the lattice in the next chapter and 
shall find that 



(5) 


in simple cases. 


In other words, we have 


<ri 


2 L 

— e 3 RTu. 


( 6 ) 


The extent to which this equation is satisfied may be seen from Table 
LXXV. It is valid for the simpler metals, but it fails for the metals with 


Table LXXV. — Comparison op Observed Values of <r g /<r< with Those Com- 
puted from Mott's Relation (6) by the Use of Observed Values of 

L and Tm 



<r a /<ri 


Observed 

Calculated 

Li 

1.68 

1.84 

Na 

1.45 

1.77 

K 

1.55 

1.75 

Rb 

1.61 

1.76 

Cs 

1.66 

1.75 

Cu 

2.07 

1.97 

Ag 

1.9 

2.0 

Au 

2.28 

2.22 

A1 

1.64 

2.0 

Cd 

2.0 

2.3 

Pb 

2.07 

1.87 

Sn 

2.1 

3 

T1 

2.0 

2.3 

Zn 

2.09 

2.3 

Hg 

~4 

2.23 

Bi 

0.43 

5.0 

Ga 

0.58 

4.5 

Sb 

0.67 

5.6 
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unusual structures. This failure is explained in part by the fact that the 
relation (5) is not obeyed by the transition metals. 

Equation (6) should apply to allotropic forms of a metal at the transi- 
tion temperature in cases in which this temperature is much larger than 
the characteristic temperature of the two solids. There do not seem to 
be enough experimental data available to test the relation m any cases 

of this kind. , . . ,, „ 

Herzfeld, Mayer, and Kane 1 have computed the free energies of the 

rare gas solids, relative to the free energies of the gaseous constituents, as 
functions of the lattice constants and have found that these solids would 
undergo a discontinuous expansion if they were superheated. In terms 
of a diagram of the type of Fig. 12, their results indicate that the first 
inflection point in the E(S) curve of one of these solids occurs, not because 
the individual atomic potential wells are anharmonic, but because the 
curvature of the well decreases as the crystal expands. At the present 
time, it is not possible to say whether or not this effect makes an alteration 
of the qualitative picture of melting, presented above, necessary in all 

solids 

In the Debye approximation, the molar free energy of the solid may 
be written in the form 


Air) — Eq(t) "H Ahv m -H Ad(i / t»,T , ,7') 


( 7 ) 


where E 0 (r) is the molar electronic energy, f N A hv m is the zero-point 
vibrational energy, A D (v n ,T,r) is the free energy obtained from a Debye 
function, namely, 


A ■= 


( 8 ) 


and v m is the maximum frequency of the lattice. The energy E 0 (r) was 
expressed in terms of a van der Waals interaction term of the form 

_C 

-6 


( 9 ) 


and a repulsive term of the form 

CBe~>. ( 10 ) 

Thus, 

/ ! rr i (V2 — 1)»- T) 

E a (r) = + l 2£ e“ P '[l + 2 e ' ' + ‘ ' ' ]} (U) 

iK. F. Herzfeld and Makia G. Mater, Phys. Rev., 46, 995 (1934); Brother 
Gabriel Kane, Jour. Chem. Phys., 7, 603 (1939). 
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in which the factor 14.5 is the coefficient in the sum of terms (9) for a 
face-centered lattice and the coefficient of 12 B is the sum of terms (10). 
In each case, p was given several values. For example, the values 
0.345 A and 0.209 A were used in all cases. The first is the empirical 
value of Born and Mayer (see Chap. II), and the second is the value 
found by Bleick for neon. Corre- 
sponding values of C and B were then 
determined with the condition that 
(11) plus the zero-point energy should 
give the observed lattice constant 
and cohesive energy at low tempera- 
tures. The process of determining 
these constants actually involves a 
reiteration procedure; for v m , which 
occurs in the zero-point energy, was 
determined from the theoretical ex- 
pressions for the elastic constants, 
which in turn involve C and B. 

Figure 17 shows the computed 
and observed values of the internal 
pressure —dA/dV of krypton for 
several temperatures near the ob- 
served melting temperature, namely, 

116.0°K. The two sets of curves 
correspond to the values 0.345 and 
0.209, respectively. The ordinary 
equilibrium volume is determined by 
the condition that dA/dV vanish. 

The interesting feature of these 
curves is that those for temperatures 
above 108° and 91°K, respectively, 
are positive everywhere, which in- 
dicates that the body-centered crystal 
becomes unstable. This behavior is 
tied up with the fact that the elastic 
constants, and hence v m , decrease 
with increasing lattice constant and thus raise A D . Thus, the free 
energy presumably could be decreased by rearranging the atoms into 
another phase, such as the liquid, and at the same time increasing the 
atomic volume. Since the solid phase becomes unstable even relative 
to the gaseous phase, it is natural to suggest that melting is forced by 
the disruption of the crystal. 



3.85 390 3.95 '4.00 4.05 4.10 4.15 4.20 
r&) — 

<b> 

Fio. 17. — Computed and observed 
values of the internal pressure of solid 
krypton for several temperatures, a 
corresponds to the value 0.34f>A of the 
repulsive parameter and b to the value 
0.209A. Tho minima that occur at high 
temperatures imply that the crystals be- 
come unstable. ( After Kane.) 
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122. Atomic Diffusion*. — Atomic diffusion has been studied with fair 
experimental accuracy 1 in a number of metals. The processes that have 
been treated are the diffusion of constituents in substitutional and 
interstitial alloys and the self-diffusion in those monatomic metals having 
radioactive isotopes. 2 Although the diffusion of atoms in insulating 
crystals has not been investigated so thoroughly as diffusion in metals, 
the general facts probably are very similar in the two cases. 

It is usually assumed that diffusion in solids obeys the space-time 
diffusion equation 

^ = divD grade (1) 

where c is the concentration of the diffusing atoms and D is the diffusion 
coefficient, which usually depends on c. In order to translate D into an 
atomic constant in a simple case, let us assume that the distance between 
atomic planes in the direction of diffusion is 8 and that the probability 
that an atom moves from one plane to the next in unit time is d. If n i 
is the number of diffusing atoms per unit area and n 2 is the number in 
the neighboring plane, the number per unit area that passes from plane 1 
to plane 2 in unit time is 

^ = d(n i - tii). (2) 

The quantity n\ — n t is <5 2 times the concentration gradient in the 
direction normal to the plane, however, so that Eq. (2) is 

= 5 2 dri • grad c (3) 

where ri is a unit vector normal to the plane. Equation (3) reduces to 
(1) if we set 

D = d8\ (4) 

This method of reasoning can be used to convert D into an atomic 
constant d, in more complex cases than the one treated here. 

It is found experimentally that for fixed concentration D depends 
upon temperature in the manner 


D = Ae k ' T (5) 

l See the review articles by R. F. Mehl, Jour. Applied Phys., 8, 174 (1937); 
R. M. Barrer, Proc. Phys. Soc. 52, 58 (1940). 

2 The radioactive indicator method was first used by G. von Hevesy, W. Seith, 
and A. Keil (cf. Z. physik. Chem 37, 528 (1931); Z. Physik f 79, 197 (1932)). 
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where both A and e are practically constant. Using equations of the 
type (4), we may translate A into an atomic constant. Thus, in the case 
in which (4) is valid, we may write 

A = ah 1 2 


where a is the “ jumping frequency” for a given atom when kT becomes 
large compared with e. It is also found experimentally 1 that these 
frequencies usually are of the order of 10 13 . Figure 18 shows the depend- 
ence of log D on 1/T for the diffusion of gold in lead and illustrates a 
typical case in which Eq. (5) is valid. A number of values 2 of e that 
are determined from the slopes of curves of this type are given in Table 
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LXXVI. 

There are three conceivable sim- 
ple mechanisms for diffusion of 
atoms A in a solid AB , namely, the 
following: 

1. Atoms A and B may inter- 
change places, squeezing by one 
another in the normal lattice. 

2. The A atoms may diffuse 
individually through interstices. 

3. The diffusion may take place 
with the help of vacancies, the 

atoms moving only into vacant adjacent sites. It may be postulated 
that in this case the crystal with vacancies is thermodynamically more 
stable than one without vacancies. 

The first mechanism has the disadvantage that if it were valid one 
might expect the activation energy for the process in which two atoms 
squeeze by one another to be very high, of the order of the cohesive 
energy, whereas the values in Table LXXYI are uniformly less than the 
cohesive energies. For this reason, this process is ordinarily ruled out. 


27 26 25 24 23 22 21 
l/TxlO 4, 

Temperature dependence 
coefficient of gold 


Fig. 18- 
the diffusion 
(After Mehl.) 


of 

in lead. 


1 This fact was pointed out by S. Dushman and I. Langmuir, Phys. Rev., 20, 113 
(1922), who suggested that an approximate value of a should be obtained from the 
relation a = e/h. Since c is of the order of magnitude 10~ u erg, the values of a 
obtained in this way are of the order of magnitude 10 13 . 

2 Most of these values are taken from footnote 1, p. 494. The values for self- 
diffusion in copper, gold, zinc and bismuth have the following origin. 

Cu: J. Steigman, W. Shockley, and F. C. Nrx, Phys. Rev., 56, 13 (1939). 

Au: Sagbtjbskij, Physik. Z. Sovy., 12, 118 (1937); McKay, Trans. Faraday 
Soc., 34, 845 (1938). 

Zn: F. Banks, H. Day and P. Millee (see program Washington Meeting, Am. 
Phys. Soc., 1940). 

Bi: W. Seith and A. Keil, Z. Elektrochem ,, 39, 538 (1933). 
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If it does occur, it is easy to understand why a is of the order of magnitude 
10 13 , for this is the magnitude of atomic vibrational frequencies. 

The second process should require a smaller activation energy than 
the first only in crystals that have interstitial sites sufficiently large 
to accommodate the atoms A. Since the interstices of metals forming 
substitutional alloys usually are much smaller than the atomic size, it 
seems probable that this mechanism occurs only in interstitial alloys, 
such as iron carbide and nitride, and in semi-conductors, such as zinc 
oxide, that have interstitial atoms (c/. • Sec. 112). We saw, in the case 
of zinc oxide, that the fraction of interstitial atoms / is governed by an 
equation of the type 

_^L 

/ = no^B'e kT ( 6 ) 

where no z is the density of oxygen in the surrounding vapor and B' is a 
constant. If the probability that one of these atoms jumps is 


Table LXXVI. — Activation Energies for Metallic Diffusion 


Solvent 

Solute 

Activation 
energy, ev 

Cu 

Cu 

2.5 


Zn (9.58%) 

1.8 


Zn (29.08%) 

1.8 


Sn (10%) 

1.7 

Zn 

Zn 

0.75 

Pb 

Pb 

1.2 


Sn 

1.04 


T1 

0.91 


Bi 

0.81 


Cd 

0.78 


Ag 

0.66 


Au 

0.57 

Ag 

Au 

2.5 

Au 

Ag 

3.0 

Bi 

Bi 

±1.3 

||6.1 

Fe 

C 

1.6 


N 

1.5 
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the atomic diffusion coefficient d should be 

d = v'nor^B'e kT . (8) 

In this case, both a and e are composite quantities. 

One should expect a much smaller value of the activation energy 
for the third process than for the two others in the case of substitutional 
alloys. 1 Since the number of vacancies should be less than the total 
number of atoms in this case, d should be a composite quantity as in 
Eq. (8). According to the discussion in Sec. 110, the fraction of vacancies 
/ is given by the equation 

f = e kT 

where e ,r is the energy required to remove an atom from an interior site 
to the surface. Hence, 

gfg 

d = vie kT (9) 

n 

where vie kT is the probability per unit time that an atom and a vacancy 
on neighboring sites change places. 

It is reasonable to suppose that the third mechanism occurs in 
substitutional alloys, but this supposition has not been conclusively 
demonstrated. 

We may develop an equation for the jump frequency, using elementary 
principles of the theory of reaction rates. We shall treat the problem 
generally enough so that the results are applicable both to diffusing 
interstitial atoms and to diffusing vacancies although we shall refer to the 
diffusing particle as an interstitial atom. 

As the atom moves from one equilibrium position to another, the 
energy of the system rises through a maximum at the saddle point 
of the barrier between minima. According to the theory of reaction 
rates, we may regard the jumping process as an act in which the system 
is thermally excited to the saddle point S through which it then passes. 
The probability per unit time v that this process occurs for a given atom 
is then equal to the rate at which atoms pass through S divided by the 
total number of interstitial atoms. For simplicity, we shall assume 
that the energy of the system depends only upon the three positional 
coordinates of the jumping atom; moreover, we shall assume that the 
potential is nearly constant for a short distance along the direction of flow 

. 1 Theoretical work of H. Huntington, in progress, indicates that the activation 

energy for interstitial diffusion in copper is about three times larger than that for the 
third process. 
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through the saddle point. The rate at which the atoms pass through 8 
then is equal to the number of atoms per unit length of S times their mean 
velocity. As long as only a small fraction of the diffusing atoms are 
at the saddle point at any one time, the number of atoms n, per unit 
length of 8 is equal to the total number of interstitial atoms n times the 
ratio of the partition function per unit length of 8 to the partition function 
of the interstitial atom at its equilibrium position. 

We shall assum e that the interstitial atom in an equilibrium positioi 
is at rest, for in this book this assumption is usually made in computing 
the n um ber of interstitial atoms. It is incorrect, since the interstitia 
atom actually oscillates about an equilibrium position. The error madf 
in this way, however, cancels in taking the product of n and the proba 
bility of finding an atom at S. 

In addition, we shall assume that the forces acting on an atom in th< 
saddle point are also harmonic in the two directions orthogonal to thi 
direction of flow. If v a is the vibrational frequency, the partition functioi 
for these 2 degrees of freedom then is 



We shall be interested primarily in the case in which hv, is much smalle 
than kT. Then, / is 



The partition function per unit length in the direction of flow is equal t 
the partition function for a one-dimensional gas at a point where th 
potential energy is c„ where t, is the height of S above the equilibria 
position. This function is 

(2dlffc p* c -& (1J 

h 

Hence, the complete partition function per unit length of the saddl 
point is 

_ i/iryw.-f,, (li 

a\hv 8 ) h 

where a is the number of saddle points of height €, about a given equilil 
rium position. This number, which should depend upon crystal syn 
metry as well as upon the type of ions in the lattice, could be as large i 
forty-eight for a cubic crystal but usually is near unity. 

The mean velocity with which the atoms pass through the saddle poii 
is 
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Hence, the jump frequency 5 is 


v = f,v 


I mi e -rr. 

h z av l 


This equation has the form 


(14) 


(15) 


where 


(fcT ) 8 

“ <xh*vl ' 


According to this result, the diffusion coefficient X> has the form 


D = dh 2 = S 2 - 


n 


1 w e -&, 


N ah* vl 


(16) 


where n is the number of interstitial atoms or vacancies per unit volume 
and N is the total number of atoms per unit volume. This equation will 
be used in Sec. 132. 

123. The Phase Boundaries of Alloys. — By applying the principle of 
minimum free energy, it is possible to derive the equations that determine 
the phase boundaries of alloys. Let us consider two binary alloy phases 
<x and 0 of a pair of monatomic metals A and B . The necessary condition 
that the two phases be in thermodynamical equilibrium evidently is that 
the free energy of the entire system remain stationary if atoms are taken 
from one alloy to the other. 

We shall assume that there are N a A atoms and Nb B atoms in the 
entire system and that the total number N remains fixed when the atoms 
are taken from one alloy to the other. In addition, it will be assumed 
that there are n a A atoms and n 6 B atoms in the a phase. Thus, there are 
(N a — ri a ) A atoms and (Nb — n&) B atoms in the p phase. The com- 
position of the phases may then be specified by means of the fractions 
x a and Xfi of A atoms, which are, respectively, 




rig 

Tig + Tib 


and 


N a rig 

~ N — n a — rtt 


( 1 ) 


Now, if A x {x) is {he free energy of a specimen of the a phase that 
contains N atoms of both types and has composition x and if A${x) is the 
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same quantity for the j8 phase, the total free energy of the system is 


A = 


n a + n h 

N 


( . %a ) 

\n a + n tJ 


, N - n a — n b A 

+ W A,' 


( ^ a ( c 

\N — (n a + nb)/ 


Thus, the conditions for equilibrium, which are 




lead to the equations 

A a - Afi + (1 - Xa)Aa'{Xa) ~ (1 “ Xp)Ap'(Xp) = 0, 

A a Ap x a Aot ( Xa ) " 1 ” x@Ap (xp) 0 , 

in which A f = dA/dx. By subtracting these, we may derive tl 
equation 

A«'(x a ) = Ap(xp), (- 


which, when substituted in either equation, gives the additional relatic 



A a ' = 


A a - A 


& 


X a ~ Xp 


0 


Equations (5) and (6) state that tl 
boundaries of the a and /3 phas 
are determined by the points 
which the slopes of the two frc 
energy curves are equal and have 
common tangent (c/. Fig. 19). r . 
the left of the point of tangency < 
the A a curve, the a phase alone 
stable, whereas to the right of t 
corresponding point on the Ap curve the fi phase is stable. 

Jones 1 has applied the relations (5) and (6) to the boundaries of the 
and jff brass types of phase of substitutional alloys that were discussed 
Sec. 3. These phases are, respectively, face-centered and body-center 
cubic and, as was seen in Sec. 102, are stable for a range of electron-atc 
ratios near the values for which the zones of the two lattices are fill 


Fig. 19. — Schematic representation of 
the condition for determining the phase 
boundaries of alloys. 


to the points of highest level density. Jones assumed that all energ 
except the Fermi energy are practically the same for disordered spe 
mens of the two phases so that the filling of the one-electron levels ale 
determines the relative energies at absolute zero of temperature. T 
n(e) curves for the face-centered and body-centered lattices of the br; 
(Cu-Zn) system that are determined by the approximate methc 


1 H. Jones, Proc. Phys . Soc.> 49, 243 (1937). 
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discussed in Sec. 65 are shown in Figs. 20a and b. The energy difference 
per atom of the two phases is shown in Fig. 20c as a function of the 
electron-atom ratio n e . It should be observed that the n(e) curves are 
identical to about 6 ev, which corresponds to an electron-atom ratio of 
about 0.95. The n(e) curve for the face-centered lattice rises to a peak 
in the energy range just above this, so that this phase has a lower Fermi 
energy. The 0 phase then has its peak, and the relative energy curve 
changes sign. It is clear that when the composition corresponds to the 
intercept of the relative energy curve with the n e axis, that is, when the 


electron-atom ratio n c is 1.44, the 
consisted of a quantity of a phase 
having a lower value of n and a 
quantity of phase having a 
higher value. On the other hand, 
if n e is near 1.2, it would be neces- 
sary to raise the energy of the a 
phase a great deal in order to form 
a small quantity of f$ phase. 
Thus, we should expect the a phase 
to be stable at this point. The 
actual values of n e at the phase 
boundary points, as determined 
from Eqs. (5) and (6) for the 
absolute zero of temperature by 
replacing the free energy by the 
energies computed from Fig. 20a, 
are 

n e , a = 1.409, 

n etl 3 = 1.447. 


system would be most stable if it 



Fig. 20. — a and b are the n(e) curves for 
the face-centered and body-centered struc- 
tures, respectively. Curve c is the relativo 
energy Ae of the two phasos as a function of 
the electron-atom ratio. The energy scales 
are in electron volts. ( After Jones.) 


As may be seen from Fig. 206, these values lie very close to the point 
where the relative energy curve intercepts the axis. 

Jones extended this work to higher temperature ranges by adding 
mixing entropy terms such as those considered in the theory of order 
and disorder. If a given disordered phase has n a A atoms and np B atoms, 
its mixing entropy is 


8 = k log 


(w a + n h ) 1 
n a \n b \ ’ 


(7) 


in which (n a + n h ) \/n a \n b ! is the total number of ways of rearranging the 
A and B atoms among the n a + n b sites. When this is expanded by 
means of Stirling’s approximation, it becomes 


S = —Nk[x log x + (1 — x) log (1 — x)] 


(8) 



502 THE MODERN THEORY OF SOLIDS [Chap. XI 

where N = n a + n b and x is defined by Eq. (1). Thus, if E(x) is tl 
energy of the N atoms as a function of x, 

A(x) = E(x) + NkT[x log x — (1 — x) log (1 — *)]. (! 

Using free-energy functions of this type and E(x) curves obtaim 
from the data of Fig. 20, Jones computed the phase boundaries of the 
and 0 phases of the Cu-Zn and Cu-Al systems as functions of temperatur 
The observed and calculated curves are shown in Fig. 21. They agri 
as closely as one might expect in view of the simplifying assumptioi 
made in this work. 

Jones has applied similar computations to the liquidus and solidi 
curves of substitutional alloys, which are briefly described in Sec. 



Fig. 21. — A comparison of the observed and calculated phase boundaries of the oc a 
# phases of Cu-Zn and Cu-Al. The full curves are the theoretical ones; the broken lii 
are experimental. ( After J ones.) 

and has shown that the dependence of these curves upon composite 
may be adequately explained if the solid phases are assigned free-eneri 
functions of type (9) . 

124. Order and Disorder in Alloys, a . Experimental Discussion 1 
X-ray diffraction studies of substitutional alloys show in many can 
that each type of atom is localized at a definite site in the unit cell, ji 
as the constituents of ionic crystals are localized at definite positions. . 
the temperature is raised in these cases, the degree of order may decreai 
even though the crystalline arrangement is maintained. This decree 
is made evident by the fact that it is no longer possible to tell precise 
which kind of atom occupies a given site. The order may decret 
continuously, as in j3 brass, or it may undergo an abrupt change, as 
CU3AU. These cases and others are discussed in Sec. 3, Chap. I. Allc 
in which the order changes abruptly usually have an abrupt change 


1 See the previous discussion in Sec. 3, 
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heat content at the transition temperature whereas those in which the 
change is continuous do not, although there may be a discontinuity in 
specific heat at the point at which all sites become equivalent. 1 The two 
types of phase change, characterized respectively by CU3AU and CuZn, 
are said to be of the first and second kinds. 

Although two-component alloys have been investigated most widely, 
these are not the only substances in which order and disorder occur. 
Ketelaar 2 has found, for example, that silver and copper mercuric iodides 
(Ag 2 HgI 4 and Cu 2 HgI 4 ) show complex order and disorder changes which 
resemble closely those found in C 113 A 11 . The low-temperature modifica- 
tions have the tetragonal structure shown in Fig. 22 in which mercury 
atoms occupy the eight corners of a nearly cubic 
cell. The iodine atoms are distributed tetra- 
hedrally about four of the eight corners, forming 
a face-centered lattice, and the silver or copper 
atoms are arranged at the centers of the four 
vertical faces. The iodine atoms do not change 
their relative positions as the temperature is 
raised. The metal atoms, however, make an 
abrupt change, becoming uniformly distributed 
over the eight corners and six face centers of 
the cube. It is evident that two of these 
fourteen sites must be vacant on the average. 

Hence, the disordering process involves silver 
atoms, mercury atoms, and vacancies in the 
ratio 2:1:1. The behavior of the ionic conduc- 
tivity of Ag 2 HgI 4 is shown in Fig. 23. 

6. Qualitative Principles. — We shall not de- 
vote space to a detailed treatment of the more 
advanced theories of order and disorder since 
discussions of these may be found in other 
writings; 3 however, we shall give a brief discussion of the principles 
involved and of the simpler theories. 

It is clear that the disordered alloy has a higher entropy than the 
ordered one. If we neglect any difference in the vibrational entropy of 
the ordered and disordered state, we may estimate the maximum change 
in mixing entropy that accompanies disordering by computing the 

1 The discontinuous behavior of the elastic constants of CU 3 AU in the vicinity of 
the ordering temperature has been investigated by S. Siegel, Phys . Rev., 67, 637(1940). 

2 J. A. A. Ketelaar, Z . physik. Chem., 26B, 327 (1934), SOB, 53 (1935); Z . Krist, 
87, 436 (1934). 

3 See the survey article by F. C. Nix and W. Shockley, Rev. Modem Phys., 10, 1 
(1938). 



Fig. 22. — The positions 
of mercury and silver atoms 
in the ordered, low-tem- 
per at ure phase of AgaHgl*. 
The iodine atoms, which arc 
not shown, are distributed 
tetrahedrally about the Hg 
atoms. In the high-tem- 
perature phase the Hg atoms, 
the Ag atoms, and the 
vacancies at the centers of 
the top and bottom faces of 
the cube become mixed. 
The low-temperature form is 
slightly tetragonal; the high- 
tomporature form is cubic. 
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number of arrangements associated with the completely ordered t 
disordered states. In the simplest system, namely, that in which th 
are two types of atom present in equal numbers N, the number of arran 
ments associated with the ordered state is unity because all atoms 
a given type are equivalent. The number of arrangements in the cc 
pletely disordered state is the number of ways of distributing N ate 
among 2 N sites, namely (2N)\/(N\) 2 . Hence, the maximum incre 
in mixing entropy associated with disordering is 

fc lo g^p = 2Affcl°g 2. 

A similar calculation may be made for any system. 




Fig. 23. — The conductivity of Ag 2 Hgl 4 near the transition temperature, a is expre 1 
in ohm -1 cm"* 1 . ( After Ketdaar.) 

The energy of the crystal presumably increases as we pass from ? 
ordered to the disordered state, for otherwise the ordered state wo l 

not be stable at low temperatures. Hence, the energy versus entre r 

curve should rise with increasing disorder. Figure 24 shows two possi t 

ways in which this curve may behave. In the first case, the E(S) cu > 

has an inflection point so that a tangent line may be drawn to two ps $ 

of the curve. Thus, the entropy, and hence the order, should show i 

abrupt change at the temperature equal to the slope of this tangent li , 

and there should be a latent heat, just as in melting. In the sect l 

case, the E(S) curve has positive curvature so that there is no disc 
tinuity in order. 

The actual behavior of a solid is not necessarily determined by > 
E(S) curve for disordering alone. It is possible that the vibratio 1 
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frequencies of the crystal may decrease in passing from the ordered to 
the disordered. state; the disordered phase then has a higher vibrational 
entropy than the ordered one at corresponding temperatures. Thus, 
the ordered and disordered phases may behave like different allotropic 
phases, and the transition may occur abruptly even though the E(S) 
curve for disordering alone would predict a gradual decrease of order. 
The theories of order and disorder that are discussed in the article referred 
to in footnote 3, page 503, do not yet interpret the experimental material 
in a quantitative way. The reason for this lack is, of course, that the 
complete entropy and energy changes which accompany disordering arc 
very difficult to compute, just as are the changes of these quantities 



Fig. 24. — Two possible behaviors of the E(S) curves for order-disorder changes. In 
case (a) there is an inflection point, whence long-distance order may appear and disappear 
abruptly with a latent heat. In the second case there is no inflection point and the transi- 
tion is continuous. Tho curvature changes at the entropy corresponding to zero long- 
distance order (0 =0), so that there is a discontinuity in specific heat. Tho right-hand 
vertical line corresponds to the entropy for zero short-distance order in each case. 

during melting. The results of this work, however, leave little doubt 
that the qualitative principles are now understood. 

c. Definitions of Order . — There are two interesting types of order, 
namely, long-distance order, which measures the extent to which the 
positions of atoms in different cells of the lattice are correlated, and short- 
distance order, which measures the extent to which the positions of 
neighboring atoms are correlated. The first type of order is responsible 
for the Bragg reflection of X rays by lattices; the second is responsible 
for the diffraction rings of liquids and glasses. Following Bethe, 1 we may 
define these two types of order mathematically in the following way. 

When long-distance order is discussed, the lattice may be divided 
into as many types of site as are occupied by different atoms in the com- 
pletely ordered state. Thus, there are two types of site in /3 brass and in 

1 H. Bethe, Proc. Roy. Soc. } 150 , 552 (1935). 
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Cu 3 Au, and there are three types in Ag 2 HgI 4 . In crystals in which tw< 
types of site are present in equal numbers, the long-distance order ( 
is defined as the difference between the probability that an atom wil 
occupy its own kind of site and the probability that the other kind o 
atom will occupy this site. Thus, 

0 = PM) - PM) (2 

where P a (A) is the probability that an A atom occupies its own site an 
P a (B) is the probability that a B atom does. The four probability 
P tt (A), P a (B ), P b (B ), P b (A) obviously satisfy the equations 

PM) + PM) = 1, Pa(A) + Pa(B) = 1, 

Pa(B) + P b (B ) = 1 PM) + PM) = 1, (3 

which shows that there is only one independent P. In the case of Cu 3 A 
in which there are three times as many A atoms as B atoms the long 
distance order may be defined by the equation 

0 = P a (A) - 3P a(B) * (4 

The interrelations between the P are 

PM) + PM) = 1, P b (B) + PM) = 1. 

PM) + 3 PM) = l, PM) + iPM) = 1, (t 

so that again there is only one independent P. It is clear that the ord( 
parameters defined by Eqs. (2) and (4) are unity in the state of highe* 
long-distance order and are zero when there is no long-distance orde 
This convenient fact is the principal reason for selecting these combinatior 
of the P, for any one of them could serve as a measure of long-distant 
order. 

Long-range order is not so easy to define in systems such as Ag 2 Hg 
that have three kinds of site, for there is then more than one independei 
P. Let us consider Ag 2 Hgl 4 as an example, designating the nine probi 
bilities by 

P A *(Ag), PA*(Hg), Pa*(F), • • • ,Pf(7) 

where the subscripts refer to sites and 7 is the symbol for a vacanc; 
These probabilities are interrelated by the following six equations: 

Pa b ( A g) + Pa*( H g) + Pa c (F) - 1.) 

P Ha (Ag) + Pn e (Hg) + Pn a (V) - l.> 0 

Pvi Ag) + Py{ Hg) + Py(V) = 1.) 

Pa*( Ag) + iP He (Ag) + iPv(Ag) = 1.) 

2P AB (Hg) + P HB (Hg) + Pv(Hg) - l.> (' 

2 Pu(V) +P*'(V) +Pv(V) - 1.) 



Sec. 124] 


THE DYNAMICS OF NUCLEAR MOTION 


507 


Only five of these equations are independent so that it is necessary to 
know four of the P before the average distribution of atoms in the unit 
cell can be given. Thus, it is not possible to express the degree of long- 
distance order in terms of a single parameter as it was in the preceding 
cases. 

Short-distance order is also easy to define in two-component alloys. 
In the completely ordered state, a given kind of atom has a definite 
arrangement of atoms in the neighboring sites. We may specify the 
short-distance order in any state by giving the difference a between the 
fraction of atoms in a shell surrounding a given atom that have the same 
arrangement as in the perfectly ordered state and the fraction of atoms 
that have not. The size of the cell may be varied to suit the case at 
hand. The quantity a evidently is equal to unity in the completely 
ordered state and to zero in the completely random state. 

The concept of long-distance order was introduced into the theory of 
order and disorder first because it is measured directly by ordinary 
X-ray diffraction data. Bethe 1 pointed out, however, that short-range 
order actually is a more fundamental quantity since the interatomic 
energy is determined primarily by it. 

d. Elementary Theories of Order and Disorder . — The earliest theory 
of order and disorder was developed by Gorsky 2 and applied to two- 
component systems of the type AB. However, an equivalent theory 
developed later by Bragg and Williams 3 undoubtedly is responsible for 
the more recent interest in the subject. In these earlier theories, it was 
assumed that the long-distance order 0 existing at temperature T is 
determined by the energy V required to take an atom from an ordered 
position to a disordered one. This assumption is expressed by the 
equation 

0 = 0(V,T). (8) 

It was also assumed that V is a function of the long-distance order so 
that there is a second relation 

V = 7(0, T). (9) 

The relations (8) and (9) are sufficient to determine 0 as a function of T 
alone. 

Gorsky derived explicit forms for Eqs. (8) and (9) in the case of an 
alloy of composition AB. Since there are thermal fluctuations, there 
is a finite probability that each atom will leave its position, diffuse 

^ Ibid. 

2 W. Goksky, Z. Phydk , 50, 64 (1928). 

3 W. L. Bbagg and E. J. Williams, Proc. Roy. Soc 146 , 699 (1934); 151 , 540 
(1935). 
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through, the lattice, and fall into a vacant site. Gorsky assumed that 
the probabilities per unit time of A and B atoms leaving their own sites 
are equal as are the probabilities that they will leave improper sites. 
We shall designate these probabilities by l p and l i7 respectively. In 
addition, he assumed that the probabilities that the free atoms will fall 
into any vacant proper sites are equal, as are the probabilities that they 
will fall into improper sites. We shall designate these by f p and /,-, 
respectively. If N is the total number of atoms of a given kind, n is 
the number of vacant sites, and a is the fraction of atoms on proper sites, 
the equilibrium equations for proper and improper sites are 

Nalp = n 2 / p , 

N(1 - a)li = n% (10) 


Solving these equations and using the relation 

0 = 2a- 1, 

we obtain 

f) _ ^ (filp/fpli) 
i + (fiWfpli) 


( 11 ) 

( 12 ) 


Gorsky assumed that f p and fi are not strongly temperature-dependent 
and that they are nearly equal so that their ratio is practically unity. 
Since l p and k are temperature-dependent, he assumed that their ratio is 


\p_ _ 

li 


_i£L 
e kT 



(13) 


Using these relations, we find 


0 = tanh (w) 

Evidently, e p — is proportional to V, the energy required to remove an 
atom from an ordered site to a disordered one. Hence, (14) is 

O = tanh (15) 


where j3 is a proportionality factor. This equation has the form (8). 

Were V independent of 0, 0 would decrease slowly with increasing 
temperature and would approach zero when T becomes infinite. It is 
clear that V must depend upon order, however, for there is no difference 
between proper and improper sites in the completely disordered state. 
Hence, Gorsky assumed that V varies linearly with 0 in the manner 

V = V 0 O (16) 

where Fo is a constant. This equation corresponds to (9). 
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The solution of Eqs. (15) and (16) is given by the equation 


0 = tanh 


This has two roots, namely, the root 0 = 0, which is independent of 
temperature, and a root which is unity when T is zero and zero when 

T c = ^ (18) 

and varies continuously in between ( cf . Fig. 25). The relation described 
by the second root agrees qualitatively with that observed in /3 brass. 

One obvious objection to the details of 
Gorsky’s treatment is the fact that he " 

assumes a questionable diffusion process in j 

deriving Eq. (15). 0 \ 

Bragg and Williams 1 modified the prin- 0.5 ■ \ 

ciples used in Gorsky’s treatment and \ 

extended the field of application of the \ 

method. In earlier work, they introduced 0 + \ 

rate processes in order to derive equations 0 ^ 1 

equivalent to (15). Williams 2 subse- t c * 

quently showed that this procedure is not Fig - 25.— The 0(T) curve ob- 
, ;1 . •, tained from Gorsky s theory of 

necessary and that the equations may be order and disorder. 

derived on the basis of statistical me- 
chanics. We shall discuss their work from the later standpoint. 

Let us consider a case in which there are n a A atoms and a sites and 
n b B atoms and b sites. Generalizing Eqs. (2) and (4), we may define 
the long-range order by the equation 

o . P a (A) - ip.(S) - P.(A)( 1 + 

_,/ 1+ * » _2L^? uo) 

y \ 1 — x) 1 — X 1 — X 

where, for simplicity, we have replaced P a {A) by the symbol ]), and 

— ^ — ; the fraction of o sites, by x. Let us now compute the entropy 
n a + rib 

associated with a given value of order. The xN'p A atoms in the xN' a 
positions ( N ' = n a + n b ) may be distributed in 

(xN')l f2 m 

ni ~ (xN' - xN'v)\(xN'v)\ { 

1 Bragg and Williams, op. cit. 

2 E. J. Williams, Proc. Roy. Soc. 7 162, 231 (1935). See also R. H. Fowler, 
op. cit. 



510 THE MODERN THEORY OF SOLIDS [Chap. XIV 


independent ways, whereas the’( xN' — xN'p) A atoms in the ( N ' — xN 1 ) b 
sites may be distributed in 


(IV 7 — xN ') ! 

n * ~ (N' - 2 xN' + xN'p) KzN' - xN'p ) ! 


( 21 ) 


ways. Since the total number of arrangements is the product of n\ and 
n 2 , the entropy 1 is 

S = h log nin 2 

= C — N'k[x(l — p) log (1 — p) + xp log p + 

(1 - 2x + xp) log (1 — 2x + xp) + (x - xp) log (x - xp)] (22) 


where C is independent of p. 

The energy of the disordered state relative to the ordered one is 

E = VN'zQl - p) (23) 

where N'x(l — p) is the number of atoms 
that have been moved from ordered to 
disordered positions. The value of p for 
which the free energy E — TS computed 
from (22) and (23) is a minimum satisfies 
the equation 



cc — ► 

Fig. 26. — 0(a) curve for 
x = i. As the temperature is 
raised from absolute zero the 
at = V/kT lines become tangent 
at the origin before the other 
intercept has reached the origin. 


log 


(1 - p) 2 a; 


V 

'kT 


(24) 


tain an equation connecting 0 and V, namely, 


p(l — 2x + xp) 

If we replace p by 0, using Eq. (19) we ob- 


D = T [Ml ~ *)( eg ~ 1) + 1]* - 1 
2z(l - x)(e a - 1) 


(25) 


where a = V/kT. This equation reduces to Gorsky’s equation (15) 
when x = |, a fact showing that /3 should be %. The expansion of 
Eq. (25) in the neighborhood of a = 0 is 


0(a) = a;(l — x)a + -|u:(l — z)(l — 2 x) 2 a 2 + • • • . (26) 

Hence, S usually starts out with a finite slope and positive curvature, the 
exceptional case being x = f . If it is assumed that the relation (9) is 


V = Vo 0, 

as Gorsky did, the transition is of the first kind in all cases, except that in 
which x = -j. This follows from the fact, illustrated in Fig. 26, that the 

1 In this computation, only the mixing entropy is considered. Actually, the 

change in vibrational entropy should be included as well. 
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7(0) line becomes tangent to the 0(7) line at the origin before the 
other intercept approaches the origin when the 0(7) curve has positive 
curvature. 

e. Bethe’s Treatment of the Problem . — Bethe provided a new and 
important approach to the problem of order and disorder by pointing 
out that the ordering energy and entropy are determined primarily by 
the short-range order since neutral atoms interact with short-range forces. 
Thus, the equation of state may be determined by considering short- 
range order, and the long-distance order may be obtained as a by-product. 
In addition to recognizing this principle, Bethe developed an approximate 
method for computing the partition function of the system. Discussions 
of this and of subsequent theoretical work may be found in the review 
article listed in footnote 3, page 503. 

125. Free Rotation in Crystals, a . Experimental Survey . — The 
specific-heat curves of molecular solids frequently show peaks resembling 
those observed during order-disorder transitions in alloys. Two inter- 
pretations of these peaks have been given in the theoretical development 
of the subject, namely, the hypothesis due to Pauling 1 that the peaks 
accompany the onset of free molecular rotation and the hypothesis due 
to Frenkel 2 that the molecules undergo only torsional oscillations both 
above and below the transition temperature and that they have less 
relative orientation above the transition than below. At least in the 
case of ammonium chloride, which has been investigated very thoroughly 
by Lawson, 3 the evidence seems to be in favor of Frenkel's hypothesis, 
as we shall see below. The observed cases may be classified as follows: 

1. Nonpolar molecular crystals, such as CH*, Na, 0 2 . 

2. Ammonium salts. 

3. Polar molecular crystals. 

We shall discuss these categorically. 

1. Nonpolar cases . — Although carbon atoms of solid methane form a 
face-centered lattice below 89°K, there is no direct evidence concerning 
the position of the hydrogen atoms. The specific-heat curve possesses the 
changes, shown in Fig. 80, Chap. I, near 20°K, but these are not accom- 
panied by the appearance of a latent heat. As the temperature is raised 
through this transition region, the molar volume increases abruptly 
from 30.57 to 36.65 cm 3 . There is no other obvious change in crystal 
structure during the transition. It is assumed, however, that the hydro- 
gen atoms are localized below the transition temperature and are not 
localized above it. 

X L. Paxjlino, Phys. Rev., 36, 430 (1930). 

* J. Frenkel, Acta Physicochemica , 3, 23 (1935). 

a A. W. Lawson, Phys. Rev., 57, 417 (1940). 
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0 in the manner shown in Fig. 27, the direction 8 = ir being equivalent to 
0 = 0. If V Q is large enough, the lowest energy levels of the molecule 
Ei correspond to states of oscillation about the equilibrium orientation 
so that the molecules should not rotate at very low temperatures. They 
should rotate, however, at sufficiently high temperatures. Pauling 
realized that the height of the potential-energy curve depends upon the 
amount of rotation of the other molecules, for otherwise the specific- 
heat curve would not be discontinuous. 

It is clear that the principles embodied in Pauling’s picture of the 
onset of free rotation are the same as those 
used to explain the order-disorder transitions 
in alloys. This was first pointed out by 
Fowler 1 who applied the equivalent of a 
Bragg- Williams approximation to Pauling’s 
theory in the case of a lattice of polar 
diatomic molecules. He assumed that the 
aligning potential may be expressed in the 
form 

V = -7 0 cos 6 (1) 

and that there are enough negative energy 
levels to justify the use of classical mechanics 
when one is computing the partition func- 
tion near the transition temperature. The partition function then is 



Fig. 27. — The variation of 
V ( 9 ) as a function of 6 for a non- 
polar diatomic molecule. The 
equilibrium, position is 0 =0. 
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Thus the specific heat is 



( 

Vo 

VI 

fc; 

II 

o 

r( 

kT sinh 

1 


(2) 


(3) 


Now, Vo should depend upon temperature because it is affected by 
the prevailing degree of rotation, which is a temperature-dependent 
quantity. In a treatment of the present problem that is closely patterned 
after the Bragg and Williams treatment of order and disorder, the degree 
of rotation B would be defined in a physically reasonable way; it would 


1 R. H. Fowler, Proc. Roy. Soc. } 149, 1 (1935); see also Statistical Mechanics 

(Cambridge University Press, 1936). 
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Solid oxygen and nitrogen seem to possess similar transitions at 
23.7° and 35.4°K, respectively. The experimental work indicates that 
there are large hysteresis effects associated with the transition in these 
cases, so that the results are not so definite as for methane. 

2. Ammonium salts. — A number of ionic crystals that contain the NH 4 
radical, such as the ammonium halides, ammonium sulfate, and ammo- 
nium nitrate, have specific-heat curves that show anomalies similar to 
those observed in methane. The curve for ammonium chloride is shown 
in Fig. 69 of Chap. I. As a result of a very careful set of experiments, 
Lawson has shown in this case that the specific heat at fixed volume does 
not exhibit nearly so high a peak as the specific heat at constant pressure 
and that CV is 9 R above the transition temperature, corresponding to 
torsional oscillations of the molecules rather than free rotation. Thus 
his results support Frenkel’s hypothesis rather than Pauling’s in this 
case. It seems likely that Frenkel’s picture is also valid in the other 
ammonium salts and probably in solids of polar molecules, but it does 
not appear safe to draw conclusions concerning other cases. 

3. Polar molecular crystals . — Many crystals that are composed of 
polar molecules, such as solid hydrogen chloride, hydrogen iodide, and 
hydrogen sulfide, behave in a way similar to the substances already 
mentioned and yet show important differences. For example, hydrogen 
chloride forms a cubic crystal above 98.8°K in which the chlorine nuclei 
are localized in a face-centered cubic lattice. Since this fact clearly 
means that the molecules are not parallel, we may safely assume that 
they are more randomly oriented. The lattice changes abruptly to a 
tetragonal face-centered form at 98.8°K with the appearance of a latent 
heat. We may conclude that the molecules have higher relative orienta- 
tion in the low-temperature form of the substance. Apparently, the 
intermolecular forces and lattice frequencies are sufficiently different in 
the two states that the crystal behaves as though it were undergoing an 
allotropic phase change. 

Hydrogen bromide and iodide behave more nearly like nonpolar 
crystals since they do not exhibit a latent heat during the transition; 
however, their specific-heat curves have very large discontinuities. 

b. Pauling’s Theory and Fowler’s Extension . — Pauling’s hypothesis 
was treated in a semiquantitative manner by Fowler. Since this work 
resembles that on order and disorder discussed in the previous section, 
we shall discuss it briefly. Pauling assumed that the potential energy 
of a molecule in a lattice depends upon its angular orientation relative 
to the crystallographic axes. Let us consider a lattice of nonpolar 
diatomic molecules and specify the position of a molecule relative to the 
orientation for minimum energy by a polar angle 0 and an azimuthal 
angle <£. When <j> is fixed; we may expect that the energy varies with 
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then be assumed that 7 0 depends upon this variable in some explici 
manner. This equation and Eq. (2) would then be analogous to Eq £ 
(8) and (9) of the preceding section and would lead to a relation betweei 
the degree of rotation and temperature. In this scheme, different type 
of transition could be treated by varying the relation between 7 0 am 
the degree of rotation. Instead, Fowler used a fixed relation betwee: 
7 0 and R and treated different transition-types by taking differen 
definitions of R. We shall discuss two of his cases. 

In the first case, he defined the nonrotating molecules as thoe 

satisfying the relation 


sr( P92 + i&i) 


< /37o 


(4 


where /3 is an adjustable parameter. The molecules specified by Eq. (4 
evidently have kinetic energy less than /STP for any angular orientatioi 
The fraction R of molecules that are rotating is then given by the equatio 


p _/o 

R ~ 7 


(f 


where f is the partition function (2) and 




V, cos e f V+ VAi" 3 * 


2 IkT 


dpedpt 


8)>2IfiVo 

2 IkT kT 7 0 

-Wvf ,rBmh W 


Thus, 

_§v . 

R = e kT . (' 

For simplicity, the dependence of 7 o on R was taken as 

7o = 75(1 - R) ( 

where 7 q is a constant. Equations (7) and (8) doteiminc the relate 
between R and temperature. It is easily seen that R is unity at 

m _ 07o 

lc TT 

and that 

— fM) 

near the transition point. The specific heat below T„ is 

x 2 \ . „ „ dE/cosh x sinh x - x\ 

c ' - N V - i GSTt) + N ‘ r ’dT\ — tssr* ) 
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where 

- _ Vo(l - B) 

X kT ' 

and is Nk above T c . Moreover, the specific heat is continuous at T c 
in this case, although it has the maximum shown in Fig. 28 below T c . 

Fowler was able to alter the definition of order in such a way as to 
obtain a more abrupt change. If it is assumed that the nonrotating 



Fig. 28.-— The type of molar heat curve obtained from Eq. (3). Above T c the value is 
R, as for diatomic molecules. The full line corresponds to the classical case treated by 
Fowler. The broken line represents the effect of quantum mechanical modification. 

molecules satisfy the relation 

instead of the relation (4), it is found that 


1 


R = tanh 


Vo 
2 kT 1 


which is analogous to Gorsky's equation of the preceding section. When 
coupled with Eq. (7), this relation leads to a discontinuous specific-heat 
curve, as in the case of alloys. It is possible to obtain transitions of the 
first kind in a similar way. 


Note: The topics of nucleation and rates of simple phase changes in solids, which 
we have omitted for reasons of space, should properly be included in this chapter. 
A discussion of these topics that is in accord with the presentation of the preceding 
sections has been given by R. Becker, Ann. Physik, 32, 128 (1938). Becker shows 
that many of the facts concerning the rates of simple phase changes may be explained 
semiquantitatively on the assumption that the energy of the surfaces of misfit between 
the new and the old phase is such that only relatively large nuclei are stable. 



CHAPTER XV 

THEORY OF CONDUCTIVITY 

In the present chapter, we shall be interested in three types of con- 
ductivity, namely, metallic conductivity, ionic conductivity, and photo- 
conductivity. The first of these was discussed in Chap. IV on the basis 
of the free-electron gas model and will be redeveloped in the first part of 
this chapter following a method that was first used by Houston and Bloch. 
The two other topics will be discussed in subsequent parts of the chapter. 

A. METALLIC CONDUCTIVITY 

126. Summary of Older Equations. — The Lorentz-Sommerfeld theory 
of metallic conduction is based upon Boltzmann’s equation of state 

v • grad r / + « • grad* / = b — a (1) 

where v is the electronic velocity, a is the electronic acceleration, 

i . d , . d - i d 

grad r = % + ^ 

, .d . . d , t 8 

grad,, = i- r r 

& dv x dv y dv z 

f is the statistical distribution function, which gives the number of par- 
ticles per unit volume having velocity v X) v V) v 3 , and a and b are collision 
terms. This equation was derived in Sec. 31 and was solved on the 
assumption that / has the form 

/ = /o + v x x(v) (la) 

where /o is the distribution function in the absence of a field and x is an 
undetermined function that is small compared with/o- In addition, the 
quantity 6 — a, which gives the difference between the numbers of 
particles entering and leaving a unit volume of phase space because of 
collisions, was computed on the assumption that the electrons make 
elastic collisions with the ions of the lattice. It was found to have the 
value 

b - a = -MXW (2 ) 

k 

where k is the mean free path, which is assumed to be independent of 

516 



Sec. 126 ] THEORY OF CONDUCTIVITY 

velocity. If / 0 is the Maxwell-Boltzmann distribution function 


517 


Ae kT 


where A is a constant, the conductivity cm is 


4 71 /ZoC 2 

3 V 2rm*kT 


(3) 


where % is the number of free electrons per unit volume, etc. [cf. Eq. (5), 
Sec. 36]. Since the mean velocity v M in Maxwell-Boltzmann statistics is 

. rw 

\ 2 xm*’ ^ 

Eq. (3) may be placed in the form 


_ n/loe 2 v M 
3 kT " 


(5) 


On the other hand, if f 0 is the Fermi-Dirac distribution function 


ctf is 


7=77 ’ 

e kT + 1 

_ n 0 Z(4)e 2 
a “ m*v(e' 0 ) 


( 6 ) 


[cf. Eq. (13), Sec. 32], where v(4) is the velocity of the electrons at the top 
of the filled band. 

Equation (3) gives the proper order of magnitude for the conductivity 
at room temperature if l n is taken as the interatomic distance and if 
n f is the total number of electrons per unit volume. The temperature 
dependence is wrong, however, for the observed conductivity varies as 
1 /jT near room temperature. 

Equation (6) is incorrect if la is given the same value as in the preced- 
ing case because v(/ a ) is between ten and one hundred times larger than 
■\/kT/m*, if m* is the electronic mass. Moreover, the temperature 
dependence is also wrong. In order to justify the use of this equation, 
which is more reasonable than (3) since electrons actually obey the Pauli 
principle, it is necessary to assume that l is temperature-dependent and 
at room temperature is between ten and one hundred times larger than 
the interatomic distance. It must also be assumed that l approaches 
infinity at low temperatures in order to explain the observed increase 
in conductivity with decreasing temperature (cf. Fig. 3). This type of 
temperature dependence would imply, however, that the assumptions 
going into the derivation of Eq. (2) are also in error. 
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Houston 1 and Bloch 2 reopened the problem of metallic conductivity 
by investigating the way in which electrons interact with, a crystal lattice 
on the basis of quantum mechanics. We shall discuss this work and sub- 
sequent refinements in the next section. It will be seen that inelastic 
electron-lattice collisions are of primary importance in determining the 
resistance; however, the amount of energy given to the lattice by the 
electrons is small, so that Sommerfeld’s equation (6) is not badly in error. 

127. The Collisions between Electrons and Lattice Vibrations in 
Monovalent Metals*. — Houston 1 first pointed out that the mean free 
path of an electron in a perfect nonoscillating lattice should be infinite. 
This is very easy to see in the Bloch scheme; for then the one-electron 
functions have the form 

fa = XkC 2,rik ‘ r , 

and the velocity of the electron in a given state is 

v = gradk e(k )/h. 

In the absence of any perturbation, an electron should continue in this 
state indefinitely. 

An ordinary metal does not satisfy these ideal conditions for two 
reasons: (1) Its lattice is undergoing thermal oscillations, and (2) it 
usually contains imperfections, such as impurities and lattice defects. 
Both these effects may scatter electrons and thus make the mean free 
path finite. 

The temperature oscillations should decrease with decreasing tem- 
perature and become very small at absolute zero. This fact provides a 
satisfactory qualitative explanation of the great rise in conductivity at 
low temperatures. The imperfections, on the other hand, should not be 
affected appreciably by decreasing temperature and should account for 
the residual resistance at low temperatures. Moreover, since the 
imperfections should depend upon the previous history of a specimen, 
we should expect the residual resistance to vary from specimen to 
specimen, as is observed. 

From a wave standpoint, we may say that the atoms of a perfect 
lattice scatter electrons coherently, that is, in a manner that resembles 
the Laue diffraction of X rays. Hence, before an electron can be scattered 
in a perfect lattice it must occupy a level at the boundary of a zone, and 
the level to which it can jump must be vacant. These conditions are 
not ordinarily satisfied by an appreciable fraction of the conduction 
electrons. We shall see below that the scattering due to thermal vibra- 
tions may be regarded as the analogous coherent scattering by a lattice 

1 W. V. Houston, Z. Physik, 48, 449 (1928); Phys. Rev. t 34, 279 (1929). 

2 F. Bloch, Z. Physik , 52, 555 (1928); 69, 208 (1930). 
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which is periodically deformed by a vibrational wave, the distorted 
crystal behaving like a grating with a grating constant equal to the wave 
length of the lattice wave. Since this type of scattering is also limited 
by Laue conditions, a given vibrational mode can deflect a given electron 
only through definite angles. It is generally assumed that the tempera- 
ture-independent scattering which gives rise to residual resistance is 
essentially incoherent, that is, that the scattering centers are arranged 
so haphazardly that they may be treated as though independent of one 
another. We shall discuss this in more detail in Sec. 130. 

We shall devote the rest of this section to a quantitative discussion 
of the scattering of electrons by lattice vibrations. All quantitative 
treatments of this topic have been simplified by means of the assumption 
that the electronic energy depends only upon k = y/k% + fcj + fcj, 
the scalar wave number. This condition is closely satisfied in the 
monovalent metals, and thus the discussion of the present section should 
apply most nearly to them. 

The differences between the various treatments of the problem 
of electron scattering lie in the different assumptions that have been 
made regarding the interaction between the electrons and the lattice. 
Let us consider a simple monatomic metal containing N atoms and 
designate the equilibrium positions of the atoms by the variables 

r(p) = pm + pm + pm (1) 

where the p are integers and the * are primitive translations. We shall 
designate the displacement of this atom from its equilibrium position by 
R(p). In the quadratic approximation, R may be expressed in the form 


R(p) - 



v M 


( 2 ) 


[cf. Eq. (4), Sec. 118], where the a are the complex amplitudes and the ? 
are the unit polarization vectors of the normal modes, the d are the wave- 
number vectors, which extend over the N values in a single zone, and M 
is the atomic mass. Since each atom is a center of symmetry in our 
simple lattice and R(p) is real, the 2- are real vectors and 


Uf(d) — &i( ^)* 


As we have seen in Sec. 22 it is convenient to define real amplitudes 
a*(d) in terms of the a by means of the equations 
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a. The Perturbing Potential . — In the earliest work on the quantum 
theory of conductivity by Bloch/ Brillouin 2 and Bethe/ it was assumed, 
for convenience, that as the ions move the electronic charge is deformed 
in such a way that the potential of an electron at the point r' in the 
deformed lattice is the same as that at the point r in the undeformed one. 
Here r and r' are connected by the equation 


= r + (4) 

where R(r) is obtained from Eq. (2) by replacing r (p) by r. Thus, 

V d (i + R(r)) = F„(r) ( 5 ) 

in which V„ is the potential in the undeformed lattice and V d is the per- 
turbed potential. In first approximation the perturbing potential 
S7(r) is 


dV = V&) ~ F„(r) = -R • grad F.(r). (6) 

Nordheim 4 objected to this assumption because he believed tha t 
the important part of the field is that near the ions which moves almost 
unchanged as the nuclei oscillate. For this reason, he suggested that 
the perturbing potential should be obtained by treating the lattice as 
though it were a system of rigid oscillating atoms. In this case, 

F(r) = 2)#(r - [r(p) + R(p)]) 

V 

where v is the potential of an atom. Thus, the perturbing potential 
then is 


5F(r) = — ^R(p) • grad v(t — R (p)). ( 7 ) 

V 

The most satisfactory discussion of the potential has been given 
by Bardeen 6 who obtained it by a self-consistent field method. His 
result, which should be valid for the monovalent metals, is more nearly 
like Bloch s than like Nordheim’s, the reason being that the volume of 
space near the ions in which the atomic potential v(r) is large is so small 
that the rigid” part of the field actually can be neglected. We shall 
not discuss the derivation of Bardeen’s results in full mathematical 
detail but refer the reader to the original paper. His final equation 
for the matrix components <5F k , k < of the perturbing potential connecting 
1 Bloch, op. cit. 

L. Brillouin, Quantenstatistik (Julius Springer, Berlin, 1931) 

3 H. Bethe, Handbuch der Physik XXIV/2 (1933). 

4 L. Nordheim, Ann. Physik, 9, 607 (1931). 

* J. Bardeen, Phys. Rev., 62, 688 (1937). 
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$F k ,k' = + K„)a t (d) cos 7t(d)5(k', k + d + K a ) (8) 

i,<r,a 

in which the K a are principal vectors in the reciprocal lattice, D t (6 + K a ) 
is a function of |d + K a | alone, and 7 *(<J) is the angle between 6 and 

We shall now discuss the manner in which the resistivity is related to 
the matrix components of the perturbing potential in the general one- 
electron case as well as that in which Eq. (8) is valid. 

b. The Selection Rules for Electronic Collisions . — It was seen in Sec. 
43 that the probability P a p that a perturbed system will change from a 
state of energy E a to a state of energy E$ in time t is 


where 


P ai 3 = 



sin 2 x 
x 2 


„ _ (Pa — Efl)t 
X 2 h 


(9) 

( 10 ) 


and F^is the matrix component of the perturbing potential connecting 
the two states: 


V aff = S$e*V$ a d r. 

For sufficiently long times, we may replace Sm ^ - by 


( 11 ) 


~S(E a - E 0 ) 


so that 


Pap = jfiVad >8(E a - Bp). 


2rrt 


( 12 ) 


We shall apply these results to the problem of conductivity, regarding 
the entire crystal as a single system. The unperturbed wave functions 
of this system have the form [cf. Eqs. (2) and (11), Sec. 116] 

$r.«(*l, • ' • , Zn, !l, • • • , tf) = i'rfai, * • • , Z„)A ra ($l, ’•',?/) 

where T r is the electronic wave function and A ra is the nuclear-coordinate 
wave function. In the present case, in which the harmonic approxima- 
tion is employed, the wave functions A ra are 


<r,l 

A (a) = JJW) («((<*))• 


(13) 
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The a appearing in this equation are defined by Eqs. (3), and the X 
satisfy the harmonic-oscillator equation 

27r2j '^ d )“‘( d )^ n = ( 14 ) 

where 

«ni(ir) = [ni(d) + %\hvt(i). (14o) 

It is assumed, of course, that the electronic wave function is a deter- 
minant of Bloch functions. Hence, the entire state of the system 
may be specified by the electronic wave numbers k, the electronic-spin 
quantum numbers, and the vibrational quantum numbers of the lattice. 
Since Bardeen’s perturbation potential discussed in part a is the sum of 
identical one-electron terms that are independent of spin, those matrix 
components connecting states in which spin quantum numbers differ, 
or in which more than one wave-number vector is different, vanish. 
The nonvanishing components connect states for which the changing 
wave number satisfies the condition 1 

k' = k + d + K a (15) 

where k is its initial value and k' its final value [cf. Eq. (8)]. We must 
now find the matrix components of the quantity in the right-hand side 
of Eq. (8) for the nuclear-coordinate wave functions. This term involves 
the nuclear coordinates a t (d) through the function 

a:t(d) COS 7((<J) (16) 

which appears as a coefficient of D«(d + K„) in Eq. (8). The matrix 
components of (16) vanish for all states except those in which 7i»(d) 
differs by an integer, because A (a) is a product of one-dimensional har- 
monic-oscillator functions. The nonvanishing components of (16) are 

[a t (<0 cos y«(^)]»,»' = yj ~ - 2 ~fijy g ( n '» n + 1) cos ?*(*) + 

2 ^) S(n '> n ~ 1) 008 7t(d) * (17) 

We may summarize these results by saying that an electron may 
change its quantum number from k to k' in a single collision, where k 
and k' satisfy Eq. (15). This change must also satisfy the Pauli prin- 
ciple; that is, the state k' must be unoccupied. At the same time, one 
and only one of the three modes of vibration of given may change 
its vibrational quantum number by unity. This quantum number may 

1 This relationship is essentially Laue’s equation for the diffraction of a wave of 
wave number k by a lattice having lattice constant l/|v|. 
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decrease only if the initial value is 1 or greater than 1, that is, if the mode 
is initially in an excited state. Since energy must be conserved during 
this collision according to Eq. (12), k' and d must satisfy one of the 
relations 

6(k') - e(k ± (d + K a )) + Md),\ , 1Q . 

e(k') = e(k ± (d + KJ) - hv t (<£) / 

It should be mentioned here that Peierls 1 was the first person to point 
out that values of K a different from zero should be considered in the 
preceding equations. As we shall see below, these additional terms 
make an appreciable contribution to the resistivity. 

The matrix component for a given change of state of the system is 
obtained by choosing the components of (8) for one of the three vibra- 
tional modes of given d and by using Eq. (17). When this matrix com- 
ponent is substituted in Eq. (12), we obtain the probability for the 
process 

k-*k', (19) 

tti(d) -> n t (6) ± 1, 

all other quantum numbers remaining fixed. The total probability that 
an electron of given k is scattered in given time when the vibrational 
system is initially in the state specified by a given set of vibrational 
quantum numbers is obtained by summing the probability for an individ- 
ual process over all values of d, K a , and t with the different alternatives 
in sign. 

For the purposes of the following discussion, we shall write the square 
of the matrix element of the perturbing potential connecting the elec- 
tronic states k and k + d + and the vibrational states n*(d) and 
nf(d) + 1 or n*(d) — 1 in the form 

* + k -> • + 1 

where 

. A t { k, d + K a ) = | A(d + YfO»). (2D 

c. The Computation ofb — a for Temperatures above the Characteristic 
Temperature. — According to Eq. (9) and the preceding results, the 
total probability P(k, d + K«) that an electron in state k shall make a 
transition to another state k + d + K a is 

P(k, d + K.) = ^(k, d + K«){[n t (d) + lMe(k') - «(k) - ft*(d)) + 

n.(d)c o(«(k') - e(k) + Av,(d))} (22) 

1 R, Pbiekls, Ann. Physik % 12, 154 (1932), 
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where 


and 


A . 9 d 

,, w m 

"to = 


k' = k + 6 + K* 


(23) 


It is assumed at this point that the state k' is unoccupied. We may 
conveniently note that hv t {&) is small compared with e(k) or e(k') for the 
electrons near the top of the filled region since JcQd , which corresponds 
to the maximum value of hv t {d), is less than 0.05 ev for most metals, 
whereas e(fco) is at least 1 ev for all metals. This means that the elec- 
tronic energy is very nearly conserved during the collisions discussed 
in this part of the present section. Hence, as a practical approximation, 
we shall replace the c*> in (22) by w(e(k') — e(k)). As will be seen below, 
this approximation is justifiable as long as T is appreciably larger than 
0D. With this simplification, P(k, d + K a ) becomes 


PC k, d + Ka) = ^A,(k, d + K«)[2» ( (d) + l]«(«(k') - <k)) 

t 

rn B( k,k + 6 + K«)co(6(k') - €(k)). (22a) 

In a' practical problem in which we know only that a metal is at 
temperature T, we are not able to give the n*(d) in this equation particular 
integer values. Instead, we can know only the average values, which 
we shall assume are given by the equation 

”«(<*) = w — 

e kT - 1 

(c/. Sec. 18). 

It was remarked above that Eq. (22a) gives the transition probability 
only when the state k' is unoccupied. If /( k') is the probability that 
this state is occupied, the probability that it is not occupied is [1 — /( k')]- 
Under equilibrium conditions in the absence of an external field, we 
may assume that / has the value 

/o(k) = ' • (24) 

e kT + 1 

corresponding to Fermi-Dirac statistics. 

We may now compute the collision terms in Boltzmann’s equation 
for statistical equilibrium. The total number of electrons per unit 
volume leaving a unit volume in k space per unit time because of collisions 
is 
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« = |J/(k)B(k,kOa>(e(k) - e(k'))[l - /(k')]p(k')dr(k') 

where p(k') is the density of levels at the point k' and the integration 
extends over those points in wave-number space for which the selection 
rules are satisfied. Similarly , the number of electrons per unit volume 
entering the unit volume of k space because of collisions is 

b = ^J/(k') J B(k,k')co(e(k) - e(k'))[l - /(k)]p(k')<Mk'). 

Hence, b — a is 

b-a = ~Jl?( k,k')co(e(k') - «(k)){/(k')[l -/(k)] - 

/(k)[l -/(k')]}p(k')dr(k'). (25) 

This evidently vanishes when /( k) has the form of Eq. (24). In the 
case in which there is an electrical field, we shall assume that / has the 
form 


/( k) = /o(k) + krf(k) (26) 

where g( k) is a small function that depends only upon e(k). This 
assumption evidently is equivalent to that of Eq. (la), Sec. 126. If 
(26) is substituted in Eq. (25) and only first-order terms are kept, it is 
found that 


b ~ a== jJ B ( k ’ k ')“( £ ( k ) - <k')P(?(k') - Mk)] P (k')dr(k'). (27) 

We shall now integrate this under the assumption that 

!(k) “ 2 m 


and that, when |k| = |k'|, J5(k,k') depends only upon |k| and the angle 6 
between k and k'. Then, p(k') is a constant equal to 2V, and 


dr( k') = k f2 dk f sin 6d6d<p 



k' 2 de(k') sin 6d$d<p 


where 6 and <p are the polar angles of the vector k' measured relative to 
k. Making use of the relations 



( 28 ) 



526 

for at >>Kt and 


THE MODERN THEORY OF SOLIDS 


[Chap. XV 


we find 


b — a = 



— k r x )d(p = 2irfc»(l — cos 0), 




B(k,k')(l — cos d) sin Odd 


where the integration extends over 8. 

Comparing this equation with the corresponding equation for Som- 
merf eld’s theory [cf. Eq. (2), Sec. 126], namely, 

L _ v x vx(v) 

b - a - — r~ 


we may conclude by analogy that the mean free path l is 


p) = _ c ° s ® sin m (29) 

since v x x(v) is replaced by k*g(e) in the present problem and since 

_ Id* 
v hdk 


Before this result can be substituted in Eq. (6) of the preceding sec- 
tion for the conductivity, it must be shown that k x g and v x x have the 
same form. In order to do so, we must solve Boltzmann’s equation 




a. 


In the Lorentz-Sommerfeld case, the solution of this is (cf. Sec. 31) 


p 7 Vx dfo 

v * x = eE * z 7*r; 


(30) 


Now, in the present case, 


/ df\ _ eE x df de _ 1 de df 

\dtj drift h dedk x hdk x dx 


(31) 


We may assume that f is independent of x and may retain only the first 
part of (26) in the remaining term in (31). We obtain 


df\ _ eE x dfp de 
fit / drift k de dk x 


(32; 


Thus, the equation to be solved is 
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= eE 

v de 
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(33) 


which is identical with Eq. (30) ; hence, we may use the value of l(k) given 
by Eq. (29) in all the equations of the Lorentz-Sommerfeld theory. 
Thus, the conductivity is 

— g2n oK^o) 
mv(ko) 

It is sometimes convenient to write 
Eq. (34) in the form 

1 _ mv(ko) 1 


,><r+K„ 




e 2 n Q l(ko) 



where p is the resistivity. When 
coupled with Eq. (29), this form shows 
clearly the way in which the resistivity 
depends upon the matrix components 
of the perturbing potential. 

d. The Numerical Computation of 
the High-temperature Conductivity . — 

We shall now outline the way in which Bardeen computed 1/Z. Accord- 
ing to the equations of parts b and c 

B(k,kO = 2 1 + K “)[ 2 4~^ cos’ 7<(<5)[2n t (d) + 1]. (36) 


Fig. 1. — The relationship between k, 
k' and <r + Ka. The center of the circle 
is at the origin of k space and the radius 
of the circle is |k| = |k'|. The values 
over which <r + is integrated are 
given by the chords that connect k 
and k'. 


This must be substituted in Eq. (29), and the result must be integrated 
over 6. Before this can be done, it is necessary to investigate the depend- 
ence of <J and K« upon 6. The relations between k, k', <J, and are 
given by the equations 


k' — k = <J + K„, 

k' 2 = k 2 = |k + <J + K«| 2 , 


} 


(37) 


which show that the allowed values of d + K« are the chords of a sphere 
of radius |k| that pass through the point k ( cf . Fig. 1). Moreover, each 
allowed value of d + K« satisfies this relation only once. The relation 
between |d + k*| and 0, the angle between k and k', may be found by use 
of elementary geometry and is 


|rf + K«| = 2k sin |- 


(38) 
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2 t a\ 

Hence, all the terms of B(k,k') except ^ - ^y and [2n,(d) + 1] depend 

upon 6 alone. A part of the complication arising from the additiona 
terms may be removed by assuming that 

j'i(d) = ctr 

where c is independent of t and <5. This relation is not rigorous sine* 
the velocity of vibrational waves usually depends upon wave numbe 
even in an isotropic solid. With this assumption, we may make use o 
the relation 

S cos 2 7 i(d) = 1, 

which is valid because the three directions of polarization of lattic 
waves are orthogonal. We are then left only with the complication tha 
part of the coefficients in the terms of B depend upon |<J + K a | and pai 
depend upon |d|. As long as d + K« lies in the first zone, K« is zerc 
so that these terms depend only upon |d|. Bardeen has pointed out tha 
|d| is very near to its maximum in the monovalent metals when K* : 
not zero. This fact can be made evident by observing that in monovaler 
metals the circle of radius 2 k 0 in d + K a space, which determines th 
allowed values of d + K a , usually is not close to points K„ other tha 
the origin. Hence, we may replace p ( (d) by c<s m in those terms of f?(k,k 
for which ^ 0. This assumption evidently decreases the theoretic) 
resistivity to some extent. 

As a further simplification, it may be assumed that the first zone < 
wave-number space is a sphere of radius 

<r m = 2*ft 0 . 

The vector |d + K a | extends outside this sphere whenever 

. 0 2 * 1 

sm 2 > 2 2 J 


or whenever 6 > 79°. 

Finally, it will be assumed that the temperature is so high that 

1 

n ‘ = ~h£ t 

e kT - 1 


may be replaced by kT/hv t . 

With these assumptions, we have 


B( k,k') 


2kT 


9 c*NM 




(39- 



Sec. 127] THEORY OF CONDUCTIVITY 

when sin 8/2 < 2“*, and 

p/i,- 2 kT 4fcgtt 2 / ^ / N<> 

^ (k)k) ~ 9 C Wilf d G(U) ’ 

when sin 8/2 > 2“ 2 , where 
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(396) 


u = sin ^ 

and G(u) is a somewhat intricate function that may be derived in a 
straightforward manner from the coefficients D t (<$ + K a ) in Eq. (8). 
It should be observed that the value of 
£(k,k') for which sin 8/2 is less than 90 ° 

2“3 joins continuously with that for 
which sin 8/2 is greater than 2~$, since 


4& o 2 2-2 


= 1. 


180 ° 



The function which determines 

the angular distribution of scattering, 
decreases from a relative value of 1 
to a value of about 0.1 in the range 
extending from 8 = 0 to 8 = tt, as is 
shown in Fig. 2. Hence, collisions in 
which the electron is scattered in the 
forward direction are most probable. 

Substituting the foregoing value of 5(k,k') in Eq. (29), we obtain 

1 _32ir*kT/dk\ 2 
m ~ 9e'NM\de) kml * 

where C 2 is defined by the equation 


270 ° 

Fro. 2. — A relative plot of G(u ) 2 as a 
function of the polar angle 0. 


• 2~*C 2 


(40) 


C 2 


~ (• 2-3 

-HI. ■ 


G{u) 2 uHu + f G(u) 2 --^-' U z du 

nJ 2“* 


Hence, if we use the relation = hc<r m /k the conductivity is 

4fi 2 /c 0 / de\ 2 
A 3 7t \dkjku 


<t = 


(Mke »\ l 
- k \ T JC 2 


(41) 


(42) 


It should be observed that the effect of the relatively large value of 
G(u) in the direction of forward scattering is partly compensated by the 
coefficients of this function in the integrands of (41). Actually the 
second integral represents about 40 per cent of C 2 . A list of computed 
and observed values of the conductivity of a number of monovalent 
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metals is given in Table LXXVII. The important simplifying assump- 
tions made in deriving these values are that the electrons are perfectly 
free and that the lattice potential at the surface of the equivalent sphere 
(see Chap. X) is equal to <■(()). These assumptions are most closely 
satisfied by sodium, for which the agreement between observed and 
calculated values is best. The theoretical values usually are larger 

Table LXXVII. — Comparison of Observed and Calculated Values of the 
Conductivity of Several Monovalent Metals at Q°C 
[These values are taken from the review article by J. Bardeen, Jour. Applied Phys. t 
11, 88 (1940). In 10 4 ohm-cm] 


Metal 

Observed 

Calculated 

Li 

11.8 

28 

Na 

23.4 

23 

K 

16.4 

20 

Rb 

8.6 

33 

Ca 

5.3 

22 

Cu 

64 

174 

Ag 

66 

143 

Au 

49 

142 


than the measured ones, a fact showing that the computed values of 1/ 
should be larger. Bardeen estimates that about 10 or 15 per cent o: 
the difference is due to the fact that v is replaced by v m in the terms of JE 
for which K a is not zero. 

e. Other Computations . — Other workers have obtained results com 
parable with Bardeen’s on the basis of somewhat different assumptions 
We mentioned, for example, Bloch’s assumption of deformable ions anc 
Nordheim’s assumption of rigid ions in part a. The first of these lead 
to an equation similar to (42) in which the constant C is given by ai 
expression different from (41) which involves the electronic potentia 
in the undeformed lattice. Peterson and Nordheim 1 have used th< 
potential function for sodium, determined by the methods discussed ii 
Chap. X, to compute Bloch’s C and have found that this value leads to i 
conductivity about three times smaller than the experimental valui 
given in Table LXXVII. This fact indicates that the actual fluctuation! 
in potential are less than those given by the deformable-atom picture 
so that scattering is less. The rigid-ion picture is not very well founded 
as we saw in part a, and has not actually been used as the basis for i 
quantitative computation. 

Peterson and Nordheim have proposed another method for determin 
ing the electron scattering in metals that is simpler, although less accurah 

1 E. L, Peterson and L, W, Nordheim, Phys. Re v. t 51, 355 (1937), 
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than Bardeen’s. They assume that the electronic wave functions have 
the form 


XoC 2 3 ’ r * k-r , 

where |xo| 2 varies inversely as the change in atomic volume, when the 
lattice is perturbed by a vibrational wave of wave number <5. They 
then expand the perturbed wave function in terms of the unperturbed 
functions and compute the matrix components of the perturbing poten- 
tial from the coefficients. The value of the square of these components is 

(SF) W = ^W)l 2 > 

which may be used to compute 1/Z in a way similar to that discussed 
in the preceding section. Peterson and Nordheim neglect the terms for 
which K* 7 *~ 0, and obtain 

= 0.84 

€ 0 

for all metals. Although this result agrees within about 10 per cent with 
values of the same quantity computed by Bardeen, Bardeen points out 
that the neglect of terms for which K a ^ 0 is a serious omission, for if 
they were included, the value of C/e' Q would be increased by a factor of 
the order 2. 

Mott and Jones 1 have developed another simplified method for treat- 
ing the resistivity at high temperatures. They compute the probability 
that an electron is scattered in a single polyhedron on the assumption 
that the fluctuations of potential within a given polyhedron may be 
handled as though independent of the fluctuations in other cells. The 
total scattering probability is then determined by adding the contribu- 
tions from each cell. This approximation is equivalent to assuming 
that the atoms have individual oscillation frequencies, as in the Einstein 
theory of specific heats, and is roughly valid as long as T is appreciably 
larger than the characteristic temperature. Since the scattering depends 
upon the square of the atomic amplitude, which varies as -y/T, the 
ordinary linear temperature dependence of resistance is obtained very 
simply in this theory. 

/. Low Temperature . — The first extensive investigation of the low- 
temperature conductivity was carried through by Bloch. 2 His work 
follows closely the procedure presented above for high temperature, 

1 N. F. Mott and H. Jones, The Theory of the Properties of Metals and Alloys 

(Oxford University Press, New York, 1936). 

3 F. Bloch, Z. Physik , 69, 208 (1930). 
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although he made the additional simplifying assumptions that the 
scattering is isotropic and that the term for which K a is not zero may be 
neglected. On the whole, his computation, which will not be presented 
here, is more intricate because the assumption that 

«(e(k') - e(k) ± hv ) = o>(e(k') - e(k)) 

may not be made at low temperatures. Bardeen has corrected Bloch t 
results to conform to the use of his own interaction potential. This 
means, in principle, that he repeated the computation of parts a t( 
c on the assumption that T is less than 0*. The results show that th. 
ratio of the high-temperature conductivity <r 2 to the low-temperaturi 
conductivity <n is 



(43 


where Ti < < Qd << TV In other words, the results predict tha 
the low-temperature conductivity should vary as T J . This temperatui 
dependence was also found by Bloch who derived the relation 



(44 


in place of (43). 

The physical origin of this T~ s law may be understood in the followm 
way. If we schematize the collision process by saying that the electror 
make collisions with the quanta of lattice vibrations, the mean free pat 
should contain a factor 1/T 3 because the density of quanta vanes t 
r 3 when T is well below the characteristic temperature. In additioi 
the collisions become less effective as the temperature decreases, for on! 
the lattice waves of smaller wave number are excited. In fact, the mea 
wave number 5 is of the order of magnitude kT /he at temperature j 
where c is the acoustical velocity. Consider an electron that is travc 
ing in the direction of the field and has wave number k. After a collisio: 
its wave number is k + 3, where 3 is the wave number of the quantu: 
with which it has collided. Since 3 ranges over a sphere, the componei 
of momentum in the direction of the field is not changed on the avera) 
by a factor of the order of magnitude d/k; instead, the change is of tl 
order of magnitude 5 2 /fc 2 . Thus, the number of collisions required^ 
stop the electron is of the order of magnitude fc 2 /? 2 , which varies as 1/T 
whence the effective mean free path for stopping varies as 

1 1 

(IJ * 3 . ^2) ■ jV 

If the atoms scattered the electrons independently at low temperature 
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:is Mott- and Joans in fhuir simplified theory assumed that they do at 

high temperatures, the density of quanta would decrease as c with 
dmvasing ttunpemt uiv, where v is a constant, and the resistance would 
decrease much more rapidly than T\ 


In tliis conned ion, IVierls 1 has raised the objection to the low- 
temperature theory that thermal equilibrium is assumed without ade- 


quate proof. He points out that, in the 
Bloch- Bardeen type* of treatment the 
eleetrons make only small-angle collisions 
at low temperatures, at least in the 
monovalent metals, in which the top of 
the filled region is not near a zone 
boundary, and that the number of low- 
frequency quanta excited may not cor- 
respond in equilibrium. This objection 
has not yet been fully cleared. 

Intensive experimental work of 
Grunoisem shows that the T u law is 
closely obeyed at low temperatures. It 



is not possible to distinguish between 
Kqs. (43) and (44), however, because 
the characteristic temperature cannot be 
fixed closely enough, Gruneisen has also 
found empirically that the reciprocal of 
the conductivity of many simple metals 


r io° ioo° ipoo° 

Absolute Temperature 
Km. a.-'Tho cloetronift mean 
free path in Hilvor its riutoriniiuMl by 
(‘qimtiiiK the oxpivHHhm ((’>) of Son. 
12C for the thoornticnl conductivity 
to (arhiuMHon'H (Mtipirieul function for 
Hilvcr, 


i» given cloudy over a wide temporal, urn range by <,h« function 



if the constants A and O are properly chosen (c/. Fig. 3). Usually, 0 is 
chtsc to the charnel eristic temperature of the substance. At high 
temperatures, this function approaches the value AT/4; at low tempera- 
tures, it. approaches the value 121.4/1 TK Thus, according to this 
empirical relation, the ratio of the high-temperature conductivity to the 
low-temperature conductivity is the same as Bloch’s relation (44). 

It. is probably well to bear in mind that the basis of the T~ b law is 
intimately connected with the validity of Debye’s P law for specific 
heats. Since the apparent, experimental verification of the latter at 
temperatures above l() n K is open to the criticisms discussed in Secs. 20 


1 It 1’KiBUt.s, Ann. PhtjHik, 4 , 121 U‘»0). 

* K. flRttNKiHKM, .Din. I’hi/xik, 16, 530 (1933' 
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in the simple metals which follow, the resistivity arising from transitions 
of the conduction electrons between s-p levels should be nearly alike 
in the two cases. Mott 1 was the first to suggest that the s-p electrons 
are principally responsible for the current in transition metals and that 
the additional transitions from s-p levels to the unfilled d levels accounts 
for most of the additional resistivity. As proof of the first of these 
suggestions, it is usually pointed out that the conductivity of any single 
• f 4 band of electrons may be placed in 

the form 



[cf. Eq. (6), Sec. 126] where 
r = l/v(e r Q ) 

is the collision time and m* is th< 
effective mass of the electrons ii 
I the band. Since m* for d-shel 

electrons in much larger than U> 
Eqs. (i) and (2)]. The dotted line repre- electronic mass, it is assumed tna 
sents the top of the filled region. (i) is small in comparison with th 

conductivity of the s-p electrons. Mott developed a simple mathe 
matical theory of the scattering of s-p electrons arising from transi 
tions to the d band; however, Wilson 2 has since given a more extensiv 
treatment, which we shall discuss here. 

Wilson assumed that the energy states in both the s-p bands am 
the d bands may be treated with the Bloch approximation and that th 
energy in each band is a quadratic function of the wave number in th 
reduced-zone scheme. The e(k) curves for the two overlapping band 
then appear as in Fig. 4. We shall select the zero of energy so that th 
energy e*(k) of the s-p electrons is 

- a,*’ (i 

and the energy €d(k) of the d levels is 

e d (k) = A — 2 ^-k 2 (<■ 

where m a and me. are the effective electron masses in the two bands. 

In the one-electron approximation, the selection rules for transitior 
from the s-p band to the d band should be the same as those derived i 

iN. F. Mott, Proc. Phys. Soc., 47, 571 (1935); Proc. Roy. Soc., 153, 699 (1936 

166 , 368 (1936). 

2 A. H. Wilson, Proc. Roy. Soc., 167, 580 (1938). 
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Sec. 127 for transitions between levels of the s-p band, namely, 

k' — k = d + K a , (4) 

€(k') = €(k) ± hvt{6\ (5) 

where k is the wave number of the initial state, k' is that of the final 
state, d is the wave number of the vibrational mode causing the transition, 
and is a principal vector in the inverse lattice. 

We may treat separately the contributions to the resistivity from 
the collisions in which the s-p electrons jump to s-p levels and those in 
which they jump to d levels, since we are dealing with a one-electron 
approximation. The first contribution was discussed in Sec. 127 for 
the monovalent metals. The result for the present case should differ 
from the result found there only in the fact that k Q should be replaced 
by a value appropriate for the s-p levels in the transition metals. Since 
there is 0.6 free electron per atom in nickel, for example, we have 



where no is the number of atoms per unit volume. If this is substituted 
in the equations of Sec. 127, it is found that the resistivity increase^ by a 
factor (0.6)~* compared with the resistivity for a monovalent metal. / 
Wilson developed an expression for the additional resistivity that is 
valid for both high and low temperatures, using simplifying assumptions 
which will now be outlined. Let us assume that the lattice frequencies 
are distributed according to the Debye theory and that the longitudinal 
and transverse modes have the same value of ?(d). The probability 
for a transition in time t to a vacant state in the s-p band from one in the 
d band then is 

fir V'l - ■ + l]«(«rf(k') - €„(k) - hv(<S)) (7a) 

’ } 2nrv{6) \»(d) «Mk') - «.(k) + hv(«)) (7b) 

where aa is a function of k and k' that is equivalent to 2mv t (d)/h 
times the quantity Af(k,k') appearing in Eq. (20), Sec. 127. Case (7a) 
corresponds to a collision in which the vibrational mode of wave number d 
gains a quantum, and (7b) to one in which it loses a quantum. The 
probabilities for the reverse transitions are 


n- Hr 1r M ^ /^(d)co(ed(k ) € fi (k) hv(d)) 

°^ K ’ K 2tv(6) ‘ \[n(6) + l]«(*(k0 - e.(k) + hv(6))' 

As we remarked in part e, Sec. 127, the approximation 


( 8 ) 


*>(*(10 - *(k) ± hv(4)) S co( € ,(k') - €.(k)) 
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may be employed at high temperatures but not at low temperatui 
If we designate the electronic distribution functions for the levels of ■ 
s and d bands by f 8 and f d , we obtain the following expression for i 
contribution to the collision terms from the s-p to d transitions: 


6 - ° = -/<o - -/.)} 

- «.(k) - hv(i)) + {»(d)/,(l - fi) - [n(d) + - /,) } 

w(«i(k') — «,(k) + hv(d))^p(k')dr(k') 


where the integration extends over the values of k' satisfying Eq. ( 
Wilson integrated this under the following assumptions. 


a. 0 L d is a constant. This 



equivalent to assuming isotro] 
scattering. 

b. f 8 and f d may be placed in t 
form 


ft = fo,» + ,(k)), ) 

fd = fo,d + k x g d (e d (k)),j 


0 


where f 0t8 and f 0ld are the Ferr 
Dirac distribution functions for t 
field free problem and the g e 
comparatively small functions. 


Fig. 5. — The relationship between &o 8 , 
kod and a + "Ka in the case of the transition 
metal. The outer circle is the boundary of 
the filled region in the 8-p band, whereas the 
inner circle is the boundary in the d band, 
(c/. Fig. 3). These circles usually should 
not coincide. The vector o- + Ka joins k d 
and k*, so that its minimum value is 

|ko«| — |kod|« 


c. The functions g in (10) ha 
the form 

»<«> - c <*)| 

This functional form was also i 
sumed in the cases discussed in Se 
127. 


d. The values of n(d) are given by the equation 


e kT - 1 

As in Sec. 127, it is convenient to integrate over the values of t: 
vector d + Ka instead of the values of k'; there is, however, an importa 
difference between the present and preceding cases. In the precedi] 
case, the values of d + ranged over a sphere of radius h that pass* 
through the origin (c/. Fig. 1). Hence, the range of |d + K a \ extendi 
from zero to 2 k 9 . In the present case, however, the values k a , and / 
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of the wave number of the electrons at the limit of the filled regions in 
the 5 and d zones should usually be different, so that the vectors d + K* 
should range over a sphere of radius kod that is centered at a point k 0a 
(i cf . Fig. 5). This sphere evidently will not pass through the origin, 
unless by accident. Since the lowest value of |d + K a | in the integration 
is \ko 8 — kod\j the vibrational modes of longest wave length usually do 
not play a role in scattering electrons between the s-p and d bands. 
Only these modes are active at sufficiently low temperatures, however, 
whence the resistance arising from the s-p- to d-band transitions should 
drop to zero at low temperatures much more rapidly than the resistance 
arising from $-p- to $-p-band jumps. 

Wilson’s result for the resistivity arising from the s-p- to d-band 
transitions at temperature T is 


p = 


02) 


2 m 8 m dp 
noeW* ad 



z z dz 

(e° - 1)(1 - e-) 


( 11 ) 


where Qd is the characteristic temperature, 



3_y 3x 3 4 z 

A r J \/2m,iMakQj> 


and fcO' is the energy of the lowest vibrational frequency that scatters 
electrons between the s-p and d bands, that is, 


A/0 — ' A|A/0a A/0d|c 

where c is the velocity of the clastic waves. The a in the denominator of 
P, d is the lattice parameter. 

At high temperatures, Eq. (11) approaches the value 




which has the linear temperature-dependence characteristic of the transi- 
tions within the s-p band. At low temperatures, however, Eq. (11) 
approaches zero as 


0 ' 


e 


T 


The only extensive measurement of low-temperature resistance seems 
to be for platinum, which does not show the anomaly one would expect 
if an appreciable part of its resistivity were described by Eq. (11). 
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De Haas and de Boer, 1 who made the measurements, found that tl 
resistivity p can be fitted by the function 

P = + 15 ' 10 _, por 2 (i: 

where p 0 is the room-temperature resistivity, and G is a Griineisen fun 
tion [cf. Eq. (45), Sec. 127]. An interpretation of the term in T 2 is giv< 
below. There are several reasonable explanations of the fact that 
part of the resistance does not obey Eq. (11). (u) It is possible that 

is accidentally very small for platinum and that the experiments are n 
accurate enough to distinguish between a contribution to the resistivi 
of the form G{Q/T ) and one of the form of Eq. (11) with 0' = 0. ( 
It is possible that the d-shell electrons should not be treated by t 
Bloch theory, so that the selection rule (4) is not applicable in the prese 
case, (c) It is possible that the s-p- to d-band transitions actually i 
negligibly small and that the resistance may be explained by extensi 
of the theory of Sec. 127. (d) It is possible that the e(k) relation for t 

d electrons is so different from the free-electron relation (3) that th< 
are many directions in k space for which k 0s and k 0 i are equal. In ti 
case, the very long lattice waves would always play a role, and 1 
d-shell resistivity would not decrease so rapidly as an exponential functi 
with decreasing temperature. This problem can be settled only on 1 
basis of more extensive work. 

Baber 2 has interpreted the term in Eq. (12) that varies as T 2 
terms of an enhancement of the transitions between s-p levels due 
the presence of the holes in the d band. If the holes were rigidly fix 
they would behave like impurity atoms and would give rise to a tc 
perature-independent scattering. If the band approximation may 
used, however, the holes are also able to move and should also be sc 
tered. Since they must obey the Pauli principle during these transit! 
and since the way in which the levels are occupied is temperature-depe: 
ent, the resistivity turns out to be temperature-dependent. Ba 
assumed that the interaction potential of an electron and a hole has 
form 3 

V(r) = ~^~ qr 

and showed that the observed T 2 term in platinum may be derived 
the use of reasonable numerical values of q. 

1 W. J. de Haas and J. H. de Boer, Physica , 1, 609 (1934). 

2 W. G. Baber, Proc. Roy. Soc., 168, 383 (1937). 

8 The reason for using this potential is discussed in the next section. 
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130. Residual Resistance. The Resistivity of Alloys*. — Nordheim 1 
was the first to point out that the residual resistance of nonsupercon- 
ducting metals probably is due to the scattering of electrons by lattice 
imperfections such as impurity atoms and flaws. This qualitative 
explanation agrees very well with the fact that the residual resistance 
of a specimen depends upon its previous history. If Qi is the cross 
section for scattering by a given kind of imperfection, such as an impurity 
atom, and ft* is the density of imperfections, the mean free path k for 
scattering by these imperfections is given by the equation 

l = niQ h ( 1 ) 


Thus, according to Eq. (6), Sec. 126, the residual resistance p* due to 
this type of imperfection is 


Pi = 


mv(4 ) 

n Q e 2 


TitQtj 


( 2 ) 


which is temperature-independent. If Q { is about 10“ 17 cm 2 , which 
is a customary atomic cross section, and if n is 10 18 cm -3 , which is the 
concentration of impurities in a reasonably pure specimen of metal, h is 
of the order 0.1 cm. The mean free path for the scattering due to lattice 
vibrations, which was discussed in the previous sections, approaches this 
value at temperatures near 15°K in a good conductor such as silver. 

In a sense, a disordered alloy may be viewed as a metal in which the 
impurity content is very high. Hence, if Nordheim’s picture is correct, it 
should be possible to compute the contribution to the resistance of alloys 
from the disordered atoms by a method similar to that used above in 
estimating the residual resistance. We shall discuss this resistance on 
the basis of a procedure developed by Nordheim. 

It is known from the discussion of Sec. 127 that the quantities deter- 
mining the resistance are the squares of the matrix components of 
potential connecting electronic states. We shall assume for simplicity 
that the potential V may be written as the sum of potential terms 
arising from each atom: 


V = %v P (r - r(p)) (3) 

V 

where ^(r — r (p)) is the potential of the atom at the position r(p). 
We shall also assume that v p is zero outside the pth cell. The matrix 
components of V then are 

Fk,k' = 2/*> *v p yj/wdr. (4) 


1 Nordheim, op. cit. 
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The integrand in the pth term in this series is finite only in the pth cell; 
moreover, the origin of each integrand may be shifted in such a way 
that it falls, at r(p). Thus, the series may be written in the form 

Fk.k' = (5) 

P 

where 

f P , kk' = f&k* (r)v P (r)^t' (r) dr, (6) 

in which the integration extends over the cell centered at r = 0. We 
shall retain the index p because v p varies from cell to cell if there is more 
than one kind of ion present. The square of the absolute value of (5) is 

|Fk,k'| 2 = ^6 2 ^C k '“k).[r (7) 

Q,P 

Let us suppose that there are s kinds of atom in the alloy and that 
the fraction of the zth kind is p { . Then, the mean value of f v , kk- is 

8 

/kk' = ^Pifikk' ( 8 ) 

i- 1 

where Akk- is the value of the integral (6) for the *th kind of atom. If 

we use this mean value of f pJtk > in place of the f P , w in Eq. (5), the sum 

vanishes since 


^ e 27rt(k / -k).[r(fl) — r( 2 >)] 

P,Q 

is zero, if k' - k is not a principal vector in the reciprocal lattice. This 
result is not surprising, for the case in which / p ,kk' is independent of p is 
that of a perfect lattice, in which electrons are scattered only as a result 
of Bragg reflection or thermal oscillations. With t hi s in mind, Nord- 
heim assumed that the contribution to the effective squared matrix 
component from the pth atom is the difference of |/ p ,kk'| 2 and the square 
of the mean value |/kk'| 2 . Although this difference is negative for an 
atom for which |/ p ,kk'| 2 is less than average, the square of the total 
effective matrix component, namely, 

|Fk,k'|e 2 ff = tt(|/p,kk'| 2 — l/kk'l 2 ), (9) 

is positive. Here, 

\UM 2 = 2)p4/i,kk'[ 2 , (io) 

i 

and n is the total number of atoms. The use of Eq. (9) is equivalent to 
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assuming that the part of the atomic scattering that is greater or less 
than the average is incoherent. This evidently can be true only if the 
alloy has no secondary long-distance order, such as can occui; in 0 brass. 

Let us consider a case in which the alloy contains two kinds of atom, 
A and B } and designate the fraction of A atoms by x . For simplicity we 
shall consider a unit volume. The value of the quantity (9) then is 

%){fa,kk' /b.kk') 2 * (11) 

This function, which is the analogue of the function B(k, <S + K«) 
appearing in the theory of lattice vibrational scattering, leads to the 
equation 

Y = 16tt 3 ^^ klnx{ 1 - x )J^ (/a,kk' -/&,kk') 2 (l — cos 6) sin Odd (12) 

if we assume that (11) depends only upon 0. If, in addition, we assume 
that the scattering is isotropic and that (dk/de) 0 = m/h 2 k Q , we obtain 

1 327 r 3 ?n 2 , v,. . 

J = - ^4 nx(l - X){fa,kk' ~ /b.kk') 2 * 

We shall place this equation in the form 

Y = nx( 1 - x)Q r (13) 


where the quantity 


Q' - 


327r 3 m 2 

A 4 


{fa, kk' /b.kkO 


2 


is the atomic cross section. 

The resistivity p£, that is associated with this type of scattering, then is 

Pi = ^Q'x(l -x) = A(^)V*(1 - X). (14) 

Thus, Nordheim’s theory predicts that the temperature-independent 
part of the resistivity of a disordered solid solution should vary with 
concentration as x(x — 1). This prediction has been checked in the 
silver-gold system. It is found that the experimental values of the 
additional resistivity can be fitted closely by Eq. (14) with 

Q' = 0.635 ■ 10- 16 cm 2 . 

Computed and observed values of p' x are listed in Table LXXVIII. 

As we mentioned previously, Eq. (14) is not valid in a range of 
concentration in which the alloy has an ordered phase for then more of 
the scattering is coherent than is assumed in using Eq. (9). Suppose, 
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for example, that the lattice sites of the two-component alloy can be 
divided into two sets, namely, a sites, which are occupied by A atoms 
alone in the perfectly ordered alloy, and b sites, which are occupied by B 
atoms alone in the same phase. The a sites and the b sites may then be 
regarded as independent lattices when the temperature-independent 
resistivity is computed. We know from our previous result that the 
incoherent scattering is zero when each kind of site is occupied by only 
one type of atom. Hence, the Nordheim type of resistivity of the 
perfectly ordered lattice is zero. In a partly ordered state in which 
there are some B atoms in a sites and some A atoms in b sites and in 
which there still is a difference between a and b sites, the scattering by 
the atoms in the two latti ces m ay be co mputed separately by the use of 
Eq. (9), the mean values f a , kk' and /&,kk' evidently being the appropriate 
matrix components to use in each case. When the long-distance order 
vanishes, the a and b sites become identical and Eq. (14) is again valid. 


Table LXXVIII 



0.01 

0.025 

0.316 

0.629 

p x (obs) X 10 6 

0.35 

0.86 

7.3 

8.2 

P ' x (calc) X 10 6 

0.35 

0.88 

7.6 

8.2 


The topic of the resistivity in disordered and ordered alloys has been 
considered in' a high degree of detail on the basis of the Bragg-Williams 
theory by Muto, 1 who found that the resistivity arising from disordering 
should depend on the long-distance order parameter O in accordance with 
the equation 


Po = A + BO + CO 2 

in which A, B, and C are temperature-dependent. Muto has shown that 
this relation is in reasonable agreement with experiment in several 
interesting cases. 

Mott 2 has used an extended form of Nordheim's theory to discuss 
the resistivity of substitutional alloys of copper ( cf . Figs. 45 and 49, Chap. 
I). Let us suppose that an atom having 2 + 1 electrons outside closed 
shells is placed in a monovalent metal. In the immediate vicinity of the 
foreign atom and outside its closed shells, we may expect the potential 
to be larger than that at the corresponding position near the monovalent 
atom by an amount 


Ze 2 

T 

1 T. Muto, Sci. Papers, Inst. Phys. Chem. Res., 30, 99 (1936); 31, 153 (1937), 

2 N. F. Mott, Proc. Cambridge Phil. Soc., 32, 281, 1936. 
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where r is the distance from the nucleus. The valence electrons will 
swarm around the more highly charged ion preferentially, however, so 
that we may expect the difference in potential to vanish for large values 
of r . Mott assumed that the actual difference varies as 



(15) 


where q is a constant, 1/q being the mean radius of the swarm of valence 
electrons. The function (15) evidently is an explicit form for the part 
of the atomic potential that gives rise to incoherent scattering in Nord- 
heim's theory. Using this function and assuming that the electrons 
are nearly free, Mott found that the increase in resistance per atom 
per cent of the foreign atom is 

p * - I ®(lp) [ 1os ( l + i) - (TT5)] (16) 

where 

qW 

V IferW 

and v is the electron velocity. This result explains qualitatively the 
curves shown in Fig. 49, Chap. I. If the foreign atom is a nontransition 
atom and if the atomic radii are nearly the same, as is true for the atoms 
that form good solid solutions when mixed, we should expect q to be a 
constant so that p 0 should increase as Z 2 . It may be seen that the two 
curves in Fig. 49 are very nearly parabolic on the positive side of the 
origin. The value of 1 /q in this case is of the order of magnitude 0.3 A. 
The points obtained by adding transition metals to copper and silver also 
lie very nearly on parabolas, suggesting that the potential (15) may be 
used for negative values of Z, which correspond to the number of holes 
in the transition-element atoms relative to the monovalent atoms. 

131. Superconductivity. — Superconductivity, which was discussed 
very briefly in Chap. I, has developed theoretically in two directions. 
(1) There has been a phenomenological development in which the 
observed properties of superconductors are discussed in terms of the 
functions of thermodynamics and .of Maxwell's equations. (2) There 
has been a very rudimentary treatment in terms of the electron theory 
of solids. 

The first development, which is surveyed extensively in a tract by 
London, 1 leads to the conclusion that, in addition to having a high 
electrical conductivity, a superconductor is a medium in which the 

i jp, London, Uns ccflic&piioYi yiouvgIIg d& la su‘pTCb-coifiduct(ibilit6 1 dctualitis $d67itifiqu6s 
et industridles (Hermann et Cie., Paris, 1937). 
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magnetic flux is zero, a fact implying a very large diamagnetism. More- 
over, the entropy associated with the superconducting state is abnor- 
mally low compared with the entropy of a metal in its normal state. 
Although the unique magnetic characteristics of superconductors are 
not so spectacular as the electrical properties, their theoretical significance 
is no less important. The reader is referred to London's article for a 
detailed discussion of this type of work. 

The development along the lines of the electron theory of solids is due 
principally to Slater 1 and is still in only the most qualitative stage. 
Slater has suggested that the levels of the entire metal (see Secs. 66 and 
98) become discrete, or at least possess extremely low density, at the 
bottom of the spectrum. In essence, the levels in this region are to be 
regarded as the residues of the excitation states that occur in the atomic 
approximation when the atoms of the metal are widely separated. 
Because of the strong perturbations, however, they cannot be described 
in terms of ordinary exciton theory. Instead, Slater would regard them 
as possessing extremely intricate wave functions corresponding to a 
blend of many exciton states, so that the electrons in a comparatively 
large region of the metal are intimately correlated. Thus, in a schematic 
way, Slater regards the metal, when in one of these lower states, as an 
aggregate of very large molecular units extending over one hundred or 
more atomic distances and having discrete levels that are very finely 
spaced, but not so finely spaced as they would be if the units were as 
large as the entire specimen of metal. Being large compared with ordi- 
nary molecules, these units should have a large diamagnetism, and 
Slater suggests that their properties are basically those of a supercon- 
ductor; hence, he would regard the low-lying low-density levels of the 
entire metal as the superconducting states. The system can occupy 
these levels only at temperatures near absolute zero since they have very 
low statistical weights and are favored only by their low energy. For 
the reasons discussed in Chap. XIV, we may expect the system to jump 
to states of higher energy and higher entropy at temperatures above 
absolute zero, the transition taking the form of one of the three possible 
types of phase change. The most probable high-entropy states are, of 
course, those described in the band approximation, in which the metal 
has normal properties. Presumably, these states differ from the low- 
entropy ones principally in the fact that the pseudomolecular structure 
responsible for superconductivity has melted; that is, the electronic 
motions are no longer correlated over many atomic distances, but only 
over a few, as in the approximations developed in preceding chapters. 
The precise form of the change from the superconducting to the ordinary 
state depends upon the density of levels of the entire solid in the region 
1 J. C. Slater, Phys. Rev., 61, 195 (1937); 62, 214 (1937). 
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between the two types of level, and the theory has not developed to a 
point where this may be predicted. Experiment shows that the phase 
change is of the second kind, in which there is a discontinuity in specific 
heat, but no latent heat. 

The difficulties that stand in the way of a quantitative test of any 
electronic theory of superconductivity obviously arise from the difficulties 
of handling wave functions for the entire solid in a degree of approxima- 
tion sufficiently high to include states of the type discussed by Slater. 
There seems little likelihood that these difficulties will be surmounted in 
the immediate future. 


B. IONIC CONDUCTIVITY 

132. General Principles. — It is believed at present that the ionic 
conductivity of solids is closely connected with the type of lattice imper- 
fections that occur in pure semi-conductors. This idea was first sug- 
gested by Frenkel 1 and has been substantiated by subsequent work, 
the most thorough investigation of the possible types of lattice defect 
having been made by Schottky and Wagner. 2 We shall begin by dis- 
cussing their work. 

Let us consider a crystal of composition MX, such as a monovalent 
metal halide or an alkaline-earth oxide or sulfide. If the crystal is 
entirely perfect in its equilibrium state, a volume ionic conductivity is 
found only if positive or negative ions leave their normal sites and 
wander in the lattice because of the influence of the field. In this case, 
the crystal lattice would develop imperfections as an effect of the field. 
It is evident, however, that a very large field would be required to 
dislodge an ion from its normal position, for the potential energy of an 
ion varies by an amount of the order of magnitude of 1 volt in an inter- 
atomic distance. Thus, a field of millions of volts per centimeter would be 
required to induce a current. Hence, it is necessary to assume that 
the ions carrying the volume ionic current are wandering before the 
field is applied and that the field simply disturbs the statistical dis- 
tribution of motion. 

There are two ways in which ions may move through the crystal 
(c/. Fig. 6). (1) They may move through interstitial positions which 

are unoccupied in the perfect crystal. (2) They may move by jumping 
into vacant sites. In the second case, it is common to say that the 
vacancies move through the lattice and carry the current. Specific 
examples of crystals in which these types of conductivity occur are 
discussed below. 

1 J. Frenkel, Z . Physik , 36, 652 (1926). 

s 0. "Wagner and W. Schottky, Z . physik. Chem.y Bll, 163 (1930), 0. Vagner, 
Z . physik, Chem ,, Bodenstein Fcst., 177 (1931); B22, 181 jf. (1933), 
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In order to derive an equation for the conductivity of the interstitial 
ions or the vacancies, we shall employ the same model of the flow process 
that was used in the derivation of the equation for the jump frequency of 
diffusing atoms in Sec. 122. According to this work, the probability 
per unit time that the interstitial atom or the vacancy will jump in one 
of the a directions, in which there is a saddle point of height <=„, is 

. 1 (kTy _JL 

V = al^ ekT ( 1 ) 

in the absence of an electrostatic field. Here, v e is the vibration frequency 
in the two directions in the saddle point that are normal to the direction 
of flow. We shall treat a simple model in which there are six saddle 
points of energy e s , which lie along the six axial directions relative to 





- tW0 m ? des of ion i° motion - 1“ W the interstitial 
ough the intei stitial sites. In (6) the ions move via the vacancies Q. 


the equilibrium point. Let us now assume that there is an electrostatic 
field of intensity E in the x direction. The saddle point lying in the 
direction of the field relative to a given equilibrium position is lowered 
by an amount Ee8/2 where 8/2 is the distance between the equilibrium 
position and the saddle point and e is the charge on the ion or vacancy. 
Hence, the jump frequency for this barrier is changed to 


i) E + 


1 (JcT) 

a h z v\ 


3 Ee5 

-e JcTe2kT. 


(2) 


The saddle point in the opposite direction is raised by the same amount 
so that the jump frequency in the backward direction is 


- » 1 (kT)* __ l£5 

VE = - kT e 2kT - 

a nsv\ 

Thus, the excess probability for jumping in the field direction is 



v E + - 


?e = v 2 sinh 


Ee8 

2 W 



( 4 ) 
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In order to derive an equation for the conductivity of the interstitial 
ions or the vacancies, we shall employ the same model of the flow process 
that was used in the derivation of the equation for the jump frequency of 
diffusing atoms in Sec. 122. According to this work, the probability 
per unit time that the interstitial atom or the vacancy will jump in one 
of the a directions, in which there is a saddle point of height e», is 


_ 1 (kT) 3 .it 

v = - ^~e kT 
a n 3 vi 


( 1 ) 


in the absence of an electrostatic field. Here, v s is the vibration frequency 
in the two directions in the saddle point that are normal to the direction 
of flow. We shall treat a simple model in which there are six saddle 
points of energy e„ which lie along the six axial directions relative to 



w lb) 

• IG * ^ j^ ema ^ c re P resenta tion of the two modes of ionic motion. In (a) the interstitial 
i ns 0 use hrough the interstitial sites. In (b) the ions move via the vacancies Q. 


the equilibrium point. Let us now assume that there is an electrostatic 
field of intensity E in the x direction. The saddle point lying in the 
direction of the field relative to a given equilibrium position is lowered 
by an amount Eed/2 where S/2 is the distance between the equilibrium 
position and the saddle point and e is the charge on the ion or vacancy. 
Hence, the jump frequency for this barrier is changed to 


- + 1 (kT) 3 _jl 

= rrire JcTeZkT. 

a h 3 vl 


( 2 ) 


The saddle point in the opposite direction is raised by the same amount 
so that the jump frequency in the backward direction is 


1 (kT) 3 _ jl 

V E ~ TT-7-e kTe 2 kT. 

OC h 3 vl 

Thus, the excess probability for jumping in the field direction is 


( 3 ) 
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We shall be interested in fields so weak that Ee8 < < kT , in which case 


Vp 


,Ee6 

v w 


( 5 ) 


Since the electrical polarization associated with each favorable jump is 
eS, the current i per unit area is 


. Ee 2 8 2 

1 ~ nv kT 


( 6 ) 


where n is the n um ber of interstitial ions or vacancies per unit volume 
Thus, the contribution a to the conductivity from this flow is 

_e 2 5 2 


<r = ni 


kT 


The conductivity and ionic mobility are related by the equation 

<7 = neix 

whence 

„ed 2 

lM = v w 

Equation (7) may be compared with the similar equation derived by 
Lorentz on the basis of a free-particle model, namely, 


( 7 ) 

( 8 ) 
( 9 ) 


C — Uf 


e 2 vl 

3/cT 7 


( 10 ) 


[cf. Eq. (5), Sec. 126.] Here, v = 4y/kT/2rM, l is the mean free path, 
and Uf is the density of free ions. Equations (7) and (10) are formally 
equivalent if we make the correspondence 

Z ~ 5, nvd. 

If more than one kind of interstitial ion or vacancy is present in the 
lattice, the total ionic conductivity may be obtained by adding together 
the contributions of type (7) from each kind of ion. 

The temperature dependence of n in Eq. (7) is determined by the 
particular way in which the lattice defects occur. We have discussed 
two types of defect in Sec. 110, namely, those which occur in the alkali 
halides and those which occur in zinc oxide and zinc sulfide. In the 
first case, it is believed that the metal-ion lattice and the halogen-ion 
lattice have equal numbers of vacancies so that the number of vacancies 
of a given kind is 


n = Ne 


(ID 
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when the crystal is in thermal equilibrium. Here, e" is the energy 
required to take an alkali-metal ion and a halogen ion from the interior 
to the surface of the crystal, and N is the total number of ions of a given 
kind. In the second case, it is believed that oxygen and sulfur atoms, 
respectively, evaporate and the excess metal atoms diffuse into the 
interstices of the crystal. The number of interstitial atoms in this case is 

-£L 

n = No^B'e w (12) 

where «" is the energy required to produce an interstitial zinc atom and 
an oxygen atom, the latter being bound to another to form a molecule 
in the vapor phase. These two cases do not exhaust the possible types. 
Schottky and Wagner have pointed out that there are in all the following 
three independent types. 


A 

B A 

B- ' 

A 

B 

aba 

B 

A 

& A B 

A 

B 

aba 

B-f" 

^JO 

A 

BAB 

A 




(c) 


(«0 (lo) 

__ ' ' \w 

: ^ ree . types of la * tice defects - In («) some of the B atoms have moved to 
P ™ 6S leaVing v f anciea : <&> B a toms have evaporated leaving vacancies in 
the lattice There are no interstitial atoms. In the alkali halides there are equal numbers 

“TiT vac f n 1 c . ies * An excess of one type or the other may be obtained, however, by 
heating the crystal m an appropriate vapor, (c) A fraction of the A atoms have evaporated 
from the surface leaving an excess of B atoms which diffuse into interstitial positions. 


I (cf. Fig. 7 a). There are interstitial M or X ions (or atoms) and 
there are in each of these cases an equal number of vacant M or X sites, 
respectively. Jf ne is the energy required to remove n ions of a given 
kind to form n vacancies and n interstitial ions and if -2 kTn log ( n/N ) 
is the entropy gained in doing so, the equilibrium value of n/N is 


n_ 

N 


e 2kT 


(13) 


where N is the total number of ions of the given kind. 

Ila ( cf . Fig. 76). Some M or X atoms evaporate, leaving an equal 
number of vacancies in M or X sites. Since the evaporating atoms 
must be neutral, there is an excess or a deficit of electrons in these two 
cases. These electrons or holes should reside near the vacancies in the 
lowest energy state. This case is similar to I, the difference being that 
there are no interstitial atoms in the lattice in the present case. 
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115. We may classify separately the case in which the positive and 
negative ions leave in equal numbers. This ordinarily occurs in the 
alkali halides, for which the equilibrium value of n is given by an equa- 
tion of the type (11). 

Ill (cf. Fig. 7 c). A fraction of one of the constituents may evaporate, 
leaving an excess of the other in interstitial sites. Zinc oxide and zinc 
sulfide, which were mentioned above, belong to this class. 

We might expect that the deviations of type I and III, which involve 
interstitial atoms, should occur primarily in lattices that have large 
interstitial spaces, such as the zincblende and wurtzite structures, which 
have low coordination numbers. 

Jost 1 has investigated the relative probability of case I and case II& 
for crystals having the sodium chloride structure, in which the interst- 
itial spaces are comparatively small. If the values of n and c" in the two 
cases are distinguished by subscripts I and II, we have from Eqs. (11) and 
(13) 


Tin 


«i" 

e 2kT 
€ n" 
e 2kT 



(14) 


Let us compute the difference 4! — 4i on the assumption that the inter- 
ionic distances near a vacancy or near an interstitial ion are the same as 
for a perfect crystal. For simplicity, it may be assumed that the repul- 
sive potential between ions varies as b/r n where n ~ 9. The energy of 
an ion in a normal site then is (Sec. 11) 

e = — 1.746— (l — — J> (15) 

a 0 \ n) 

and the energy necessary to remove both a positive and a negative ion 
completely from the lattice is twice the negative of this. If, however, 
the ions are brought only to the surface, the energy should be — 2e minus 
the energy required to remove a positive and a negative ion from the 
surface, which is just the heat of sublimation per molecule. Hence, 
in the present approximation, 

4 - -e- (16) 

The electrostatic energy of an interstitial ion in an undistorted sodium 
chloride lattice is zero because the relationship between the distribution 
of positive and negative ions is a symmetrical one. The distance between 

* W. Jost, Jour . Chem. Phyn., 1, 466 (1933); Z. physik. Chem A169, 129 (1934); 
Physik. Z., 36, 757 (1935). See also Difusion und chemische Reaktionea in festen 
Stofen (J. Steinkopf, Leipzig, 1937). 
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the center of the interstitial-ion site and the centers of the neighboring 
ions is aV 3/2, whence the repulsive energy for the interstitial atom is 


e r ~ 1.74 — 


/ 2 V‘2 

na \Vz) 3 


where the factor! enters because there are only four neighboring halogen 
ions instead of six, as for an ordinary ion. Hence, 


and 


4 ' = -6 + 6 r 


ft ft _ 

e i "" €n = e r . 


(17) 

th^t differenCe is ° f the order of magnitude 1 ev for the alkali halides so 


ni_ 
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5,700 

T 


made above ^ m ° re pr ° babIe than casc 1 under the assumptions 

It is clear, however, that these assumptions must be seriously in 

soSumTbf^ 111 ^ 11 ^' 36 / ftl/2 aS giV6n by Eq ‘ (16) is aboufc 37 cv 

sodium chlonde. According to Eq. (7), the activation energy for ionic 
conductmty should be at least as large as this, whereas the observed 

is that tLTtm L90 SV ' A reasonable explanation of this discrepancy 

disnlfe P W f a ^° r 10nS ar ,° Und vacancies an d interstitial atoms become 
placed from their normal positions in the undeformed lattice and i hus 

Lrfd be Wer S 

th, #£££ tadi 11 “oof-con^;,., 
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(18) 

g r - - * — 

estimate. For vacancies it will be a Q f lu° r &n ordcr ‘ o:f -magnitude 

** — - * r r = 

W. Leheeldt, Z. Physik, 85, 717 (1933). 
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that r is equal to half the distance between the center of an interstitial 
site and the nearest ion site, namely, a^J 3/4. The energy required to 
produce an interstitial ion in case I then is 



and the energy required to produce a vacancy in each lattice is 


€n = 



( 20 ) 


When the static dielectric constants of the alkali halides, which are of 
the order of magnitude 6, are used in these equations, the value of the 
additional negative terms in (19) are comparable with e and reduce «n 
to values that are much more nearly in accord with the experimental 
activation energies. The difference between Eqs. (19) and (20) is 

<2i) 

The negative term reduces the difference to a value somewhat below 
that of Eq. (17) but does not reduce it enough to change the previous 
conclusion that the ratio (14) is very small. Jost .and Nehlep 1 have 
made a more accurate estimate of e" — e[[ by taking into account the 
actual displacements of nearest ions. They find the value 0.40(1. 74e 2 /2a) 
for the extreme case in which K a is infinite. Since the difference should 
be larger than this in actual cases, we may conclude that deviations of 
type I do not occur in the crystals having sodium chloride structure for 
which only the electrostatic and repulsive terms of the Born theory are 
important. This includes practically all the alkali halides and probably 
the, oxides and sulfides of beryllium, magnesium, and calcium. 2 

We saw in Chap. II that the van der Waals energy plays an impor- 
tant role in the halides of metals such as silver and thallium which have 
newly filled d shells. Jost and Nehlep have investigated the cohesive 
energy of interstitial metal ions in crystals of this type and have found 
that the contribution to e" - & from the van der Waals term may 
reasonably reverse the sign of this difference. Thus, they find that in 
silver bromide, which has the sodium chloride structure, the correction 
to — €n should be 

1 W. Jost and G. Nehlep, Z. physik. Chem., B32, 1 (1936). - 

2 A careful analysis of the contributions-; to the activation energy for electrolytic 
conductivity in sodium chloride has also been given by N. F. Mott and M. J. Littleton, 
Trans. Faraday Soc 34 , 485 (1938). 
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which is sufficient to reverse the sign of (21). Although this result is 
not yet conclusive, it does show that case I is a possibility in some salts 
having sodium chloride structure. 

Let us now discuss the ionic conductivity of the alkali halides on the 

assumption that they belong to class IIo. The number of vacancies of 
«" 

each kind then is Ne kT , and the equation for the total ionic conduc- 
tivity may be placed in the form 

<r = 1 V^e-ST(p + + ?_) (22 ) 

where v+ and 5_ are the jump frequencies for the two types of vacancy. 
The distance S between neighboring like ions is the same in the two cases. 
In sodium chloride, the vacancies undoubtedly diffuse in the twelve 
(110) directions instead of in the six (100) directions as assumed in 
deriving (22). This fact does not impair the use of Eqs. (1) and (22) for 
an order-of-magnitude estimate of v„ According to Eq. (22) the ratio 
of the transport numbers of the two ions is determined by the ratio 
of the two terms in parenthesis. Tubandt’s measurements on the trans- 
port numbers of the ions in NaCl show that the sodium-ion vacancies 
carry about 92 per cent of the current at 580°C. For this reason, we 
shall neglect ?_ in Eq. (22) for this substance. The equation may then 
be placed in the form 


where 


<7 


Ae * 


A 


_ N e 2f 1 ( fc?1 ) 3 

kT a hV, ’ 



/ 


(23) 

(24) 


Lehfeldt’s measured value of A ( cf. . Fig. 66, Chap. I) is 10 8 ohm" 1 cm" 1 . 
If we assume that 


5 = 2.8 X 10 -8 cm, 
kT = 1.0 X 10~ 13 , 

N = 2.24 X 10 22 , 

and solve for l/v\, we find 


17 X 10 22 
— , 


a 


(25) 
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or v 8 ~ 10 u . This value, which is surprisingly low, implies that the 
saddle point is very fiat in the direction at right angles to the direction 
of flow. It is possible, however, that the assumption made in deriving 
Eq. (7), namely, that the potential energy is determined by the position 
of the ion or vacancy alone, is far from correct and that many ions should 
be taken into account in computing the jump frequency of a vacancy. 
It is also possible, as has been suggested by Jost, 1 that e is not tem- 
perature-independent but contains a linear term of the type aT. In 
this event, as in the case of thermionic emission, the measured value A * 
of the intercept of the logarithmic plot would be a composite quantity of 
the form 

A* = Ae * 

in which A is the computed constant (24). Jost has shown that the 
exponential factor in this equation may reasonably be of the order of 
magnitude 1,000. 

At lower temperatures, the measured conductivities deviate from 
Eq. (23) in a way that depends upon the previous history of the crystal 
(c/. Fig. 66). This change may be described by saying that € decreases 
with decreasing temperature. It is possible that the rate at which the 
equilibrium value of n is attained becomes so slow at temperatures 
below a temperature T ' that the value of n for this temperature is 
retained. In this case, the temperature dependence of <r would be 
determined by e a alone. The slope of the low-temperature part of 
Lehfeldt’s log a versus 1 /T plots for the alkali halides is usually about 
one-third that of the high-temperature part. Hence, if the preceding 
interpretation of this change is correct, this value shows that 



where « is the high-temperature activation energy. 

An alternative interpretation of the difference in slope of the low- and 
high-temperature portions of the curve is that the low-temperature 
conductivity arises from a very small number of ions that are situated at 
surfaces of internal cracks of the crystal and are more free to move than 
the ions in ordinary sites. It does not seem to be possible to decide 
between these alternatives at the present time. 

1 W, Jost, Z . pkyaik, Chem A169, 129 (1934), 
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If Eq. (26) may be used, the ratio r of the number of vacancies to the 
total n um ber of ions may be computed from the equation 

_2 _e_ 

tp — g 2 kT g 3 kT' 

Using the value e = 1.90 for sodium chloride, we find that r ^ 10“ r> at 
the melting point. 

As we have seen above, it is not possible to say definitely in which 
category silver chloride and silver bromide may be placed, although Jost 
and Nehlep's computations indicate that they belong to class I. If the 
ratio of vacancies to normal atoms were large enough, it would be possible 
to distinguish between case I and case 116 by a comparison of the meas- 
ured density and the density computed from X-ray data by assuming 
that there are no vacancies. In case I, the two should agree since there 
is one interstitial ion for each vacancy. In case 116, however, the com- 
puted density should be larger than the measured one by a factor (1 — r)~ l 
where r is the ratio of the number of vacancies to the number of normal 
ions. If we examine Fig. 66, Chap. I, we may see that the high-tempera- 
ture slope is about twice the low-temperature value for silver chloride and 
silver bromide. Hence, in place of Eq. (26) we have 

e" = e. (27) 

For silver bromide, the value of r at the melting point computed 1 in this 
way is 

€ 

r = e 2kT = 10- 2 - 8 . (28) 

The experimental accuracy of density and lattice constant measurements 
is not large enough 2 to detect the difference in densities that would 
arise from this value of r in case 116. Wagner and Koch,' 1 however, 
have used an ingenious indirect method, involving conductivity measure- 
ments, to determine the number of lattice defects in AgBr at various 
temperatures. Their method is based on the fact that the number of 
holes in AgBr may be increased by adding fixed quantities of PbBr». 
The lead salt forms a perfect solid solution when present in small con- 
centrations. Since the lead ion is divalent, each ion added replaces two 
silver ions;, hence, one vacancy is produced in the silver-ion lattice for 
each dissolved lead ion. The conductivity per vacancy may be deter- 
mined from an investigation of the increase in conductivity as lead is 

l F. Seitz, Phys. Rev., 64, 1111 (1938); 66, 1063 (1939). 
r 2De “® ty measurements have been made by C. Warner and J. Beyer, Z. phynk. 

(1936). See ibid, for the reason why the conclusions drawn by these 
workers are not trustworthy. 

3 E. Koch and C, Wagner, Z. pUysik. Ch&m ., B38, 295 (1938). 
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added, and the result may then be used to determine the number of 
vacancies in the pure crystal. Table LXXIX gives a comparison of the 
fraction of vacancies determined in this way with the fraction determined 
from Eq. (27). The computed values are off by a factor 5, a discrepancy 
that is not surprising in view of the simplifying assumptions used in the 
theoretical computation. 

Table LXXIX. — Comparison of the Fraction of Vacant Sites in Silver Bromide 
at Various Temperatures as Determined by Eq. (27) and by the Method 
of Koch and Wagner 


^3 

o 

O 

r (thcor.) • 10 3 

r (exp.) • 10 s 

300 

0.71 

4.0 

250 

0.36 

1.8 

210 

0.18 

0.76 


If we compare Eq. (7) with Eq. (16) of Sec. 122 for the diffusion 
coefficient, namely, 


d = 


wo obtain the important relation 

* = N^D. (29) 

This relation has been checked by von Hevesy and Seith 1 for Pbl 2 , in 
which the conductivity of Pb ++ is known. They determined the diffusion 
coefficient of radioactive load in single crystals of Pbl 2 and compared 
this value with that computed from Tubandt’s measured values of a by 
means of relation (29). The two agree, within experimental error, in 
the temperature range from 255° to 290°C. 

Von Hevesy and Seith have also measured the rate of diffusion of 
radioactive lead in PbCl 2 . The positive-ion transport number is immeas- 
urably small in this case, but by use of Eq. (29) they obtained the 
equation 

4,180 15,000 

<r(ohm _1 cm- 1 ) = 9.78 • 10- 4 e“ T + 1.15 • 10 5 e" T 

for the total conductivity. The first term is the chlorine-ion conductivity 
which was measured directly; the second term is the positive-ion con- 
ductivity which was computed by means of (29). The types of lattice 
defect that occur in PbCU have not been determined, and so it is not 

1 G. von Hbvesy and W. Seith, Z. Physik , 56, 790 (1929); 67, 869 (1929). 
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yet possible to give an interpretation of the large difference in the coeffi- 
cients in this equation. 


C. PHOTOCONDUCTIVITY 

133. The Mean Free Path of Free Electrons in Ionic Crystals. — The 

semiempirical computations of the mean free path of free electrons in 
semi-conductors that were discussed in Part B of Chap. IV indicate 
that at room temperature the path is of the order of an interatomic 
distance, and is usually less than the mean free path of an electron in a 
metal. This result is not surprising, for the metal lattice is nearly at 
complete equilibrium when the conduction electrons move through it, 
whereas the ionic crystal is under stress. 

We shall consider the simplified model of a crystal that is practically 
isotropic and shall discuss the scattering by the vibrational modes of 
frequency v . If the kinetic energy e of the free electron is greater than 
hv, the electron may lose energy to the lattice as well as gain it. It 
follows from the discussion of Sec. 127 that the probabilities that these 
processes will occur in unit time are of the form 

A v (e)(n v + 1),) 

A v (e)n v , j W 

respectively, where in the isotropic case A v (t) is dependent only upon the 
electronic energy, and n v is the mean vibrational quantum number per 
oscillator, that is, 


n v = 



( 2 ) 


Thus, the total probability per unit time that the electron will be scattered 
by a lattice vibration of frequency v is 


P v — A v (e)(2n v + 1) (e > hv). (3) 

In the case in which the electronic energy is less than hv, the electron 
cannot lose energy to the lattice so that 


^ (c ^ hv ) . 

Thus, an electron having energy greater than hv is scattered by the waves 
of frequency v even at absolute zero of temperature, whereas one having 
energy less than y is not. The total probability of scattering may be 
obtained by summing expressions of the type (3) and (4) over all lattice 
frequencies. . We may expect that the terms for which v < e/h will 
lead to a finite mean free path even at absolute zero. 
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We shall not discuss the computation of the function A(e) in com- 
plete detail 1 but shall give a simplified discussion, due to Seeger and 
Teller, 2 of the case in which n v = 0. This result may then be used to 
estimate the mean free path. 

If it is assumed that a free electron in an ionic crystal is scattered 
isotropically by inelastic collisions in which it loses energy and that the 
average energy lost per collision is hv m where v m is the vibrational fre- 
quency of the optically active mode, the mean free path l and the energy 
loss per unit distance dW /dS should be related by the equation 

hv m = (5) 

We shall use this equation to compute l after computing dW/dS by the 
method employed by Seeger and Teller. The equation evidently is valid 
only if the collisions are nearly isotropic. This condition is satisfied for 
electrons having energies not too large in comparison with hv m since the 
changes in velocity resulting from individual collisions then are com- 
parable with the initial velocity. It is not satisfied, however, when the 
electronic energy is very large compared with hv m , for then the collisions 
are predominantly through small angles, as in the case of electrons in 
metals. 

An electron that is passing through an ionic crystal ordinarily moves 
so quickly, even when it has thermal energy, that the ions do not have 
time to come to complete equilibrium under the force of the electron. 
This fact is, of course, the basis of the Franck-Condon principle.. For this 
reason, we shall assume that only that part of the polarization of the 
crystal arising from the electronic displacement is induced by the moving 
electron. The dielectric constant associated with this polarization is 
simply n 2 , where n is the refractive index extrapolated for infinite wave 
length. The electrostatic field strength at a distance r from the electron 
then is 


where ri is a unit vector in the radial direction. Seeger and Teller use 

1 A discussion based entirely upon quantum mechanical perturbation methods 
may be found in the following papers: H. Frohlich, Proc. Roy. Soc., 160, 230 (1937); 
H. Frohlich and N. F. Mott, Proc. Roy. Soc., 171, 496 (1939). This discussion is more 
complete than the one in the present volume in the sense that temperature dependence 
is included; however, as Seeger and Teller point out, it is unreliable in the range of 
energy in which the mean free path is least because the mean time between collisions 
is of the order of magnitude 10- 15 sec (see part g, Sec. 127). See also Phys. Rev., 

* 2 R. J. Seeger and E. Teller, Phys. Rev., 54, 515 (1938). See also Phys. Rev., 
56, 352 (1939). 
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in which the limits are yet to be specified. 

We shall assume that the time r during which the distance between 
the electron and ion is of the order of magnitude b may be taken as 
2b/v. In order that Eq. (11) shall be valid, this must be short compared 



Fig. 8. — The semiclassical excitation function. 

with the oscillational time of the optically active frequency, for otherwise 
the work done by the force averages to zero. Hence, we must have 

2b 1 
v 2ttvJ 

which gives as the upper limit of integration 

bmAx = 


4*TV m 


As a lower limit, Seeger and Teller take the de Broglie wave length of 
the electron divided by 2r: 


h _ A _ 

"min 


h 


2i r 2nrmv 

Using these limits in Eq. (11), we find 
dW 2r ZW 


dS 


n*naV 
irmZ i e i 1 , « 

— W ~ l0 S “ 


( mv~/2\ 

Vh^rJ 


( 12 ) 


n*iia * e 


hv m 


where « = mv 2 /2. This function, which is shown in Fig. 8, has the 
maximum value 


(SL— 


7r mZ 2 e 4 
n 4 fxa z hv m 


(13) 


when e = 2,7hv m . 
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Combining Eqs. (1) and (10), we obtain 

, __ hv m __ n A fia s hv m e 

” dW/dS ~ irmZH* log e/hv m 

The minimum values of l, corresponding to e = 2.7 hv^ are listed in 
Table LXXX for several alkali halides. 


Table LXXX. — The Mean Free Paths of Electrons in Ionic Crystals 



tt 2 

1mm * 10 8 Cm 

E b ■ 10- 

Calculated 

B , volts /cm 

Observed, room 
temperature 

LiF 

1.93 

4.74 

15.4 

31 

NaCl 

2.19 


4.7 

15 

KC1 

2.19 


4.8 

10 

KI 

2.40 

6.4 

2.0 

5.7 

RbBr 

2.40 

7.4 

1.6 

6.3 

Rbl 

2.85 

12.9 

0.81 

4.9 
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(14) 


These results obviously should apply only at the absolute zero of 
temperature and then only very approximately in the low-energy range 
where e ~ hv m , for it has been assumed that the crystal possesses a single 
lattice vibrational frequency whereas actual crystals possess a continuous 
range of frequencies extending from zero to v m . Thus the actual dW/dS 
curve for absolute zero should not drop sharply to the axis at e = hv m 
but should continue smoothly to the origin. 

Von Hippel 1 has suggested that dielectric breakdown in insulators 
occurs when the electrostatic field becomes so strong that on the average 
a free electron in the lattice can gain more energy from the field between 
collisions than it loses as a result of collisions. If E B is the breakdown 
field, von HippePs condition is 




(15) 


By use of Eq. (1), this may be transformed to the form 



1 A. von Hippel, Jour. Applied Phys. f 8, 815 (1937). Discussions of this and other 
theories of dielectric breakdown may be found in the following papers: H. Frohlich, 
Proc. Roy . Soc ., 160 , 230 (1937), 172 , 94 (1939). W. Franz, Z. Physik , 113 , 607 
(1939); Seeger and Teller, op. cit; E. C. Buehl and A. von Hippel, Phy $ . Rev ., 56, 941 
(1939). 
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The results 1 that are obtained are shown in Table LXXX and are com- 
pared with von Hippel’s measured values. The computed [ones all are 
smaller than the observed ones. Seeger and Teller suggest that a part 
of this discrepancy may be due to the use of the actual electronic mass m 
in Eq. (11) instead of the effective mass for the interior of the crystal. 
Actually, it seems unlikely that the semiclassical computation of the 
mean free path is sufficiently trustworthy to merit accurate comparison 
with experimental results even if (15) is the correct condition for 
breakdown. 

According to the discussion in the earlier part of this section, we 
should expect the mean free path to decrease with increasing temperature 
because the n v in Eqs. (3) and (4) increase with increasing temperature. 
Thus, the breakdown strength of crystals should increase with increasing 
temperature if Eq. (15) is valid. Buehl and von Hippel 2 have observed 
that the dielectric strength of the alkali halides is decreased by cooling 
from room temperature to liquid-air temperature; however, the observed 
decrease is much more rapid than is to be expected from Eq. (15). It 
seems likely, at the present time, that the simple theory of dielectric 
breakdown needs important revision. 3 

Reasoning from his inability to detect a measurable Hall effect in 
photoconducting specimens of sodium chloride, potassium chloride, and 
potassium bromide crystals, Evans 4 has concluded that the mean free 
path in these crystals at room temperature is less than 4.5 • 10 -8 cm. The 
Hall effect is easily observable in zinc oxide and zinc sulfide (Sec. 37), 
and corresponds to mean free paths of 10” 7 cm. The origin of the differ- 
ence in properties of these two types of salt remains to be investigated. 

134 . Photoconductivity in Colored Alkali Halide Crystals. 5 * — In this 
section and the next, we shall discuss the present status of the theory 
of photoconductivity. The most extensive interpretive work has been 
done on the photoconductivity of alkali halide crystals that contain 
F centers. As we have seen in Sec. Ill, the properties of these crystals 
may be explained most reasonably by assuming that they contain more 
halogen-ion vacancies than alkali-metal-ion vacancies and that the 

1 These values differ somewhat from Seeger and Teller's because of differences in 
the form of Eq. (6). 

2 Buehl and von Hippel, op. dt. 

8 In an attempt to explain the observed temperature dependence, H. B. Sampson 
and the writer have pointed out that the primary excitation process of the free elec- 
trons. is the production of excitons, rather than secondary electrons as is ordinarily 
assumed. Unless the excitons are dissociated by either the field or temperature, 
breakdown cannot occur. (To be published shortly.) 

4 J. Evans, Phys. Rev., 57, 47 (1940). 

5 See the articles by R. W. Pohl surveying the experimental work, Proc. Phys ► 

Soc 49 (1937); Physik. Z. t 39, 36 (1938). 
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excess halogen vacancies are occupied by electrons. In addition to tl 
alkali halides, we shall discuss photoconductivity in zinc sulfide ar 
silver halide crystals. 

Let us begin by considering the photoconductivity of colored sodiu: 
chloride. The other colored alkali halides behave in an essential 



Fig. 9. — The photocurrent in colored sodium chloride as a function of time at differe 
temperatures. During the interval A the crystal was irradiated with light in the F-ce 
ter absorption band. During B the crystal was in the dark, and during C it was irradiat 
with infrared light. In (a) the crystal was at 30°C and only a primary current is observ 
during A ; that is, the current varies abruptly when the light is turned on or off. Furtt 
current may be induced by infrared radiation after illumination with light in the F bar: 
In (6) the temperature was 80°C and the current continued to rise after illumination beg 
and did not drop to zero when the light was turned off. This secondary current is larger 
cases (c) and (d). (After HiUch and Pohl .) 

similar way. At temperatures below 30°C, the photoconductivity begi] 
abruptly when the crystal is exposed to light in the F-center absorptic 
band, remains constant during a constant exposure that does not endu 
for too long a time, and drops abruptly to zero when the light is cut c 
(cjf. Fig. 9a). A photocurrent that behaves in this way is said to be 
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'primary current. Its properties may be explained 1 in terms of the 
following simple assumptions: 

a. A fraction y of the absorbed light quanta free electrons, which 
wander about the lattice with thermal velocities. 

b. In the presence of an electrostatic field of intensity E, the electrons 
drift in the direction of the field with mean velocity pE where p is the 
mobility, which is temperature-dependent. 

c . The electrons that do not reach the electrodes eventually become 
trapped. If X is the mean distance traveled before trapping takes place, 
the mean distance co an electron drifts in the direction of the field is 

co = pE^ (1) 

v 


where v is the mean velocity of random motion. We shall call co the 
displacement distance. 



I . I . I . 1 1 1 L- 

-250-200 -150 -tOO -50 0 +50 +100+150 +200 

Tempera+ure c C 


Fig. 10. — The function rju/E. as a function of temperature for sodium chloride with 
F-centers. It should be noted that the photocurrent drops sharply below — 150°C. The 
units of the ordinate scale are meter 2 /volt. ( After Pohl .) 


If I is the intensity of the absorbed radiation per unit distance 
between electrodes, the measured current i should be 

i — Vj^ eo} ? (2) 


according to these assumptions, where hv is the energy of the absorbed 
light quanta. Since co is proportional to E and tj is presumably inde- 
pendent of field intensity, the quantity 


ihv co 

Eel = V ~E 


( 3 ) 


should be independent of E. This actually is found to be the case in 
the primary-current range. Figure 10 shows the temperature depend- 


1 Ibid . 
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ence of the measured value of (3) for sodium chloride. 1 It should b< 
observed that tjcj/E varies relatively slowly from 25° down to — 150°C 
and then drops very rapidly, indicating that either tj or co decreases ver* 
rapidly near the absolute zero of temperature. A similar drop in photo- 
sensitivity has also been observed in potassium chloride. 

Mott 2 has given an explanation of this decrease in terms of a decrease 
in the quantum yield rj. If an F center corresponds to the lowest stable 
state of an electron and a vacancy in the halogen-ion lattice, the electro- 
static field in which the electron moves should vary as — c 2 /n 2 r 2 at large 
eiistances from the vacancy. Hence, the electron should have more than 
one discrete level beneath the ionization continuum. By analogy with 
a hydrogen atom, or an alkali-metal atom, the lowest state of the system 
should be an s-like state and the strongest absorption band should cor- 
respond to the transition from this state to the lowest, discrete, p-like 
state, which Mott postulated is the F absorption band. Since the 
electron is hound in the p state, the crystal should not become photo- 
conducting unless the electrons are thermally excited to the ionization 
continuum. Hence, there should be no photoconductivity at the 
absolute zero of temperature. If A is the relative probability that the 
electron jumps from the p state to the ground state in unit time without 
becoming free and if B is the relative probability that it becomes free 
in the same time, the quantum yield should be 

_ B __ 1 

V A+B 1 + ( A/B )' 

Mott assumes that A has the value 10 s sec -1 and that B has the form 


B = ve kT ( 5 ) 

where v is of the order of magnitude of an atomic oscillational frequency 
10 13 sec - 1 and € is the energy required to ionize an electron in the excited 
state. Under these conditions, 

* = r (6) 

1 + lO~h kT 

The condition, which must be satisfied if this is to begin dropping to zero 
at 100 K, is that e should be of the order of magnitude 0.01 ev. 

Indirect evidence shows that the trapping centers are other F centers 
As the crystal is illuminated 3 with light in the F absorption band in the 

2 S’ S L tf R an<i ■ Lehfeldt > Nachr. Kgl Ges. Wiss . Gottingen, , 2, 91 (1936) 

N. P. Mott, Proc. Phys. Soc 60, 196 (1938). 

68 721 Sr 2 PhySik ' 33 ’ 251 (1925): R ' Hilsch and R. W. Pohl, Z. Physik „ 
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region of temperature in which the primary photocurrent is observed, 
the F band gradually disappears and a new band appears on the long 
wave-length side of the F band. This new band, which is called the 
F f absorption band, ordinarily overlaps partly with the F band (c/. 
Fig. 11). Evidently, the F f band corresponds to the absorption of 
light by the centers that are formed by the trapped electrons. Measure- 
ments 1 on the displacement distance per unit field strength, co/E, show 
that this quantity is inversely proportional to the concentration of F 
centers (cf. Fig. 12). This result suggests that the F centers act as 
trapping points for the free electrons and that an F' center consists of a 


Wavelength A (in mu) 



Fig. 11.— The F and F' 


bands of potassium chloride. 
A is the F band as it occurs be- 
fore illumination with light in 
this band. After illumination, 
the intensity of the F band de- 
creases and the F* band B oc- 
curs. The unit of wave length 
is 10" 7 cm. The unit of ordi- 
nate scale is cm" 1 . ( After 

Pohl.) 



Fig. 12. — Plot of w/E as a func- 
tion of concentration of F centers. 
Since co/E is the displacement dis- 
tance per unit field intensity it fol- 
lows that the mean free path for 
trapping is dependent upon the con- 
centration of F centers. The ordi- 
nates are expressed in units of meter 2 / 
volt. ( After Pohl.) 


vacancy plus two electrons. If this interpretation is correct, two 
F centers should be destroyed for each F' center formed. Pohl and his 
collaborators have found evidence showing that this condition actually is 
satisfied. 

It is also found that the crystal containing F' centers becomes 
photoconducting when it is illuminated with light in the F f band. This 
shows that the electrons in F' centers may be freed by optical excitation, 
just as may those in an F band. 

From the curve of Fig. 12, we may estimate the ratio of the mean 
free path Z for scattering of free electrons and the cross section cr for 
capture of a free electron by an F center. Let us assume that rj is unity 
at — 100°C for potassium chloride. According to Eq. (1), 

1 G. Glaser, Nachr. Kgl Ges. Wiss. Gottingen , 3, 31 (1937). 
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u \ 

E “ T 

The mobility n is related to the conductivity <r by the equation 

<r = nen 

where n is the number of free electrons per unit volume. Since 

_ ne^vl 
* ~ WcT’ 

according to classical theory [cf. Eq. (5) Sec. 126], we have 


1 evl 

3 kT' 


(7) 

( 8 ) 

(9) 

( 10 ) 


The mean distance \ for capture and the capture cross section Q are 
related to the density S of capturing centers by the equation 



Using Eqs. (7), (10), and (11), we obtain 


(ID 


or 


— = 1 e ^ 
E “ 3 kTdQ 

1 - * a * kT 
Q~ Z E S T' 


( 12 ) 


U we employ the experimental values of «/E and S that are given in 
Fig. 12 and assume Q ~ 10 -18 cm 2 , we find 


l ~ 5 ■ 10~ 9 cm. 

Although this estimated value is about one-tenth as large as the value 
computed m Sec. 133, it does not seem safe to draw any conclusions about 
the validity of the preceding equations from the discrepancy. 

When a sodium chloride crystal that contains F' centers, which have 
been formed by illuminating the colored crystal in the F band, is heated 
above room temperature, the F' centers disappear 1 and are replaced by 

e ’ the trap P ed electrons may be thermally released and 
should be able to move farther than the displacement distance « at high 
temperatures. This expectation is supported by the appearance of a 
secondary photocurrent above room temperature. It is found 2 that the 

1 Gyulai, op, cit; Hilsch and Pohl, op. cit. 

26, 501 Sr and R ' W ' P0HL ’ Z ' PhyHk ' ”* 651 (1925): W - Tsm ™’ Ann.Phynk, 
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photocurrent continues to rise after illumination begins and approaches 
a saturation value. The rate at which this value is attained is greater 
at higher temperatures (c/. Fig. 9). In addition, the current does not 
disappear completely when the light is removed. Instead, it decreases 
abruptly by an amount equal to the initial rise and then gradually dies 
out. In Fig. 10, the double sets of points above 25°C correspond, respec- 
tively, to the initial and saturation photocurrents. 

A complete mathematical treatment of the problem of secondary 
currents has not yet been developed. It seems likely, however, that the 
following three qualitative principles determine the behavior of the 
secondary current in all photoconductors, as well as in colored sodium 
chloride. 

1. Electrons that are trapped after being released by light may be 
freed thermally at sufficiently high temperatures and may continue to 
drift toward the anode. This contribution i 8 to the secondary current 
should not rise to a saturation value instantly if the electrons are trapped 
for a measurable time r. Suppose that the electrons are optically freed 
at a rate n per unit time, so that the number in the crystal at the end of 
time t is nt. After being initially freed, the electrons move a distance o) 
and become trapped, giving rise to the primary current. If the probabil- 
ity that one of the nt trapped electrons is released in unit time is 1/r, 
the total number released per unit time is nt/r. If it is assumed that 
they move a distance co and are again trapped, the secondary current as a 
function of time is 



Deviations from this linear rise occur as soon as the electrons begin 
arriving at the anode at a rate comparable with the rate at which they 
are optically freed. The greatest possible value of i 8 for uniform illumina- 
tion between electrodes that are a distance d apart is nde/2 since each 
freed electron moves a mean distance d/2. 

2. Additional electrons may enter the crystal from the cathode and 
move through the crystal to the anode. This flow from the cathode is 
induced by the space charge fields set up in the crystal by the displace- 
ment of the electrons in the primary current and in i 8 . Either field 
emission from the cathode or an inherent dark electronic conductivity 
may serve to -introduce the electrons into the crystal. We shall call this 
contribution to the current in. Since the space charge field should vary 
with time, immediately after illumination, in should also be a function of 
time. It may be difficult to separate in from i s for this reason. The 
limiting value of the total photocurrent for long periods of illumination 
is determined by the dependence of in on the field strength near tho 
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Only the primary current flows in colored sodium chloride below 
25°C. Since there is no direct evidence that electrons enter the crystal 
from the cathode between this temperature and 230°C, it is possible that 
only the primary current and i s coexist in this range. Above 230°C, 
the electrons bound in F centers are freed thermally, and the current in 
undoubtedly occurs. The three components of current have not been 
separated experimentally, however. 

Hilsch and Pohl 1 have treated a particular case of the general problem, 
namely, the case in which r is so short that the primary current and i 8 are 
inseparable and the rate at which electrons are trapped by ionized centers 
(effect 3) is negligible. They find that the total steady-state electronic 
current i is related to the effective primary current i p by the equation 


1 



where y is the fraction of the dark conductivity before illumination 
that is due to electrons. If <r e and c* are the electronic and ionic dark 
conductivities, 

zz ■ • 

CTi + <T e 

They did not consider the transition current before the steady state is 
reached. 

135. Photoconductivity of Zinc Sulfide and of the Silver Halides. 2 — 

Gudden and Pohl 3 have also made measurements on the photoconductivity 
of natural single crystals and artificially prepared powders of zinc sulfide 
that can be interpreted along the lines discussed in the preceding section. 
Although the impurity content of the single crystals is not discussed, we 
shall assume that the composition of crystals and powders is similar, 
since the photoconducting properties of both are nearly alike. The 
photoconducting powders are usually prepared by heating pure zinc 
sulfide either alone or in the presence of small quantities of salts of other 
metals, such as copper, manganese, or silver. It is believed (c/. Sec. 112) 
that small quantities of neutral metal atoms enter interstitial positions 
in the lattice as a result of the heating process and provide centers that 
may be ionized by the conductivity-inducing radiation in the near ultra- 
violet. The position of the spectral sensitivity curve is dependent upon 
the kinds of interstitial atom present, but it usually has its maximum 
near 3650l and has a small tail in the blue region of the visible spectrum. 
Many of the photoconducting zinc sulfides, such as the pure heated 

1 R. Hilsch and R. W. Pohl, Z . Physik , 108, 55 (1937). 

2 Review of experiments: F. C. Nix, Rev. Modern Phys., 4, 723 (1932). 

8 B. Gttdden and R. W. Pohl, Z- Physik , 2, 181, 361 (1920); 3 , 98 (1920); 4, 
206 (1921); 5 , 176 (1921); 6, 248 (1921); 17 , 331 (1923); Physik. Z ., 23 , 417 (1922). 
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material and those activated by means of copper, silver, or manganese, 
luminesce brightly when excited with radiation lying in the region in 
which photoconductivity occurs. We shall discuss the correlation of 
these two effects below. 

It is found that the photocurrents in the zinc sulfides are primary 
for electrostatic fields below 6,000 volts/cm. The primary current 
saturates, however, in sufficiently thin crystals; for example, Fig. 14 
shows the saturation obtained for a crystal about 1 mm thick. When 
the maximum current is reached, one electron arrives at the anode for 
each hght quantum that is absorbed, which indicates that the displace- 
ment distance a is greater than the distance between electrodes. If in 



Fig. 14. — The saturation of the pri- 
mary photocurrent with voltage in 
zinc sulfide. Saturation occurs when 
each electron flows to the cathode. 
( After HUach and Pohl.) 



5 10 15 20 25 30 35 40 

T ime (Minutes) 


Fig. 15.— -The resistance of a 
specimen of zinc sulfide as a function 
of time. The specimen had pre- 
viously been irradiated with ultra- 
violet light. It was then placed in 
liquid air and irradiated with infrared 
radiation, starting at time zero. 
( After R&imann.) 


Eq. (12) of the preceding section, we set « equal to the thickness of the 
crystal for the value of E at which the current is half the saturation value 
and if we set l equal to 10~ s cm and Q equal to 10“ 16 cm 2 , we find 


S ~ 3 • 10 13 . 


This imphes that the density of trapping centers is very low compared 
with the density of interstitial atoms, which usually is about 10 18 cm - *. 
Moreover, since the shape of the saturation current is independent of 
lght intensity, we cannot conclude that the trapping centers are the 
ionize centers. No satisfactory explanation of the trapping has yet 
been given. 1 


1 In recent experiments based on a study of the decay of luminescence, R. P. 
Johnson, Jour. Optical Soc., 29, 387 (1939), has shown that there are at least two 
types of trapping center. One of these binds the electrons more tightly than the 
others and probably is the trapping center that is important for room-temperature 
photoconductivity. The other probably would also be important at lower 
temperatures. 
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The trapped electrons may be temporarily released either by heating 
the crystal to sufficiently high temperatures or by illuminating it with 
infrared light at any temperature. This freeing is made evident by the 
appearance of conductivity. Hence, if a crystal that has previously 
been illuminated with ultraviolet light is continuously illuminated with 
infrared light or is kept sufficiently warm, the electrons that are con- 
tinuously being freed from the trapping centers should eventually 
recombine with the ionized interstitial atoms and the conductivity 
should gradually decrease. If we assume that the rate at which n 
ionized electrons and n ionized atoms recombine is proportional to the 
product of the number of each, we obtain the equation 1 


dn 

dt 


— an 2 , 


(i) 


which has the integral 


- = a t +. — 

n n 0 


( 2 ) 


where n 0 is the number of photoelectrons at time t = 0. Under these 
conditions, the resistivity of the crystal that is illuminated with infrared 
light should increase linearly with time. A relationship of this type has 
been observed by Reimann 2 (c/. Fig. 15) on a specimen of zinc sulfide 
that was kept at liquid-air temperature and was continuously illuminated 
with infrared light after an initial excitation with ultraviolet light/ 

According to Eqs. (1) and (2), the rate at which electrons and inter- 
stitial ions recombine is given by the equation 


dn _ cmg 

dt (n$at + l) 2 


(3) 


If light quanta of frequency v were emitted during this recombination, 
the intensity I ( t ) at time t would be 


lit) 


7 dn 

- kv Tt- 


hvari\ __ 7(0) 

(n 0 at + l) 2 “ (fit + l) 2 


(4) 


where 

/3 = Uoa. 

It is found experimentally that the luminescence of zinc sulfide decays very 
nearly in accordance with this equation at times not too near the initial 
time of excitation. This fact provides a possible explanation of the 

1 This discussion is valid only when there is a single trapping center. It has been 
generalized by Johnson, op. cit. 

2 A. L. Reimann, Nature, 140, 501 (1937). 



574 


THE MODERN THEORY OF SOLIDS 


[Chap. XV 


luminescence of the salts. A more definite correlation between lumines- 
cence and recombination would be provided by simultaneous measurements 
of the decay of conductivity and of luminescence when a previously excited 
crystal is illuminated with infrared radiation or is warmed. 

Currents higher than the saturation values of Pig. 13 may be obtained 
at room temperature by continuously illuminating the crystal with 
ultraviolet light while maintaining high electrostatic field intensity 
Figure 16 shows the way in which the total charge removed from the 
crystal, as a function of time, deviates from linearity at different field 



strengths. These secondary currents, like those in the colored halides, 
nave not been studied quantitatively. 

• Ph ^° J C °u dU i tivity that is qualitatively similar to that observed in 
zmc sulfide has been found in many other natural and artificial crystals. 
Most notable among these are selenium and the silver halides. The firet 
of these is used in the photovoltaic cell and has been studied extensively 
for practical work. The results, however, are not very useful for interpre- 


The photoconductivity of the similar salts, AgCl and AgBr, has been 
investigated by Hilsch and Pohl, 1 Toy and Harrison, 4 and Lehfeldt, 8 
the work of the last of these investigators being the most extensive- 
lhe spectral sensitivity curves for stimulating conductivity extend 


| R. Hilsch and R. W. Pohl, Z. Physik, 64, 606 (1930). 

F. C. Tot and G. B. Harrison, Proc. Roy. Soc 127, 613 (1930). 
Lehfeldt, Nachr . Kgl. Oes. Wise. Gdttingen, 1 , 170 ( 1935 ). 
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throughout the visible and into the near ultraviolet region of the spec- 
trum, have peaks in the blue, and lie close to, if not actually in, the tail 
of the fundamental absorption band. Lehfeldt has found that in the 
range from room temperature to liquid-air temperature the quantum 
yield of photoelectrons is close to unity for all absorbed light. 

It has often been suggested that electrons are freed with quantum 
yield unity throughout the fundamental absorption region, and that 
photoconductivity is observed in the tail of this region and not in its 
center only, because the reflection coefficient becomes large in the center. 
According to present view concerning the excited states of perfect insulat- 
ing crystals (Chap. XII), the observed photoconductivity arises from 
impurities or lattice defects, at least in the case of the alkali halides. 

As we saw in Sec. 132, Jost and Nehlep have given theoretical evi- 
dence that the lattice defects in silver halides are interstitial silver ions. 
Thus, it is possible that the source of photoelectrons is either the inter- 
stitial silver ion, if the ion carries an electron with it, or the negative ions 
near the vacancy, if the interstitial ion does not take an electron. Mott 1 
has shown, however, that it is not unreasonable to suppose that photo- 
electrons are produced in these salts by thermal decomposition of excitons 
formed by absorption in the fundamental band. 

Note: The theory of contact rectification of the type occurring in galena and cop- 
per oxide rectifiers has not been discussed in this chapter, in which it would naturally 
belong. This subject has passed through a gradual development and the most recent 
treatment, which seems to correlate most of the known facts, is that given by N. P. 
Mott, Proc. Roy . Soc., 171, 27, 281 (1939). 

1 N. F. Mott, Proc. Roy. Soc., 167, 384 (1938). 
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THE MAGNETIC PROPERTIES OF SOLIDS 


136. Introduction. It was seen in Chap. I that there are three main 
classes of solids as far as magnetic properties are concerned, namely, 
diamagnetic, paramagnetic, and ferromagnetic substances. Practically 
all simple insulators and about half the simple metals are diamagnetic, 
whereas all other insulators and metals, except for a few ferromagnetic 
substances, are paramagnetic. The ferromagnetic materials become 
paramagnetic when heated to sufficiently high temperatures, a fact show- 
ing that paramagnetism and ferromagnetism are intimately connected. 

Diamagnetism is related to changes in the orbital motion of electrons 
that occur when atomic systems are placed in a magnetic field. It may 
be recalled that the current induced in a closed electrical circuit by a 
magnetic field is always in such a direction as to tend to keep the total 
, Unc rp ^ n ® e ^' Thus, the circuit has, in effect, a negative suscepti- 
bility. This effect is retained even in systems of charges that must be 
treated by quantum mechanics and is responsible for diamagnetism. 
Paramagnetism, on the other hand, is related to the tendency of a 
permanent magnet to align itself in a magnetic field in such a way that its' 
dipole moment is parallel to the field. In atomic systems, the per- 
manent moment is the magnetic moment associated with electron spin 

neStlT** Tf.u il b « PO™»nent moment of an 

mothm STt r “ anSeS ! r r “ ' 0rnl,i " ation of OP 1 " «d orbital 
the 'system 1? “ stable wI,e " lhe atomic dipoles are parallel, 

*.pni at hilhT 188 " 6 ? 0 a V OT Ferromagnetism 

Side Zlt b h , T Peratares for * reason similar to that for which 

T“ed Id h^h h 0aU8e . the nonPerroma Snetic state is more die- 
, r . higher entropy than the ferromagnetic one Tho 

teTwfTaXh”t'T 0ma f ' “ i0 subst “oos are not themagnctic 
Sec. 143. ^ U aVe e ectros ^ a tic origin, as we shall see in 

therndS “ Sfiolr ” * Masne,ic Field. — According to 

trons in ^ 


ff ‘2i(p. + ;A ( )' + r-2« K + 2i 


,<J, • curl A i ( 1 ) 
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where p i is the momentum operator for the ith electron, <p and A are the 
scalar and vector potentials of the external field, V is the internal electro- 
static potential of the electronic system, and — edi/mc is the spin mag- 
netic moment of the ith electron. 1 If the external field is uniform and of 
intensity H, we may choose A as 

A = |H X r. (2) 

For convenience, we shall take H to lie in the z direction. Under these 
conditions, 


rrX'T , h **( x .± - v .±\ + ±LIi %* + „?) 

2j\_ 2m ' 2 mci\ 'dyi 'dxj 8 me 2 1 


+ 


7 + ^5— HW (3) 
^Jmc 


The operator 


2 h( d 



(4) 


is the z component of the total angular momentum operator (c/. Sec. 40). 
If the two terms containing H- to the first power are combined, they 
reduce to 




(5) 


in which the negative of the coefficient of H* is the z component of the 
total magnetic moment arising from both orbital motion and spin. 
This term accounts for the weak-field Zeeman effect in free atoms since 
its matrix components are usually much larger than those of the quadratic 
term 




( 6 ) 


We may discuss the contributions to the total energy from the terms 
(5) and (6) separately for the inner-shell electrons and for the valence 
electrons. Some of the properties of the first type of electron, which 
may be treated like the electrons in free atoms or ions, will be presented 
in this section. These results can be applied to all the electrons in those 
ionic crystals whose constituent ions behave as if they were nearly free. 

1 The interaction between the field and the magnetic moments of the electrons, 
not considered in Sec. 42, is also included in this Hamiltonian. 
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We shall devote other sections to the valence electrons of other substances 
that require separate consideration. 

Although the z component of the total angular momentum operator 
is a constant of motion for a free atom, the z component of magnetic 
moment usually is not, because of the factor 2 that appears as a coeffi- 
cient of cr Zi in (5). There is one important exceptional case, however, 
namely, that of Russell-Saunders coupling, 1 in which the spin-orbit 
interaction terms are small. This case occurs commonly among the 
atoms on the left-hand side of the periodic chart. We shall list the 
operators that are constants of motion in this case. The conventional 
form of the eigenvalues of each operator are also given. 

a. The square of the total angular momentum 

[%<?* + *)]*; AV(J + 1). (7) 

i 

b. The square of the orbital angular momentum 

h * L ( L + 1 )- . ( 8 ) 

i 

c. The square of the spin angular momentum 

[2*] 2 ; ms + 1). o) 

d. The z component of the total angular momentum 

4 " <rzi); hJ z . ( 10 ) 

i 

e. The z component of the total orbital angular moment um 

hM z . ( 11 ) 

i 

f. The z component of the total spin angular momentum 


allew.^ni ® C + edmg T atl ° nS ’ the < l uantum numbers L and M, are 
allowed only integer values, whereas the quantum numbers J, S, and J, 

i , egerS ? at °f S havmg an eyen number of electrons and are half 
gers in atoms havmg an odd number of electrons. The levels of 

bridgfuSvSsityTS ?935V o' 1*°*™’ T A he Theor V of Atomic Spectra (Cam- 
New York, m7). 3 } ' G ‘ HeR2BBEQ ’ Atomic (Prentice-Hall, Inc., 
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given J are (2/ + l)-fold degenerate and the different degenerate states 
may be specified by the 2J + 1 values of J z that range from J to — J 
in integer steps. In an ideal case of Russell-Saunders coupling, the 
levels group themselves into widely separated sets, called multiplets, 
which are specified by given values of L and S ( cf . Fig. 1). The different 
levels in each multiplet are in turn specified by values of J that range by 
integer steps from the value L + S to the value \L — S\. The separation 
of levels in the same multiplet, which is determined by a small interaction 
between spin and orbital motion that does not appear in Eq. (1), is 
given by the simple equation 

Ej + 1 ~ Ej = a(J + 1) 

where a is a constant for a given multiplet. 

In terms of these quantum numbers, the eigenvalues of the magnetic 
term (5) are 

J {J + 1) + S(S + 1) — L(L + 1) 

2 J(J + 1) 


H*j8 1 + 



where 


R _ eh 
P 2 me 


is the Bohr magneton. We shall be interested in 
for the discussion of the magnetic effects of 
inner shells of the atoms in solids. Since J , L, 
and S are all zero for completely closed shells, 
the contribution to (5) arising from these shells 
is zero ; however, they do contribute to the term 
(6). On the other hand, the quantum numbers 
usually are not zero for the unfilled inner shells 
of the transition-element atoms or of the rare 
earth atoms. Hence, the term (5) is important 
in these cases. It is easy to see that (6) is 
unimportant whenever the expression (13) is not 
zero, for if the coefficient of in (13) is of 
the order of unity and if the mean value of 
(z? + y%) in (7) is of the order of magnitude al, 
the ratio of (6) to (5) is 


'*6 ce*m v 


this result principally 


,2$+|^i 



Fig. 1. — The distribution 
of multiplets in Russell- 
Saunders coupling. The 
distance between the multi- 
plets, that is, between the 
groups of levels of given 
L and S, are large compared 
with the inner multiplet 
separations. 


which is of the order of magnitude H* ■ 10 10 in cgs units. This is 
completely negligible for ordinary magnetic field strengths, 
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We..shall now examine, the connection between the energy states an 
the magnetic susceptibility of an atomic system. The susceptibility 
is, by definition, the ratio of the magnetic polarization per unit volum 
M and the magnetic field H ; that is, 

M = x • H. (14 

In the general case in which M and H are not in the same direction, 
is a tensor. We shall restrict the present discussion to the case in wine 
X is a constant. If the external magnetic field is changed by an incrc 
ment AH, the change in energy of a system that is in the energy state E 
and has a magnetic polarization per unit volume M is 

AE' 

~y = — M • AH = — xH • AH. (15 

Hence, if H' is the scalar value of the magnetic field, 

1 dE' 

x VH'dH'’ ( 16 

If the system is at the absolute zero of temperature, E' is the lowest 
energy state E 0 . Thus, in this case, 

_ 1 dEo 

x ~ fhW (l7 ‘ 

On the other hand, if the system is at a finite temperature T, the mean 
value of dE'/aH' is 


^(dE { /d H')e kT 

i 

y.e kT 


= -kT^SSf 


dH' 


where 


ii 

kT 


/-S- 

i 

is the partition function of the system. Hence, 


kT d 

VH'dW 


X mi; ajj? log jf. 


(18) 


(19) 


( 20 ) 


SL "tK™ the enerey 4 of 4116 ,ystem ’ <*» b0 


x = - 


■which is a generalization of (17), 


1 dA " 

H'FdH 7 ’ 


(20a) 
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Let us apply Eq. (20) to a simple system consisting of N independent 
itoms. We shall assume that the inner-multiplet spacing is so large 
compared with kT that all atoms are in the lowest 2J + 1 states of a 
naultiplet, which are degenerate in the absence of a field. This model 
applies to an ionic or molecular crystal in which some ions or atoms have 
Liicompleted inner shells so perfectly screened that they are the same as 
in a free atom. If we use Eq. (13) for the splitting of the lowest level, 
the partition function is 


where 



H.ffg (J’.L.SQM. -.,, 
kT 


( 21 ) 




1 + 


J(J + 1) + S(S + 1) - L(L + 1) 
2 J(J + 1) 


( 22 ) 


is the Land6 g factor. 


where 


Summing the series, we find 

, _ T sinh (■/ + -g)« N 
* ~ L sinh a/2 


a 


H zpg 
kT ‘ 


Thus, the susceptibility is 


in which 


x 


NPgJ 
V H, 




n \ (.J + i) coth (J + |)a ~ 2 cotl1 “/ 2 

Uj{a) — f 


(23) 

(24) 


(25) 

(26) 


is the Brillouin function. 1 Values of Bj for several values of J are 
shown in Fig. 2. Since Bj(a) approaches unity for large values of a, 
the limiting value of M is N /3gJ /V when /3H . is mu ch larger than kT , which 
corresponds to complete alignment of the magnetic moment parallel 
to the magnetic field. For small values of a, Bj varies linearly with a 
so that, when j3H 2 is much smaller than kT, the magnetic polarization is 


M(H) = 


Npg 2 J(J + 1) H 
V 3 kT 


(27) 


and the susceptibility is 

NPYJ(J + 1) 
x V 3 kT 


( 28 ) 


1 L. Bbillotjxn, Jour, phys., 8, 74 (1927). 
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Equation (28) was first derived b y Lange vin> for the case of classics 

^ * *• P-anent atom! 

• V. If tbe , at , 0m has a cIose d-shell structure, so that J is zero C281 van 

energy term (6). Since closed shells are spherically symmetrical, the 
matrix component of £(*? + y]) f or the lowest state is 

i 


|rer 2 


(29) 


wier. n is the total number of electrons in the atom and P is the mean 





and their susceptibility is 


H 2 e 2 Nn-i 

12 me 2 V r ’ 

(30) 

__ Nn e 2 -s- 
V 9 

(31) 


which corresponds to diamagnetism. 

We have seen in the previous chapters that simple ionic crystals 
shell lonT of the co^sTt C ,° mposed of spherican y symmetric closed- 
type per unit volume of this crystal, the diamagnetic" suscepttL^is 
1 P. Langevin, Jour, phys., 4, 678 (1905). 
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e 2 2 
6mc 2 ^J y 


(32) 


where n a and r a 2 are, respectively, the number of electrons on the ath 
ion and the mean value of r 2 for this ion. Equation (32) may also be 
used to compute the diamagnetic contribution to the susceptibility from 
the closed shells of any solid. A discussion of the methods of computing 
the diamagnetic susceptibilities of various closed-shell ions and tables 
of numerical values of these susceptibilities may be found in £5hap. VIII 
of Van Vleck’s book. 1 

138. The Orbital Diamagnetism of Free Electrons*. — A theorem of 
classical mechanics 2 states that a system of charges that are confined 
in a fixed volume but are otherwise free has zero magnetic susceptibility. 
If the system is not confined, each constituent charge is induced to move 
in a helical path and the total magnetic flux is decreased. The charges 
striking the wall, however, have their paths changed in such a way that 
their magnetic field nullifies the field of the rest. This result may be 
understood on the basis of the following formal argument. In classical 
mechanics, a magnetic field alters the direction of motion of a charge 
but does not change its speed. Hence, the distribution of energy states 
and, as a result, the partition function of a system of charges that is at 
equilibrium are unaltered by the magnetic field. According to Eq. (20) of 
the preceding section this means that the susceptibility is zero. The fact 
that the charges are confined assures us that the system is in equilibrium. 

Landau 3 first pointed out that this theorem is not valid in quantum 
mechanics because the distribution of energy levels is altered by a mag- 
netic field in the new scheme. This may be demonstrated as follows. 
The Schrodinger equation for a free electron in a magnetic field, as 
derived from the Hamiltonian (3) of the preceding section, is 


ft* , 

2m * 2 me i 



&mc 2 


0 & 2 + y 2 )'P = 


(1) 


in which it is assumed that the field is in the z direction. The spin term 
is neglected in the present section. If we make the transformation 


■ Hag XV 

$ = <p(x,y,z)e 2c * , (2) 


Eq. (1) reduces to 


h 2 . H*e h dip , H\e 2 2 _ 

— JT — A (p H rX- b o — e( P) 

2m me i dy 2mc 2 


( 3 ) 


1 J. H. Van Vleck, The Theory of Electric and Magnetic Susceptibilities (Oxford 
University Press, New York, 1932). 

* Cf. ibid. 

*L. Landau, Z . Physik, 64, 629 (1930). 
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Which does n ot explicitly contain y or *. This equation may be furthe 
simplified by means of the substitution 7 

<p(x,y,z) = X(a:)e 2 «(^+iM) ) 


7 ^ 

for it then becomes 

~sa *■ + ^ jx - *x, (s; 

a simpie -* 


and has the natural frequency 


, —^L}r 

eH, # 


Hence, the allowed values of e are 

, =. m , 


_ 1 
2t me 


Wg. Hjfe, 
2m 2rmc 


, l\ 

rmc\ ra "^2/ 


where n is restricted to integer values. 

The form of the total wave function, nam ely, 




* \ W / 

Shows that the motion in the z direction is the same as for a free particle 
ving a component of momentum hk„ along this axis. Thus if L is the 

ri7 t *? 2 f-r - Mmber ° f 2Z32&S 

value of n and k v and values of k. lying in any range A*, is 

•^Va* = AJcgL Zt (10) 

boa >be — tw ° ° f 


s( B + s} 


l6VelS ° f *““ »y»tem is highly 

degenerate. This degeneracy may be estimated in the following wav 

mber so that the number of values of k y in an allowed range Aky is 


N Aky = AfcyZ/j^ 
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by analogy with Eq. (10). The allowed range of k y , however, is not 
unlimited as is that of k Z) for the point x' defined by Eq. (6), which is the 
center of gravity of the electron position in the x direction, should lie 
within the container. Thus, if the width of the box in the x direction is 
L x , the total number of allowed values of k y is 

N n = e -^LJL y , (12) 

which is also the number of states of given e'. 

The distance Ae' between successive values of the two-dimensional 
energy parameter is \-\ z he/2'irmc ) according to Eq. (11). Hence, the 



N n -fold 

degenerate. 

levels 


Fig. 3. — Schematic representation of the coalescence of levels of the two-dimensional 
system in a magnetic field. In effect, bundles of N n levels of the continuum for perfectly 
free electrons combine to form discrete levels. The center of gravity of the bundle remains 
unchanged. 


density of the states of the two-dimensional system is 


^ = 2 
Ae' h 2 


(13) 


This is independent of H* and is the same as the density of levels for a 
free particle in two dimensions. Thus, the magnetic field does not 
change the average density of levels although it does alter the detailed 
distribution. 

We may obtain a qualitative picture of Landau’s diamagnetism for a 
system obeying classical statistics from a discussion of the energy levels 
of the two-dimensional system. The quasi-continuous energy levels of 
the field-free system become discrete in the presence of the field. In 
effect, groups of N n levels coalesce to form each member of the discrete 
set of levels (11) as is shown in Fig. 3. The individual groups coalesce 
about their center of gravity; that is, the quasi-continuous set from 0 to 
H z he/2irmc coalesce to Hzhe/Airmc, and so forth. Now, in the absence 
of a magnetic field the lower levels of any group are preferentially filled 
if Boltzmann statistics are used. Hence, the mean energy of electrons 
in a group is less than the energy at the center point. Since all the 
particles have the energy of the single level into which the group coalesces 
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in the presence of a magnetic field, the mean energy of the electrons is 
raised. Thus, the system is diamagnetic. This effect is much sms.iw 
if the particles obey Fermi-Dirac statistics and if the system is degener- 
ate, for then only the few electrons at the top of the filled region have 
their mean energy altered by the field. There is a diamagnetic term, 
however, even in this case, as will be shown below. 

We shall now compute the value of the susceptibility of the three- 
dimensional model for both classical and Fermi-Dirac statistics. In the 
classical case, the partition function for a single particle is 


n- 0 


-2^- + Hw9(2n+l) 


kT 


_ VeH z feirmhT'S^i _H«g(2n+i) 

'“V v 


ch 


kT 


(14) 


71 = 0 


__ FeH* — — i 

ch * kT 2 sinh jHjS/kT) 

where F == LJ-, V L Z . For normal field intensities, the susceptibility 
e ermined from this partition function by means of Eq. (20) of the 
preceding section is 


JL IV 

^ — or?' 


3 VkT 


(15) 


where N is the total number of particles. 

• F °u F f L rmi ~ Dirac stat istics, the partition function / of a particle is 
given by the equation 1 


oo 

log/ f 

71 = 0 


eHzV 




ch 


■dhz log { 1 + e 


^+H,/5(2n+l) 


kT 


'}• 


SX for “ desener,te SM - we may repl “ e 4116 Iosarithm 


a — 


_ 2m + H ^ 2n + 1) I 

~ kT ~ 


tts S “ i0 ^ for those values of » and fc for which 

this quantity is positive. This procedure is equivalent to assuming that 

ajor part of the contribution to diamagnetism arises from the 

Preas^lQST) . Fowler > Statistical Mechanics (Cambridge University 

Sa ’ 1W7 >- 1110 quantity a is equal to t'JkT, as in Sec. 26. 
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electrons in the completely filled part of the Fermi distribution. The 
integration over k z then takes place between the limits 

±\(2mkT){« - n-'y *> ]* 

and leads to the result 

n 

The summation over n extends from zero to kTa/ 2H«j8 and may be 
obtained by use of the approximate equation 

%F{n) s* f"+*F(n)dn - (18) 

0 

The result is 

r „h'(ZN\ 2rmV^(3NY 1 1 

~ -m-\7r) H *J w (19) 

in which the two terms arise, respectively, from the two terms of (18). 
The first term is independent of H z , so that the second is entirely respon- 
sible for the magnetism of the system. The susceptibility determined 
from it is 


(16) 

(17) 



It is easy to see from the form of Eq. (17) that the summation over n 
would vanish in the approximation of Eq. (18) if it were carried out 
before the integration rather than after it. This shows that the diamag- 
netic term (20) is a three-dimensional effect and is related to a redistribu- 
tion of electrons near the top of the filled band among different levels. 
The reason for the redistribution is illustrated schematically in Fig. 4, 
which represents a plane in wave-number space that is normal to the 
z axis. The circle is the limit of the occupied region. In the absence 
of a field, the allowable values of wave number are uniformly distributed, 
whereas, in the presence of a field H„ the group of levels lying in the 
cylindrical shell parallel to the z axis associated with a range 


At' = 


H Jie 

2-rrmc 


coalesce to form levels going with a single value of n. Some of the levels 
near the boundary of the circle that were previously occupied now lie 
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• tie circle. Qto that previously were unoccupied now lie 
inside Although the electrons move from the first set of levels to the 
second the mean free energy remains larger than the value in the absence 
of a field by the second term in the brackets of Eq (19) 

Peierls 1 has pointed out that Eq. (18) is valid only when the condition 

\F(m) - F(m — 1)| < < F(m) (21) 

is satisfied for all values of m, which 
implies that < < kT . 2 This con- 
dition is not satisfied for sufficiently 
low temperatures and high field 
strengths. Thus, kT/ H*/3 is of the 
order unity for T ~ 10°K and H* ~ 10 
kilogauss. Under these conditions, 
the susceptibility must be computed 
by using different approximational 
methods. 

Suppose that we have a two- 
dimensional system of free particles 
at absolute zero of temperature and 
that the energy levels, in the presence 
of a field, are determined by Eq. (11), 
namely, 

e' = H 2 /3(2 n + 1). 

When the degeneracy eH JjJLJch be- 
comes greater than N , the total num- 
ber of particles, all particles occupy 
the state for which n = 0 and the 
total energy is 

E = NH,/3, (22) 

which corresponds to a constant magnetic moment and zero susceptibility. 
As H, is lowered, E decreases until the degeneracy becomes less than N, 
whereupon some of the electrons begin filling levels for which n is unity, 
me energy then increases with decreasing field intensity, so that the 
system becomes paramagnetic when 


Fig. 4. — Schematic representation 
of the behavior of the electronic levels 
in the three-dimensional case. The 
diagram represents a cross section of 
wave-number space normal to the z 
axis, the field being in the z direction. 
The outer oircle is the limit of the filled 
region. In the presence of a field the 
group of levels contained in the shaded 
cylindrical tube parallel to the 2 axis 
coalesce to form levels associated with a 
single value of n. Some of the levels 
of given k a are raised and an equal 
number are lowered. This is unimpor- 
Jjn 11 j for the electrons well inside the 
filled region, since the mean energy is 
unchanged. On the other hand, the 
effect is important for the electrons near 
the surface of the filled region and their 
mean energy is raised. 


H„ = 


chN 


1 R. Phidbls, Z. Physik, 80, 763 (1933); 81, 186 (1933). 

• Otherwise it is possible that a — + 1) . ., . „ 

pilule imaL a ^ ma y b e accidentally zero for 

« n' and very large forn - n' + 1. 
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Sec. 138 ] 


It is easy to see that the general expression for the total energy is 

E(n) = gPH 2 z {l + 3 + • • • + [2 (n - 1) + 1]} + J 

(N - ngHz)H z /3(2n + 1)> 
= NH z /3(2n + 1 ) - + 1 ) ) 

when 


where 


x< gK <^ 

n + 1 a n 


9 ~ ch LxLv • 


(23) 


(24) 


The magnetic moment for fields in the range (24) is 

M = = - W n + 1) + 2gH£n{n + 1), 

which is equal to 2V/3 when gH z = N/n and is — N0 when 

M - N 
“ (» + 1 )' 

Thus, the moment abruptly changes sign at frequent intervals as the 



Fig. 5. — Behavior of the magnetic intensity as a function of field intensity at absolute 
temperature in the two-dimensional case. 

field is lowered, the discontinuities occurring at points for which gY\ z 
is equal to N/n. This behavior is shown in Fig. 5. 

The three-dimensional spectrum is not discrete, so that discontinuous 
changes in sign do not occur. Peierls 1 has shown, however, that oscilla- 
tions in sign still occur. By a direct extension of the preceding work, 
he obtained the equation 

M __ e* # ( /3H* e' 0 \ 

V tW pi °\ kT ’ kT) 

1 R. Peierls, Z. Physik , 81, 186 ( 1933 ). 


(25) 
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for the magnetic moment per unit volume. Values of <7, determined t 
direct computation, are shown in Pig. 6. Variations similar to th 

139 e ^ O^ ,n mUth . aDd WiU be discussed “ next sectioi 

139. T Je Orbital Diamagnehsm of Quasi-bound Electrons*— Peierl 

fndndfti t 0T Z °! the diama «^ of valence electrons t 

nclude the case m which the electrons are nearly bound. It turns 01 

nai^ nWW - three contr ibutions to the' susceptibility 

Z k FW n identical with the susceptibility of atomic electron; 
f 2 ? f by , Eq ' (31) ’ Sec ' 137 > mother that is a generalization of Ec 
(2°) of the previous section for perfectly free electrons, and a thir 
that has no analogue m either the free or the bound models. Althoug 



onlv fot t °i tbe problem > w hich is presented here, is valid 

tem IL ly "5 0Und f ectrons > Wilson2 h as shown that the second 

bUttvl, UrS ° r n l y free electrons ^ 18 a measure of the suscepti- 

As we aIT? ? e typC ° f free - electron motion found in metals. 

i u may be used t0 ex Plain the unusually large 

diamagnetism of bismuth and the 7 phases. S 

lattW a S6t / °f WeakIy mteracting atoms that are centered at the 
lattice positions r(n) given by the equation 


F ( n ) ~ n l^l + Us/Vi + 11,-88, (1) 

latti^ C co?lnW Pr rf etransIations for a 8im Ple cubic lattice having 
lattice constant d. If the interaction forces are neglected, the Schrod- 

1 Ibid. 

A. H. Wilson, The Theory of Metal* (Cambridge University Press, 1936). 
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inger equation for the electron on the nth atom is 
-& Avn(r - r(n)) + { F(r " r(n)) - ^c h {% - y £) + 

( 2 ) 

in which <p n and V are the atomic wave function and potential, respec- 
tively. This equation is different for each atom because the zero of the 
vector potential has been chosen to be the origin of coordinates. We 
may reduce the equations to a standard form by the transformation 

<p n = e -27rt'ar(mMrXHty( r _ r ( n )) (3) 

where a = e/2 he. The equation satisfied by namely, 

“|^( r ~ r M) + { F < r “ - n ^ ~ 

(y — n v d )^j + ~ n *$ 2 + (y - ihd ) 2 ] = e ^» ( 4 ) 

is the same as the equation for ^ 0 (r — r(n)). Hence, 

<p„ = e -2rwtM-(.rXH),p 0 (x — r(n)). (5) 

This result shows that the energy <(H Z ) of each of the unperturbed func- 
tions is the same, namely, 

e(H z ) = «o + Xo-y’ ^ 

where «o is the energy in the absence of a field and x<> is the atomic dia- 

magnetic susceptibility: 

+ <7> 

[cf. Eq. (30), Sec. 137]. This is the first of the three contributions to 
the total susceptibility that, were mentioned in the opening paragraph. 
Equation (5) may be placed in another convenient form by employing 

the displacement operator e dx , which has the property 1 

e aax f(x ) = f{x — a). ® 

_ a . 

1 This property of the operator e a & x may easily be demonstrated by expanding it 
as a power series in terms of the exponent, and comparing the result of the operation 
of the operator on a function with Taylor’s series. 
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Using this operator, we may write <p n in the form 


where 


<Po(i - r (»)) = e S rW 'Vi(r) 


Thus, Eq. (5) becomes 


in which 


p = - grad. 
% 


<p n = e **oo- p ** 


-G 


+ at X H )• 


We shall now consider interatomic perturbation terms on the assumj 
tion that the Hamiltonian operator for an electron near the nth atom 

H ' - -a 4 + 2 v - m - «*)» - - 4) + 

771 ' 

g2[-j2 

&<*■ + «. as 

This is the same as the Hamiltonian operator in Eq. (2) except for th 

term 

% V(t - [r(n) - r(m)]). (13 

m 

. * f T® assunw that the perturbed eigenfunction t may be express 
m the form 

^ (14 

m 

the eigenvalue equations for the cim are 

t'Om = 2) Umldl (Ig- 

i 

where e* is the eigenvalue of the perturbed system and 

Unl = f<p m *H'<ptdT = f <p Q *<Ara(n) ( 16 > 

ekments ««) « 


E = e(H) + ^(Oe^CO-K 
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where 

A(l ) = /w*jXV(r-r(g))|^T 

(18) 

and 

Q 



K - P - £<r„ X H), 

(19) 


in which r 0 is by definition the matrix satisfying the relation 

r 0 • (p n — r (n)<p n - 

In the presence of a magnetic field, A(l) involves the field intensities 
through the function (p n *. This fact may be made explicit by writing 
(p n * in the form (10) with the help of Eq. (11). In the absence of a 
magnetic field, 

K = 2S S rad ’ <20) 

and the eigenvalues of K are the wave-number vectors k. Hence, in 
this case the eigenvalues of E are 

t(k) = e 0 + %A 0 (.l)e 2 *^ (21) 

l 

where Ao is the value of A when H = 0. This result was previously 
derived in Sec. 65 by more direct means. 

Using Eq. (17) Peierls computed the total partition function for the 
perturbed system by a method that will not be discussed here. The 
result is 


(Xfl + 


log ^le(k) + 


where 


€i(k ) = 


a 2 « 

dh 

( dh Y1 

\dki 

dk 2 y 

\dk x dk y / J' 


o (k))r dr 


g(e) = log (1 + e kT ), 

flJ w (r-r(l)).[r(i).(rXH)P I 

{2 V(i - r(n))j<po<fr)’ 


( 22 ) 


(23) 


and the integration extends over all wave-number space. It should be 
observed that «i is independent of H*. If the first integrand in (22) is 
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expanded to terms in H*, it leads to the result 


J 0( £ ) + ~^(xa + ei)g'(e) jdr(k), 


[Chap. 


( 2 ‘ 


in which the integral involving the first term is the partition functic 
in the absence of a field. Since Xo is a constant, the remaining tern 
may be placed in the form 


H;r N Xa r i 
~2[ ~~W + J (ld ( e ) rfr (fe)J* 


( 2 < 

Thus, if we include the second term in the integrand of (22), we s< 
that there are three contributions to the susceptibility, namely, ’ 

N 


Xl 


X3 = 


kT 


12tt 2 


kT C 

= ~y J fi i0 , ( £ (k))c?T ) 

— rr _ ( **• y 

VJldkldkl \dk x dkj 


g"(*)dr( k). 


( 2 < 

(21 

(25 


Xa should be the same order of magnitude as the atomic sus6eptibilit 
of gases, namely, 

p 2 — 

_ r 2 

6 me 2 7 

and should lead to a diamagnetic susceptibility of the order of 10* 

A simple estimate of X2 shows that it is related to Xl in order of magnitud 
by the equation 

m 

where m is the true electronic mass and m* is the effective mass of th 
electrons m the filled region. Thus, X2 would be negligible in the limitin 
case of very narrow bands. 1 

The factor g"(t) in the integrand of (28) is 
kTde 


If - 1 \ = J_ §f 

%^ + i) kTa ‘ 


where / is the Fermi function. This derivative has a sharp peak at th 
point e — e 0 and satisfies the relation [see Eq. (29), Sec. 26] 

J«( e)^d e = - a ( e '). 

‘Wilson (op. tit.) has shown that x» is zero for perfectly free electrons. 
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Hence, xs may be placed in the form 
1 a 2 f (dh 

X3 12* 2 V Js\dkl 

where the integral extends over the surface of the filled region in wave- 
number space. This expression reduces to Landau’s equation (15) of 
the previous section when the electrons are perfectly free, that is, when e 
is equal to h 2 k 2 /2m. 

The quantity in parentheses in Eq. (29) becomes large whenever the 
curvature of e(k) is large at the edge of the filled region. Since this may 
occur near the boundary of a zone according to the zone theory, X3 should 
be largest for metals such as the alkaline earths and bismuth that have 
nearly filled zones. Jones 1 has postulated that the five valence electrons 
per atom in bismuth extend just beyond a prominent zone that has room 


dh 

dkl 


dh \ 2V 
dk x d ky J J gr ad* 


■4S 


(29) 




vl 

Fig. 7.— a, cross section of the prominent zone boundary of bismuth (see Fig. 6, Chap. 
XIII) normal to the preferred direction. The shaded regions are those in which it is 
believed the filled region extends into the outer zone, b represents schematically the 
behavior of the «(k) curve for the line through the zone boundary shown m a. The clotted 
line in b is the top of the filled region. The curvature of the e(k) curve is believed to be very 
large in the upper branch, so that the effective electron mass is small. 


for five electrons per atom in several directions. In addition, he postu- 
lated that the behavior of the e(k) curve near the zone is as in Fig. 7, so 
that the curvature is very great for the higher zone. The high diamag- 
netic susceptibility of this metal and of the alloys such as y brass that 
have similarly filled zones may be understood in terms of this picture, for 
the integrand of Eq. (29) is large and positive for a part of the range of 
integration in all these substances. 

In order to develop a semiquantitative theory of the diamagnetism 
of bismuth, Jones assumed that the energy contours are ellipsoids of 
revolution which are centered about the center points of the vertical plane 
faces of the zone in the six regions of Fig. 7 in which the filled region 
extends into the outer zones. Thus, if the z axis is parallel to the pnn- 


1 H. Jonbs, Proc. Roy. Soc ., 144 225 (1934); 147, 396 (1934). 
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S attorn 6 ° rySt81 ’ tte eMrSr 00n ‘ OUrS in My one of **» * "Sta 


= 2 + ai *» + “»*£) (31 

where the origin is at the center point of the corresponding face. TI 

— “* and T’J ' es P ectivel y- the ratios of the electron mass 1 
he effective mass in the directions normal to the principal axis and alor 
the principal axis It follows from the symmetry of the prominent zor 

six^r^i?, 6 " contours on opposite faces may be joine. 
completely ellipsoidal contours being thus produced. 

bilitv in tl* 18 Sl \. s ^ 1 ^ e< ^ (^®)» it is found that the volume suscept 

bility in the z direction, expressed in cgs units, is 

x = -0.122V4 3l0-» 


(31 

Thus 6 v 1 1 th6 V f Ue Z ( l 0) at the t0p of the filIed Te & on ^Pressed in e. 
thus, x is largest in the direction in which a is smallest 

of states pw alom *• *■“ «»*«“*■ 


8* r 


■^2mejy 1 


(32 


/ V / o' 1 a 1 a 8 

m which e 0 is the atomic volume. This result may be derived by com 
JjSf the V0l f Ume ,° f the ellipsoid and using the fact that there are 21 
state per unit volume of k space, if V is the volume of the crystal 
Jones evaluated n by noting that the temperature coefficient of resistance 
]S fl ^ tin-bismuth aUoy system changes from positive to negative as tir 

in+ dd of d +-° blS h ’ he ^ alue zero occurring when about 0.13 atom pe, 
cent of tm is present Each bismuth atom that is replaced by a tir 

ST ", CameS , tt ° ne ° f the electrons ^ r °m the overlapping 
region for the valence of tm is one unit less than that of bismuth. Thus* 

resttirr h the P0int at which the temperature coefficient ol 
esistance changes sip is the same as that at which the boundary of the 

Med region extends just to the first zone, it follows that the n^iber oi 

ZlTn^T T the mner Zone in pure bismuth is 0.0013, oi 
tihere is 0.0002 electron per atom in each of the six shaded regions of 

J? L \ ma u b ® computed b y tbe use of Eq. (32), and 

V6o m Eq. (31) may then be given a value. 

Jones Sods that the observed room-temperature values of x , and 

by '7 “ k CI “ P - *> msy obtatad from Eq. (34) 


«i ~ 40 and a* ~ 1 
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The assumption that the a in the plane normal to the principal axis 
are equal is justified by the fact that the susceptibility is the same in all 
directions normal to the principal axis. 

The most extensive theoretical treatment of the low-temperature 
susceptibility of bismuth has been given by Blackman, 1 whose work is 
based on an extension of Peierls’s theory. As we pointed out in the last 
section, it is observed experimentally that the susceptibility fluctuates 




(b) 


Fiq. 8.— Comparison of the observed and calculated values of the low-temperature 
magnetic susceptibilities of bismuth in the plane normal to the principal axis. Curves a 
correspond to values along the x direction of Fig. 7, and curves b correspond to the y ' direc- 
tion. The measured values, which are for 1.8G°K, are represented by circles on the dotted 
curves. 

with the field intensity in the neighborhood of absolute zero of tempera- 
ture. For example, Figs. 8a and 86 show the variations 2 of -x with 
field intensities at 1.86°K. The measurements a are for fields parallel to 
the x axis of Fig. 7, and the measurements b are for fields in the y direction. 
Thus, the effect is not the same in all directions normal to the principal 
axis. Fluctuations are not observed when the field is parallel to the 
principal axis. It may be mentioned that the curves of Fig. 8 for 1.86 K 
are closely similar to curves for 14.2°K in the region in which the abscissae 


1 M. Blackman, Proc. Roy. Soc 166, 1 (1938). 

2 w. J. de Haas and P. M. van Alphen, Leiden Comm., 212 (1931); D. Shobn- 
berg and M. Z. Uddin, Proc . Roy. Soc., 166, 687 (1936). 
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overiap. This suggests that the curves of Fig. 8 may safely be compare 
with theoretical curves computed for the absolute zero. 

. . ®. fa f that the susceptibility is not symmetrical about the prineip 
axism the low-temperature range indicates that the energy contours for tl 
electrons which are responsible for the fluctuations cannot have tl 

rSon?7 IX ° n i 3 , 0) ’ fOT thiS function is in variant und 
“f tbe 2 Thus > Blackman was led to assume that tl 
e (aJ function for these electrons is 

h* 


~ 2 nS aik * + + °^ k l) (31 

Z h Zl+TX 2 l T d ^ d f erent C0M tants. At first sight, this appea: 
o contradict Jones s results. Blackman points out, however, that tl 


-X 


J 


lA\/5><^“ 

: 11 

7 Q3 07 


there is only the type of deotron ^rr^oTCg STfl» 

sidered by Jones. 8111 susceptibility ansing from the type of electron coi 

smSfer thnnth 0 * 10118 5 e8p ? nsible for the fluctuations probably is muc 
s^Sat tbX l 6 a T ber determi ning the high-temperature susceptibilit 
*7^ the two sets may occupy completely different parts of wave 

In^hT conn 6 7 contributi °us to the susceptibility 

1®“ be em Pflasized that the zone shown L 

2th 7 ’ ° P ’ XIIIj 18 not the Brillouin zone but th. 

othei tS: " very probable that there are regions in the outer zom 
other than those indicated m Fig. 7 in which the effective mass is verj 

theoretica/curve A * j jf the fact that the sign of x fluctuates in th< 
theoretical curves derived by Peierls (cf. Fig. 6) and Blackman (cf. Fig 9’ 

zzskzzzsz of - — - 

The susceptibility computed by Blackman for the absolute zero oi 
ZSSr~*,*> * Siora " 9. "Mch correspond ITtl* 

H is the a ^ )sc * aea “ the variable H/Ho, where 

ri is the magnetic field intensity and Ho is 


Hn = 


0(aia 2 )i 
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in which, ej is the Fermi energy relative to the zero of (33). Blackman 
added a constant to his theoretical susceptibility in order to include 
Jones’s type of diamagnetism and adjusted the parameters ej, a h <* 2 , and 
az in order to fit the observed curves most reasonably. The results, which 
correspond to the parameters 

at = 9.8, as = 1.0, a 3 = LI * 10 3 , 

€o = 0.019 ev, 

are shown in Fig. 8. The number of free electrons per atom in. the part 
of the band responsible for the fluctuating susceptibility as commuted 
from e' 0 is 1.2 • 10~ 5 , which is about 1 per cent of the number Jones found 
were responsible for the room-temperature susceptibility. As may be 
seen from Eq. (31), the large value of as accounts for the absence of an 
observable fluctuating susceptibility in the z direction. 

140. The Spin Paramagnetism of Valence Electrons* —The origin of 
the paramagnetic behavior of many simple metals was first explained by 
Pauli in the elementary way described in Sec. 29. The value of the 
susceptibility obtained from this theory is 

x — y 

where j3 is the Bohr magneton, ^(ef,) is the density of energy levels of one 
spin at the top of the filled band, and V is the volume of the metal. 
Although this explanation, which involves the assumption that the two 
systems of energy states associated with opposite spins become displaced 
relative to one another in a field, is believed to be correct in principle, the 
simple computation requires modification for the following reasons: 

а. The density function g 8 (e) is not necessarily the same as for free 
electrons. 

б. The total energy of the solid cannot be expressed only as afunction of 
one-electron energy terms, but also involves two-electron terms. Of 
these, the exchange and correlation energies are dependent upon the 
number of electrons having each kind of spin and affect the susceptibility 
in a way that cannot be included in the expression (1). 

c. The orbital diamagnetism of inner closed shells and valence elec- 
trons, which was discussed in the previous sections, is comparable with 
the spin paramagnetism. These diamagnetic terms are so important in 
metals having newly filled d shells or nearly filled bands that they deter- 
mine the sign of the susceptibility. 

Let us assume that we have an electronic distribution, in which the 
first ( N + p )/ 2 levels of electrons whose magnetic moments are parallel 
to the field are filled and in which the first (N - p)/2 levels of opposite 
spin are also filled. We shall designate the energy of the wth level from 
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the bottom in the absence of a field by t{n). When there is a field, the 
total energy in the Bloch-Hartree approximation is 

(N-p) (N+p) 

= Jo * **( n )dn + £ 2 e a (n)dn — pj8H*. (2) 

If this is expanded in terms of p } it is necessary to retain only the first- 
order terms, since we shall be interested in the case in which p/N is small. 
The result is 


E(p) S m + - P0H,. (3) 

We shall elevate and add to (3) the electronic-interaction terms for the 
case of free electrons. 

It may be recalled that the exchange interaction energy arises from 
the interaction between electrons of parallel spin. When electrons of 
both spins are present in equal numbers, the exchange energy per electron 
is (cf. Sec. 75) 

6e 2 ^° (4) 

where no is the total electron density. This may be expressed in terms 
of the radius r, of the equivalent sphere and is then 

-0.458^- (5) 

If there are ( N + p)/2 electrons of one spin and (N — p)/2 of opposite 
spin, the total exchange energy is 

- -[MV)' + (6) 

which becomes 


B.{p) = - N ^ e " 

r a 9 N r 8 


( 7 ) 


when expanded in terms of p. 

We shall assume that the correlation energy arises only from electrons 
of opposite spin, for reasons discussed in Sec. 76. The correlation energy 
as a function of p then is 




( 8 ) 
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0.288 

r, + 5.W 


The term in /' usually is at least ten times as large as the one in f". 
Combining Eqs. (3), (7), and (8), we obtain for the total energy 

E t (v) = &(o) + - v m z (9) 

where 


« - - 1 ^ - s'W - hr w*’ (10 > 

The expression (9) is a minimum for the value of p satisfying the 
equation 

2 ap = iV/3H s 
or 


If this is substituted in Eq. (9), we obtain 
E t ( H 3 ) = E t ( 0) - N 


(ID 


( 12 ) 


Hence, the susceptibility is 

X = n 0 ^- (13) 

This reduces to Eq. (1) when the exchange and correlation terms are 
neglected, since 



The terms in a are given in Table LXXXI for sodium and lithium. 
Although the first term is largest the others 1 are not negligible. Y alues of 
the total susceptibility given by Eq. (13) appear in the same table. In 
addition, values of the free-electron diamagnetism and the inner-shell 
diamagnetism are listed. The former were obtained by the use of 
Eq. (29), page 595, and the relation € = Wk 2 /2m*, the computed values 
of m* being employed. The contribution to free-electron diamagnetism 
from exchange was not included since the corresponding term from 
correlations cannot be computed. The comparatively small ion-core 
terms were obtained from Van Vleck’s book. 

1 Further details of this computation are to be published in the Phys< Rev. 
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The observed and calculated values of the susceptibility agree 
closely in the case of sodium, but the computed value for lithium is 
somewhat higher than the highest observed one. The agreement in the 
first case supports the general conclusion that the electrons in sodium 
are very nearly perfectly free, whereas the disagreement in the second 
case indicates that the relation € = /i 2 k 2 /2m* is not exact. The most 
reasonable source of the discrepancy would seem to be a comparatively 
small term in k 4 , which causes a lowering of the density of levels at the 
edge of the filled region and a corresponding decrease in paramagnetism. 


Table LXXXI. Contributions to a from the Terms in Eq. (10) for Lithium 
and Sodium and the Value of the Susceptibilities given by Eq. (13) 
(The terms in the first row are expressed in electron volts; those in the second row in 
terms of 10 6 times the cgs unit of volume susceptibility.) 


N (de/ dp) / 4 - <;/3 


Exchange 


Correlation 


Total 


Li 

Na 


1.02 

1.12 


—0.86 0.19 

— 0.70 0.19 


0.35 

0.61 



no j8 2 






2a 

Ion core 

Diamagnetic 

Total 

Observed 

Li 

3.54 

-0.05 

-0.17 

3.32 

1. 4-2.0 

Na 

1.11 

-0.18 

-0.23 

0.70 

0.63 


It is interesting to note that the exchange energy is made more 
negative by increasing p [cf. Eq. (6)]. This shows that the exc h ange 
interaction of free electrons favors the alignment of spins. This tend- 
ency toward ferromagnetism ordinarily is more than compensated by 
the fact that both the Fermi energy and the correlation energy are 
raised when p increases. The change from paramagnetism to ferro- 
magnetism can occur only when a becomes negative, for then Eq. (11) 
leads to a maximum rather than a minimum. Bloch 1 pointed out that 
the exchange term becomes larger than the Fermi term for sufficiently 
large values of r„, since the first decreases as l/r s and the other as 1 /r*. 

If we neglect the correlation terms, it follows from Eq. (10) that this 
occurs when 


r. > 6.03-^ a h . 
m* 

The limiting value of r, for perfectly free electrons is about 6.0a*, which 
}s larger than the value for any alkali metal. This fact and the fact. 

1 F. Bmch, 2, Phyaik< 57, 545 (1989), 
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that the correlation term does not favor spin alignment make it safe to 
say 1 that the observed ferromagnetism of transition metals should not 
be associated with nearly free electrons. 

141. Paramagnetic Salts. — The theory of the properties of the para- 
magnetic rare earth and iron group element salts has been highly devel- 
oped in those cases in which the paramagnetic ions are so widely 
separated that the bands associated with their electrons are narrow and 
the atomic approximation is valid. We shall not discuss the details of 
this rather specialized topic here but refer the reader to other sources. 2 

149- Macroscopic and Local Field Corrections. Suppose that the 
currents in an electromagnet are adjusted in such a way that the field 
at a given point in free space is H / . If the space is then occupied by a 
magnetic specimen, the orienting field that acts upon an atomic magnetic 
dipole is no longer H' because of the fields arising from the rest of the 
material. One part of the difference H - H', namely, the demagnetiza- 
tion field, may be handled by classical methods. This contribution 
corresponds to the field of the effective surface distribution of magnetic 
charge that is induced on the specimen and is determined by the geomet- 
rical shape of the specimen. It usually varies from point to point, even 
when H' is constant; however, it is constant when the specimen has one 
of several possible shapes. In these cases, the correction takes the form 

AH, = DM (1) 


where M is the intensity of magnetization and D is the demagnetization 
constant. D is -4tt for a thin pillbox whose axis is parallel to the field 
and is -4jt/3 for a sphere. Values for other cases have been listed by 
Stoner.* The correction (1) is negligible in substances having a small 
susceptibility since the fractional error made in neglecting it is of the 

order of x- ,. , * 

Under certain conditions, it is convenient to discuss another type oi 
correction field. Suppose, for example, that we are dealing with . a 
dense paramagnetic gas of molecules having a molecular susceptibility 
Xa. The magnetic moment per unit volume in this case is not simply 


i Cf. E. Wigneb, Phys. Rev., 46, 1002 (1934); Trans. Faraday Soc., 34,678 (1938). 
! See the following books and articles: Van Vleck, op. at.;_ W. G. Penney an . 
Schlapp, Phys. Rev., 41, 194 (1932), 42, 666 (1932); W. G Penney, Phys «, 
486 (1935); A. Frank, Phys. Rev., 39, 119 (1932), 48, 765 (1935); J. H Van Vleck, 
Phys. Rev., 41, 208 (1932); 0. M. Jordahl, Phys. Rev., 45, , 87 r 1 ] 

Jour. Chem. Phys., 5, 316 (1937); A. Siegert, Physna, 3, 85 (1936), V 138 ^(1937) 
A survey of the topic has recently been given by J. H. Van Vleck, Repo f 
Strassbourg Conference (1939) ; to be published in S.nn lnst. Henri Poincare. 

» E. C. Stone®, Magnetism and Atomic Structure (E. P. Dutton & Co., Inc., New 

York, 1934). 
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yXaH, (2) 

where H is the demagnetically corrected field, but is different because 
of the interaction between the molecular magnets. If H* is the average 
local magnetic field acting on a given molecule, the mean magnetic 
moment per molecule is * a Hj and the intensity of magnetization is 

M = WoXaH, (3) 

where no — N /V . In order to use this, we must know the relationship 
etween H and H*. Lorentz 1 was the first person to derive a relation- 
ship of this kind. He obtained the equation 


H* = H + |M (4) 

on the basis of the following assumptions : 

а. The arrangement of molecules is either isotropic or cubic. 

б. The relative orientation of magnetic moments is statistically 
the same for both near and distant molecules. 

Assumption b is analogous to the assumption made in the Bragg-W illiams 
theory of order-disorder (Sec. 124). If Eq. (4) is placed in Eq. (3), we find 


M — "'OXa ii 

1 - (4V3)n 0 *a 


Thus, the susceptibility per unit volume is 


* = w °r^- (W3) w 

It should be noted that, from the standpoint of electronic approxima- 
tions, this and the following discussions of the local field implicitly assume 
that the magnetic units may be described in an atomic or molecular 
approximation. Thus, these discussions have significance only when 
the bands are narrow. 

8 treatme nt is not completely satisfactory for the same reason 
that the Bragg-' Williams theory of order is not satisfactory, namely, it 
does not take into account the fact that near neighbors are aligned more 
often than distant neighbors. We shall discuss two attempts that have 
been made to improve the theory. 

Onsager 2 modified Lorentz’s method of computing * in the following 
way. For mathematical purposes, Lorentz had circumscribed an imagi- 
nary sphere about a given molecule and derived the term 4 jtM/ 3 in 

i H. A. Lobbntz, The Theory of Electrons (Teubner, Leipzig, 1906). 

L. Onsageb, Jour. Am. Chem. Soc 58, 1486 (1936). 
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Eq. (4) by considering the contributions to the field from the molecules 
inside and outside this sphere. In doing this, he assumed that the 
polarization is uniform. Onsager assumed that the sphere has physical 
reality as the volume within which the molecule is contained. In 
addition, he made the following two assumptions: 

а. The polarization field in the magnetic medium outside the sphere 
is not uniform but is the same as the field about a hollow spherical cavity 
that contains a point dipole of magnitude m. One part of the polariza- 
tion field M h is induced by the constant applied field H and is fixed; 
the rest arises from the dipole and varies when the dipole changes its 
direction. 

б. The field H z inside the cavity, exclusive of the dipole field of 
the molecule, is the orienting field that acts upon a molecule. H \ is the 
sum of the external field H (with depolarization correction) and the field 
arising from the polarization outside the sphere. The second part of Hjis 
analogous to the 4 ttM/ 3 term in the Lorentz equation (4). 

In the case in which m is constant H { may be determined as a simple 
solution of Laplace’s equation and is 


Hi - H + fcri H + 


2Qu - 1) 

(2 /a + l) a: 


} m 


(7) 


where is the permeability and a is the radius of the spherical cavity. 
The second term, which arises from the polarization of the external 
medium induced by the field H, may be transformed to the form 


4xx (8) 

8?rx + 3 

where x is the macroscopic susceptibility (1 - a*)/4w. This should be 
compared with the corresponding Lorentz term 

4xx. (9) 

3 


The third term in (7) is the reaction field of the dipole and is always 
parallel to m. It does not exert an orienting force so that it is unimpor- 
tant when m is constant and may be dropped. Thus, 


Hl = 0 + 8^3^ 


.. .. ( 10 ) 

87rx + 3/ 

It should be noted that this approaches a limiting value 3 H/2 when the 
magnetic susceptibility becomes large, for the field then attempts to avoid 
the cavity. The same effect does not occur in Lorentz s approximation 
If this result is inserted into Eq. (3), the following implicit equation 

for x is obtained: 
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x = ( 1+ (11) 

This equation has the solution 


_3_ 

16ir 


-1 + lirnoxa + (l + ynoxa + 16ir 2 n 0 2 xiyj- (12) 

Equations (6) and (12) are identical with terms in ( n oXa ) 2 so that they do 
not give appreciably different results when n oX a is much smaller than 
unity; however, they behave very differently in the region where n oX a is 
near unity. Lorentz’s expression (6) approaches infinity as n 0 47 r Xo /3 
approaches unity whereas Onsager’s expression remains finite, being 
equal to 3(1 + a/3)/8t. This difference is very important when the 
atomic susceptibility satisfies the Curie law 


Xa rp 

for then xa becomes large at low temperatures. If Eq. (5) were correct, 
M would be finite even in the absence of a field when n 0 4rx„/3 becomes 
umty. Since this effect implies ferromagnetism, Lorentz’s theory 
implies that all substances obeying the Curie law should become ferro- 
magnetic at sufficiently low temperatures. Onsager’s equation, on 
the other hand, does not imply ferromagnetism since 

X ~ fiVxa 

for large values of X a. Simple calculations based on Lorentz’s result 
show that the ferromagnetic Curie point should lie in the neighborhood of 

“•I. [° r m ,° st of the Paramagnetic salts. Although several of these 

salts show ferromagnetic effects near this temperature, Van Vle C k* 
believes that this ferromagnetism should be ascribed to the exchange 

see^n + “ Section - Hen <*> experimental evidence 

seems to -support a modification of Lorentz’s theory such as Onsager’s. 

tnrl Pu Ck ^ denVed another reIation that is valid at high tempera- 
tures and has a more rigorous foundation than either Lorentz’s or Onsag- 

HanStolt f 6 r U ? ed magnetic di Pole-dipole interaction terms in the 

Sr^eced W Un °f n °a a Paramagnetic cr y® tal of the type mentioned in 

function ^ an COmputed the effect of these upon the partition 

atoSc^ l?Z S -w?? eS ex P an r\ meth0ds - K * is turned that the 
atomic susceptibility Xa satisfies the equation 


— T 

Xa ~ W 


1 J. H. Van Vleck, /our. Chem. Phys., 5, 320 (1937). 


( 13 ) 
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where 

g*FJ(J + 1) 

T “ k 


Van Vleck’s equation for % may be written in the form 

< ' 


t [" 1 . 4irr 1 , / 47rry 1 5 , "1 

x " ZTl 1 + 3 k T + \9k) T* T* + ' ' ' -J 

(14) «* 

where 

_ Qt'( .3 1 \ 

“ 9 V + 8J(J + 1)) 

(15) 


Here, Q is an integer of the order of magnitude 10 that depends upon the 
crystal structure. If Onsager’s expression for x is expanded and a value 
of Q appropriate to his model is placed in Eq. (14), the two expressions 
are identical with the terms shown in (14). Lorentz’s expression, on the 
other hand, does not give the same value for the terms that vary as 
1/T 2 . Thus, Onsager’s result is more accurate when T/r is larger than 
unity. 

Since Eq. (14) cannot be used at low temperatures, it is not possible to 
check the validity of Onsager’s relation in this region by direct computa- 
tion of the partition function. 

Van Vleck has extended Eq. (14) for the case in which the levels of the 
paramagnetic ions are split by crystalline fields. This work will not be 
discussed further here. 

One of the most direct supports of the Onsager-Van Vleck theory of* 
local fields arises from its application to polar liquids and molecular 
solids. 1 These substances contain molecules having permanent dipole 
moments, so that the preceding theory can be taken over with little 
modification for a discussion of their electrical properties. Since the 
relative magnitudes of electrical polarizabilities are of the order of one 
thousand times larger than those of magnetic polarizabilities at corre- 
sponding temperatures, the temperature at which the form of the local 
field is important is much higher in the electrical case. If Lorentz’s 
equation were valid, these substances should show the electrical analogue 
of ferromagnetism in cases in which intcrmolecular aligning forces other 
than the dipole-dipole force are relatively small. Actually, this effect 
is not observed when it would be expected. For example, it can be 
estimated that the electrical Curie point should occur at about 260°K 
in the case of HC1, whereas no anomalies are observed until 100°K, at 
which point molecular reorientation stops ( cf . Sec. 125). 

143. Ferromagnetism. — The theory of ferromagnetism has developed 
in stages starting from two different points, namely, from the atomic 

1 Ibid., p. 556. 
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approximation and from the band approximation. The treatment tha t 
starts from the atomic approximation has value primarily for under- 
standing the spin aligning forces in ferromagnetic media, whereas the 
band treatment, which was discussed in Sec. 101, has qualitative value 
for discussing the relation between the conduction electrons and the 
d-shell electrons. The first three parts of this section will be devoted 
to the atomic' approximation and the fourth to the connection between 
this and the band approximation. 

There is a close analogy between the atomic theory of ferromagnetism 
and the theory of order and disorder in alloys that was presented in 
Chap. XIV. In fact, the theory of ferromagnetism, which was developed 
first, was used as a pattern for the other. It will be seen that the magne- 
tize . state, like the ordered state of alloys, has a lower entropy than other 

possible states, so that it can occur only when it is favored by a low 
energy. 

a. The ' Weiss Theory. It was seen in the previous section that a 
relationship between the external magnetic field H and the local field H tJ 
of the type derived by Lorentz, namely, 

Hi = H + yM, (1) 

where M is the intensity of magnetization, can imply ferromagnetism if 
e atomic susceptibility Xa becomes very large in a temperature range. 
^Under this condition, the susceptibility x, which is related to Xa by 
the equation 


* = £ qW3 ( 2 ) 

where n 0 is the density of particles, becomes infinite when 4m 0 x«/3 is 
unity so that the magnetic moment per unit volume may be finite, even 
in t e a sence of a field. \ a satisfies this condition at sufficiently low 
temperatures if it obeys Curie’s law 



(3) 


Hence, Eqs. (1) and (3) are suflficient for ferromagnetism. Even if the 
Lorentz equation were accurate, however, which it is not for the reasons 
discussed in the last section, it could not explain the ferromagnetism of 
iron, cobalt, and nickel, for the reasonable values of A are too small. 
1 hus, if we use the relation 


a = §vjv + 1 ) 

3fc 


( 4 ) 



Sue. 1431 


THE MAGNETIC PROPERTIES OF SOLIDS 


discussed in connection with the theory of paramagnetism and give J 
and g ordinary atomic values, we should expect ferromagnetism only 
below 1°K. 

Weiss 1 arbitrarily dismissed these difficulties and assumed that in 
ferromagnetic material 

H; = H + (5) 

where a is a large constant of the order of magnitude 10 4 . In addition, he 
assumed that the scalar value of atomic moment m is related to H; by 
Eq. (25), Sec. 137, namely, 

m(H) = (6) 

which is the generalization of Eq. (3) for strong fields. Equations (5) 
and (6) lead to the following implicit equation for M : 

M(H) - + (7) 

In his original work, Weiss actually used the classical analogue of the 



Fig. 10. — Schematic representation of a method of visualizing the roots of Eqs. (8cx) 
and (86). The lines correspond to (86) for several temperatures, where > T\ > T o. 
The single curve represents (8a) . It is assumed that HI is zero, although the additive con- 
stant in (86) usually cannot be shown on this scale anyway. 

function Bj, which may be derived by allowing f3g to approach zero and J 
to approach infinity in such a way that figJ remains finite. 

Equation (7) is equivalent to the two simultaneous equations 



1 P. Weiss, Jour. phys. r 6, 667 (1907). Cf. Stoner, op. tit. 
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where is the saturation value of M. The roots of these equations, 
which may be pictured by the graphical method shown in Fig. 10, arc 
sjjown in Fig. 11. The decrease of M/M m with increasing temperature 
follows a continuous curve, so that the melting of ferromagnetism is a 
transition of the second kind in Weiss’s theory. The Curie temperature, 
at which M vanishes, is 


_ a pgM' 0 J + 1 

0 k 3 ' 


(S>> 


M s 


Since M m is of the order of magnitude of 1,000 gauss for the common 

ferromagnetic metals, the value of 
0 given by (9) is of the order of 
0. lor. Thus, a must be of tlu* 
order of magnitude 10*, if Weiss’.-* 
theory is to be adequate. 

In Fig. 11, the observed values 
of M/M m for iron, cobalt, and 
nickel as functions of T/Q c are com- 
pared with the computed functions 
for several values of /. It may 
be observed that the value 1 fits 
the experimental work best, a fact 
suggesting that the magnetism 
arises almost entirely from spin. 
This is also supported by the 
fact that the gyromagnetie ratio 
is almost 2 (c/. Sec. 101). 

n . The susceptibility above the 

Curie temperature may be found from the equation analogous to Eq. (2) 
of Lorentz s theory, namely, M 






d=ooN. 

Vi 

— « 
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Fig. 11. Comparison, of the observed 
saturation magnetization curves of iron, 
cobalt, and nickel and the computed curves 
for several values of J. The theoretical 
curve for J = § fits the measured ones best. 


X = n Q - 


Xa 


1 — an 0 Xa 

If the value of n oX a that may be derived from Eq. (6), namely, 

„ 1 © 

*oXc = - F 

is substituted in Eq. (10), it is found that 

0 


( 10 ) 


(ID 


X = 


a(T - G)’ (12) 

which is known as the Curie-Weiss law. The susceptibilities in the 
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paramagnetic range have been investigated by Weiss 1 and coworkers. 
Figure 28, Chap. I, shows 1/x as a function of temperature for iron and 
nickel. If Eq. (12) were precisely valid, these curves should be straight 
lines; however, they are only approximately linear. In addition, the 
curve for iron shows a discontinuity because of the intrusion of the 
■y phase. Weiss and Foex have pointed out 2 that the curves for cobalt 
and nickel may be closely approximated by a series of straight lines in 
separate temperature regions. For this reason, it is suggested that the 
ferromagnetic metals have several magnetic allotropic phases above the 
Curie temperature and that a separate Curie-Weiss law is valid over 
the temperature range in which each phase is stable. A more reasonable 
interpretation is that the Curie-Weiss law is only a rough approximation 
to a more accurate equation. This is substantiated by more recent 
theoretical work which is discussed below. 

It is possible to treat magnetocaloric effects on the basis of the Weiss 
theory. 3 Weiss postulated that the energy of magnetization E m is 
related to the intensity of magnetization IVI by the equation 

Em= ~r HrdM (is) 

where H* is the local field. It is implicitly assumed in this equation that 
the hypothetical local field H* is an actual magnetic field. If we substi- 
tute the relation (5) in (13), we find 

E m = -£ceM 2 (14) 

in the absence of an external field. Thus, the specific heat of magnetiza- 
tion is 


ladW 
2 P dT 


(15) 


where p is the density. Since M varies most rapidly just below the Curie 
temperature and is zero above, the specific heat would rise to a peak at 
the Curie temperature and would then drop discontinuously to zero 
if Eq. (15) were valid. Although the areas under the experimental 
specific-heat curves are of the same order of magnitude as that of the 
theoretical curve, the forms of the two usually differ, inasmuch as a 
magnetic specific heat is observed above the Curie temperature.^ This 
fact is shown in Figs. 17 and 29 (Chap. I). The effect is largest in iron 
but is not negligible in the case of cobalt or nickel. It may be recalled 
that a similar discrepancy occurs between the specific heat predicted on 


1 P. Weiss, Jour. phy $ ., 5, 129 (1924). 

a Ibid.; G. Foex, Ann. phys ,, 16, 304 (1921), 

* Cf , Stoner, op , c# % 
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the basis of the Bragg-Williams theory of order and disorder, and the 
served specific heats. This discrepancy was removed in a qualitative 

rSrt of th p nS mt ° T? . Short ' distance order - We may conclude that 

take Ll t Vii, T th60ry is related t0 the fact that ^ does not 
Itoms 116 COrrelation of the magnetic moments of near-by 

]nc»\ f)T enber ( S Theory -~- Heisenbergi first showed that the Weiss 

If alS^th be ^77 dir6Ct and ® imple ex P lana tion in the language 
UDon f^tl T 7 ' / principles involved in his work, which is based 

E Heitle , r ' Lon d° n approximation, may be demonstrated by the 
following simple problem. 

eacM P rr a that ^ h f!f 7° at ° mS A and B that have on e electron 
7L wL ? T n ^ a diStanCe r * We shaI1 designate the 
In arlrTt - unc 10as y and ^6 and the energies of the free atoms by 

rnomen w + w n that these states have no orbital angular 

“™ ;. S0 that a11 of the magnetic moment arises from spin. The 

(Tfe.. 1 t tJHT 0 ™ ve ,unctions of the complete system then “ e 

'S'l - [&,(l)ifo(2) + ^ a ( 2)i^ 6 (l)][ 77l (i)^ 2 ( — 1) _ — 1)?7 2 (1)], \ 

^11 - [lWl)fo(2) - | ( 16 ) 

l[Vl( — l)j?2(— 1)] ) 

Z2ttveiZZTh 0n ' The first of these is the Wave function of the 

let funcS I.htT SPm m ° ment ’ and the other three are the trip- 
et of stir’^ i !u Pm q V antUm numberSis unity. The second 
of so ids^ wT 7 18 ?r l0gUe ° f the S6t of ferromagnetic states 
atoms is 7 assume tha t the interaction potential for the two 


V ah = 


i- + ii 

Tab T 12 


^16 


_ 

T2a 


(17) 


^stences between iS a tanCe eIectrons > aad r» and r 2a are the 

distances between a given nucleus and the electron on the other atom 

he energies of the two types of state (16) are, respectively, 


’where 


Ei = E c + J.\ 
Eu = E c - jJ 


(18) 


Ec = 2e + /|^(l)|’F^(2)|*dr 12 ' 


(19) 

1 W. Heisenberg, Z. Physik, 49, 619 (1928). 

electron has been maZT* °“ 
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is the sum of the atomic energy and the coulomb interaction energy and 

Je = J^*(l)^*(2)F^ a (2)^(l)dr 12 (20) 

is the exchange integral. It should be noted that V a b in the integrals in 
Eqs. (19) and (20) could be replaced by e 2 /Vi 2 if the functions and ypb 
were orthogonal. From Eq. (18), we see that the magnetic states ^ n are 
energetically stable relative to 'Pi only if J is positive. 

Equations (18) may be placed in a form that is significant for the 
theory of ferromagnetism. The square of the total spin operator 

= («i + d s) 2 ( 21 ) 

is a constant of motion in each of the states Skt and S?n, the eigenvalues 
having the form ft 2 S(S + 1), where S is 0 and 1, respectively. If (21) is 
expanded, it becomes 

d\+6\ + 2d! • d 2 . (22) 

Since the individual spin angular momenta d? and d| are also constants of 

motion that have the eigenvalue 3^ 2 /4, it follows that <h • d 2 is also a 
constant of motion and has the eigenvalue -3/i 2 /4 when S is zero and 
A 2 /4 when S is unity. Employing the operator (21), we may place 
Eqs. (18) in the operator form 


e = e c + J e y 

i_5!) 

h 1 } 

(23) 

or, using (22), in the form 




T 2<q • <J 2 

Je h 2 

(24) 


If we now use the fact that the electronic magnetic moment y is —2 fid/h, 
the spin-dependent part of (24) may be written as 

• V2> (25) 

Thus, apart from the dependence of J. on interatomic spacing, the energy 
is deter min ed by the relative orientations of the electron spins. It 
should be emphasized that this interaction energy is fundamentally 
electrostatic. Spin enters primarily as a consequence of the Pauli 

principle. . „ , 

Bethe 1 has made a simple qualitative analysis of the conditions under 

which J is most likely to have a given sign. Let us suppose that the 
functions \fr a and have no nodes in the region where they overlap appre- 
ciably, so that the product *.(1)*»(1) may be assumed to be positive 

1 H. Bethe, Handbuch d&r Physik , XXIV/2. 
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everywhere. This condition is always satisfied if and & are a functions 
that have nodes close to the nucleus but may also be satisfied in other 
cases if the nodal surfaces do not he near the mid-point of the line con- 
necting the centers of the two atoms. Under this condition, the essen- 
tially positive terms 


— + — 
r 12 Tab 


favor ferromagnetism, whereas the negative terms 


ni 


ii 

1*a2 


(26) 


(27) 



Fig. 12. - Behavior of J 0 as a function 
of interatomic distance r. 


do not. The variable term e 2 /r 12 in (26) is larger when the product 
^ is very large in a small volume of space than when the product is 
miall in a large volume. Moreover, the terms (27) are smallest when 
the overlapping region is as far from the nuclei as possible. Hence, J is 

most likely to be positive if (a) the 
distance r is fairly large compared with 
the orbital radii and (6) the wave func- 
tions are comparatively small near the 
nuclei. In both these cases, the product 
4 f a'Pb is small at the nuclei and large 
near the mid-point between the atoms. 
Condition (6) is most fully satisfied 
when the orbital angular quantum num- 
ber l is high since the wave functions 

in Ka nn Q ,*fT t , start 8/8 r ' ' ®- ence > should expect J 

wW for + the .fraction beDween unclosed shells of d or /electrons 

distance is large compared with the atomic radius. 
These conditions actually are satisfied by pairs of atoms in the metals of 

dt tyP6 ’ “ whicb tbe “teratomic distances are 

that S®? 1 >f 1 f. nly by the valen ce electrons. We shall see below 

w Can be appIied t0 these metals, since the 

bet wS! - 7“ the d sbeUs may be expressed as a sum of interactions 

between pairs of atoms. 

nf I t I?7i!ri r0m prblc ipi es °t the preceding discussion that the sign 

dep ? ndUP ° n the ratio * of the or bital radius and the inter- 
TTlut V *■?. 8h0Wn * Rg - 12 - If * * dose *0 unity, 

menti^ d +^t n ?7 V ® ; rf rt 18 large ’ J ‘ may be Positive. It is only fair to 
mention that Beths s argument does not tell the entire story, for the 

do^oTirf 16 ? 68 ° 2 7 1 . d N0, Whicb bave Permanent magnetic moments, 
do not satisfy his conditions very well. 
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It may be shown 1 that in the Hei tier -London approximation the total 
energy of any number of electrons can be placed in the form 

E — C • d,-, (28) 

iJ 

which generalizes (24). Here C is a constant, is the exchange integral 
for the ith. and jth electronic wave functions, and d* and d, are the spin 
operators of the ith and jth electrons. We shall be interested in the 
case in which each atom has one electron and in which J e is appreciable 
only for nearest neighbors. Equation (12) then becomes 


(29) 

nearest 

pairs 


where J e is the exchange integral for neighboring atoms. The more 
general case in which there are several electrons per atom has also been 
considered, but we shall not treat it here since it does not lead to qualita- 
tively different results. 

Let us now discuss the number of states associated with different 
values of the z component of total magnetic moment. If there are N 
electrons, the largest value of the magnetic moment is jSAT, which occurs 
when all the spins are parallel and which can happen in only one way. 
The value Mj3, which occurs when there are (N + M )/ 2 moments 
parallel to the z axis and (N — M )/ 2 moments antiparallel to it, can 
happen in 



different ways. Thus, the state of maximum magnetic moment, which 
is energetically most stable when J e is positive, has very low degeneracy, 
whereas the states of lower moment have larger values. Hence, we 
should expect the state of highest magnetization to occur only at low 
temperatures. The actual state at temperature T can be computed 
from the partition function; however, this computation is not easy to 
carry through directly because the n{M) states (30) have different ener- 
gies. Heisenberg assumed that the distribution of levels of given M 
may be approximated by the function 


ME) = 


n(M) A " 2 

(27r)*Ajf 


(31) 


1 Cf. J. H. Van Vlbck, The Theory of Electric and Magnetic Susceptibilities (Oxford 
University Press, New York, 1932). 



616 


THE MODERN THEORY OF SOLIDS 


[Chap. XVI 


where E M is the mean value of the energy levels of given M and A], is 
the mean square deviation from this mean. These quantities were 
computed by an approximate method that is discussed in Van Vleck's 
book. With this assumption, Heisenberg computed the partition func- 
tion in a straightforward way, 1 after adding an energy term 



in order to include the effect of an external magnetic field. The mag- 
netic equations obtained from this partition function are 


in which 



where z is the number of nearest neighboring atoms and 


(32a) 

(32b) 


zJe 
7 ” kT ■ 


Equations (32a) and (32b) are nearly the same as Weiss's equations (8a) 
and (8b) since is equal to tanh rj. The only difference lies in the 
term in ^ containing ( M / M M ) 3 . If this is dropped and the correspondence 

<» 

is made, the two systems of equations are identical. The field parameter 
a defined by (33) is a constant only at high temperatures, in which case 


Oi 



(34) 


The Curie temperature is not related to this value of a by Eq. (9) but is 
given instead by the equation 


0 = 


2 J 

k(l - VT - 8 !z) 


(35) 


which is real only if z is at least 8 and is positive only if J is positive. 
Thus, Heisenberg's treatment leads to conventional ferromagnetic 
behavior only for the more close-packed lattices. This means not that 


1 Another method of evaluating the partition function has been used by J. H. Van 
Vleck, Phys. Rev., 49, 232 (1936). This does not lead to qualitatively different 
results. 
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the crystal is not ferromagnetic at sufficiently low temperatures when » is 
less than 8 but only that the phase change is not of the second kind. 1 

Treatments of ferromagnetism using Heisenberg’s model but employ- 
ing distribution functions other than the Gaussian function (31) have 
been presented by several investigators. 2 By properly choosing this 
function, the difficulties associated with the imaginary behavior of (35) 

may be avoided. , , , 

The susceptibility above the Curie temperature does not conform to 
the Curie- Weiss law except when T is much greater than G. We shall 
not discuss the result since Heisenberg’s model unquestionably is too 
simple to be applied quantitatively to actual ferromagnetic materials. 

It is important to know, however, that observed deviations from the law 
are not at variance with theory. 

c. The Spin-Wave Treatment.— Heisenberg’s treatment of ferro- 
magnetism has the following weaknesses. _ . 

1. It is based upon a simple Heitler-London description in which the 

periodicity of the lattice is not taken into account. , 

2. An arbitrary approximation [cf. Eq. (31)] is used to obtain t e 
distribution of levels. Since the thermal properties are strongly depend- 
ent upon this distribution, a more accurate description should be used 

for quantitative work. _ . 

Of the methods that have been employed to improve upon Heisen- 
berg’s work, we shall discuss that developed by Bloch* and extended 
more recently by Slater/ since it is the most fruitful. Although this 
treatment casts a new light upon the problem of ferromagnetism, its 
results are not radically different from those of Heisenbergs theory. 
For this reason, the older work can still be used for qualitative purposes. 

It may be recalled that the Heitler-London approximation may be 
used to discuss the normal and lower excited states of insulators. When 
this is done, the lowest level is nondegenerate and the excited levels. are 
very highly degenerate. Thus, if there are N atoms and the first excited 
one-electron state is g-fold degenerate, the first excited level is 
degenerate. A more accurate set of wave functions can be obtained by 
computing the matrix elements of the Hamiltonian connecting these 
Ng states and by diagonalizing the result. This problem, which wa 
solved in Sec. 96 for a simple case in which the interatomic energy is 

1 This neculiar behavior of the Heisenberg model arises from the fact that the use 

of the Gaussian distribution is equivalent to assuming levels infinite 
Thus the E(S) curve (Sec. 117) approaches the energy axis asymptotically with 

slope, rather than with zero slope as it should. 

2 See, for example, F. Bitter, Phys. Rev., 67, 569 (1940). 

3 F. Bloch, Z . Physik , 61, 206 (1931). 

4 J. C. Slater, Phys. Rev., 62, 198 (1937). 
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small, leads to the following results. The first excited wave functions 
'fk are given by the equation 


- • g.**’"*. (36) 

n 

where is the determinantal eigenfunction that is formed from the 
lowest wave function by replacing the normal wave function \f/ n for 
the nth atom by the excited wave function ip' n , and n is summed over all 
atoms. The SE'k, which evidently have wave characteristics, are called 
excitation waves. The energy associated with ^ is 


F k — E n + I^e 2Ti ^‘ p (37) 

p 

where g ranges over the vectors joining an atom with its nearest neigh- 
bors, E n is the energy of the and I is composed of integrals involving 
pairs of neighboring atoms. 

Bloch constructed a set of magnetic wave functions that bear the 
same relation to Heisenberg’s atomic functions that the excitation waves 
do to the in (36). Let us consider a system of N atoms, each of which 
has one valence electron. We shall assume that the one-electron wave 
functions \p(r — r(n)) = ip n are like atomic functions. For the basic 
nondegenerate wave function of the complete system, Bloch chose the 
state $ 0 in which all electron spins are parallel. The energy Eo of this 
state is 


E q = iV(eo + C - iJ e z) (38) 

where €o is the energy of a free atom, NC is the coulomb interaction 
energy of the system, J e is the Heisenberg exchange integral (2) involving 
the for pairs of neighboring atoms, and z is the number of nearest 
neighbors. The states analogous to the ^ r n in Eq. (1) are deter- 
minants of functions that differ from $>o in that the spin of the electron 
on the nth atom has been reversed. These N functions have the same 
energy and have a z component of magnetic moment equal to (N — 2)13, 
The spin waves 3> k , analogous to the excitation waves ^ k , are 

= a^e 2 ^<^ n ^ 

and have the energy 


i?k* = Eq + 2JV^( 1 — e 2ir ^‘p) 

p 

where p is summed over nearest neighbors as in Eq. (37). 
is shown schematically in Fig. 13. 


(40) 

This function 
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It can be shown that, as long as the number of spin waves is small 
compared with N, the energy of the crystal in a state in which there are 
/ spin waves of wave number ki, ka, . . . , k/ is 

f 

JS(ki, ■ • • , k ; ) = Eo + 2j<„(k,) (41) 

p = 1 


where 


e«(k„) = Bk s — -Bo. 


(42) 


Thus, the spin waves behave like elementary particles that are so nearly 
independent of one another that their energies are additive. It is 
evident that the z component of magnetic moment in the state having 


/ spin waves is j 8(N — 2/). 

Under the restrictions for which Eq. 
(41) is valid, the necessary condition for 
ferromagnetism is that E(k) — Eq be posi- 
tive, that is, that J„ be positive, for then 4>o 
is the lowest state of the system. This 
condition is identical with Heisenberg’s. 

Bloch used Eq. (41) to compute the 
partition function for the system of elec- 
trons. There is no difficulty in determin- 
ing the distribution of levels in this case, 
since one state is associated with each value 
This partition function is 



Fig. 13. — The schematic rep- 
resentation. of the energy of 
Bloch’s spin wave as a function 
of k in the ferromagnetic case. 
The curve is inverted in the non- 
ferromagnetic one. 

of k in wave-number space. 
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(43) 


in which -/3H (IV - 2/) is the field interaction term. At low tempera- 
tures, when only the lowest levels are excited, e s (k) may be replaced by the 
value 

e,(k) S J,%(9 ■ k) 2 . (44) 

P 

Using this approximation, Bloch found that the magnetization M 
satisfies the equation 

M , _ JW/hTV (45) 

M;- 1 2ir 2 \J , ) 

where a depends upon the lattice and has the value i for a face-centered 
lattice and i for a body-centered lattice. This result may be placed in 
the form 
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M 

IVL 


= 1 - 


(46) 


where 0 is the approximate Curie temperature, which for face-centered 
and body-centered lattices has the values 

e.- - 9-4*’ 

e b ., = 6.i^ 

k 

respectively. 

Weiss 1 has made a careful experimental test of Bloch's P law for 
iron and nickel. He found that a T 2 law holds above 70°K, but that the 

P law applies in the range from 70° 
to 20°K. This verification of Bloch's 
result seems to be support for a spin- 
wave type of theory of ferromagnetism, 
although it must be admitted that Bloch's* 
model, on which (46) was derived, k 
probably much too simple (see part d). 

Slater 2 extended Bloch's method oi 
determining the magnetic wave functions- 
_ _LRl° EZZZZZZZZZZZZZZZ2 by carrying the perturbation procedure 
Fig. 14 —The energies of Slater’s several steps further. The important 

differences between the two procedures- 
are as follows: 

a. Slater added to Bloch's spin wave* 
(39) the wave functions that art 
defined by the equation 


lonization- 
sp/n levels 


Exc/tatfon- 
sp/n waves < 



R =2 UZZZZZZZZZZZZA 
R=i VZZZZZZZZZZZZ& 


excitation-spin waves. The zero 
line represents the energy of the 
system when spins are parallel. 
The band R = 0 corresponds to 
Bloch’s spin-wave curve (c/. Fig. 13) 
for which the electron having 
reversed spin remains on the same 
atom as the hole it leaves in the 
levels of opposite spin. The other 
discrete curves correspond to cases 
in which the electron having reversed 
spin is removed to an atom at dis- 
tance R. The continuum repre- 
sents the energy states of the electron 
and hole when they become com- 
pletely free of one another. 


$k.R = 2) 


e 2Trik-r(n)& 


R 


(47; 


where is constructed from 4>o b) 
taking an electron from the atom at r(n] 
to the atom at r(n) + R and reversing it: 
spin. The functions (39) evidently are the special set for which R i: 
zero. These excitation-spin waves have energies that can be representet 
schematically for each value of R by discrete curves in a one-dimension a 
diagram (c/. Fig. 14). The curve for R = 0 corresponds to the curve o 
Fig. 13. 

b. The matrix components of the Hamiltonian were computed fo 
the system of excitation-spin waves (47), and the perturbing effect 01 

lp - Weiss, Compt. Rend., 198 , 1893 (1934). 

2 Ibid. 
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the Bloch states of the states for which R is not zero was estimated from 

the T sTterdlJnot employ ordinary atomic functions but used instead 

an orthogonalized system x» that was obtained from ‘ 

tions of the i° nization banc * approximation (c/. Chap. Vll ; y 

means of the equation 

(48) 


X* = ^ Xk (r) e 2 «^ [r - r W'. 


This procedure has two important consequences: (1) All terms in the 
exchange integral (20) except those arising from e 2 /r n vanish because 
of the ^orthogonality conditions. (2) Some of the quantities m the 
expression for the perturbed function can be expressed m terms of cha - 
acteristic quantities of the band approximation. . , . . 

Slater’s result for the energy of Bloch’s spin waves, in the highe 

approximation, is 

(49) 


«.(k) = Aj(l - 


Here, 


A = J, — 


2W 2 


where J, is the exchange integral for the Xn, namely, 


-J 


X»*(l)x»+i*(2)J-X»(2)Xr.+ i(l)driJ, 

'12 


(50) 


(51) 


W is the width of the ionization band, and h is essentially the difference 
between E 0 and the center of energy of the excitation-spin waves f or R 
greater than zero (cf. Fig. 14). In the case m which there are / spm 
waves, the total energy E{ k„ . . • , k,) may be obtained by substitut- 
ing (49) into Eq. (41). When the atoms are widely separated, J, is 
positive, W is very small, and A is then positive. On the other ^ an ’ 
W becomes very large when the atoms are close together, so that we 
may expect A to change its sign. Thus in this approximation we 
should expect ferromagnetism only for widely separated atoms just as 

in the Heisenberg theory. . . . 

The behavior of the lowest spin-wave energy curve as the ionization 
band widens is shown in Fig. 15a and 5. The levels of the lomzation 
band occur at the series limit of the discrete curves of the excitation-spm- 
wave system and are indicated by the striped region. In the farst 
case, the ionization band is narrow and the energy curve o _ e ° 
spin wave is above B 0 . In the second, the ionization band is so wide 
that it depresses the spin-wave curve below E o. 
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d* Critique of the Theories of Ferromagnetism . — -The Heisenberg and 
spin-wave treatments of ferromagnetism are incomplete for metalf 
because the valence and d-shell electrons are not considered simul- 
taneously. Actual ferromagnetic metals are made of atoms whose 
total electronic states possess a mixture of s-p and d-electron charac- 
teristics. The 5-p part of the atomic wave function is altered in suet 
a way that the solid has metallic properties, such as high conductivity 
and the d part produces ferromagnetism. Since the ^-factor is ~2 anc 
the observed atomic saturation moments are not integer multiples o 
the Bohr magneton, we know that there is not an integer amount o 




■ i Schematic representation of the behavior of the spin-excitation levels as th 

]. 11 widens. In case a the ionization band is narrow and the system is ferre 
“ 1C ’ T here f ^ ° as ® & the spin-wave curve is inverted so that the system is nc 
In b ° th of . theBe Vagrams the ordinate is energy and the abscissa is th 
wotr if wave ~ nun \ker vectors of the electron before and after excitation, which. : 
nf er t ? e e * clton * Hence the lowest discrete curve is analogous t 

a vi shaded re S? n re P re sents the ionization-spin states, in which bot 
^ and ^ ole are free - This has zero width at the midpoint, which correspond 

^erence m wave number, because the e (k) curve is the same for electrons of eithc 
spin. ( After Slater.) 


d property per atom. Thus, . the two characteristics are intimatel; 
mixed, and in any complete theory of ferromagnetism they should b 
discussed simultaneously. 

The band approximation, which is based on Bloch type one-electroi 
functions, does an excellent job of picturing the balance between s-p- an< 
d-electron character. Since it is found that the d and s-p bands h 
transition metals overlap, the relative number of electrons in each ban< 
is determined by the condition that the energy be stationary under th 
process of moving electrons from one band to the other, which mean 
essentially that the bands are filled to the same level. Thus, there is n< 
reason for expecting an integer number of d electrons per atom, for th 
positions of the bands are determined by many factors. As we hav> 
seen in Sec. 101, this picture can be used to correlate a large numbe 
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of the properties of transition metals that are related to d-electron 

Cl TSe r to explain ferromagnetism on the band theory, it unfortu- 
nately is necessary to assume arbitrarily ' ^ ^ in 

. ,1 j VinnH bavins one type of spin than the other, lne e 

metals such as nickel and cobalt is so large that half the d band is com- 
pletely filled, and the excess is slightly smaller m iron If the band 
theory were accurate enough in the case of narrow bands to furnish a 
trustworthy explanation of this preponderance of electrons of one type 
of spin theHeisenberg-Bloch-Slater type of treatment would be superflu- 
ous^ most descriptive work. It is true that the exchange energy or 
Bloch functions, favors ferromagnetism, but ‘ la 

show that for the narrow bands the correlation correction s just .large 
enough to compensate for this effect in first approximation (of. Be* 75£ 
At first sight, it might seem possible to use the band s 
determ^ thef distribution of ** and d electrons and to use the spm- 
wav"me to handle the d electrons. This procedure cannot be 
carried out in a simple way, for wave functions that are more comp i- 
cated than (47) would have to be employed, since there is not an integ 

^^r^r^o be a single, tractable, approbation^ 
can be used to develop satis Itte 
properties of ferromagnetic metals. At present, we must use the sp 
wave and band schemes in the separate domains m which they 

mdividually most y Heisenberg and the spin-wave approxi- 

matio to discussions of ferroma^i etism 

as magnetite and the rate earth salts, in which there is an integer n 

te ri 4 m St«cSont m A 1 loys.--We saw in See. 101 that r^y 
of ^properties of faromagnetic metals and alloys may be collated 
on ae bSs of the band scheme. It is also possible to collate otter 
probities by the use of the Heisenberg type of theory in a way that w 

”°'DdiS^tas attempted to construct semiquantitative exolmnge 

int^^es Ur) of tte type shown in ^ tte 

the vertical dotted line represents the nearest-neighbor distance 

i U. Dbhlxngee, Z. Metallkunde, 28, 116 (1936); 28, 194 (1936); 92, 388 (1937). 
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close-packed structures. The face-centered, or y, phase of iron is nc 
ferromagnetic; however, the body-centered, or a, phase, in which th 
interatomic distance is slightly larger, is ferromagnetic. Hence, th 
J e (r) curve for iron (Fig. 16d) is negative at the dotted line and crossc 



Interatomic Distance- > 
16* 'Hypothetical J e (r) curves for 
tile magnetically important transition- 
metal atoms. Evidence disoussed in the 
text indicates that the peak for 
actually occurs to the left of the equilibrium 
spacing. {After Dehlinger , .) 


the axis at larger values of r. 

Dehlinger attempted to classif 
the J e (r) curves for the nonfern 
magnetic transition’ metals b 
studying their paramagnetism. E 
concluded that the correspond™ 
J„ curve is nearly zero at the nca 
est-neighbor distance if the meta 
are strongly paramagnetic and 
the paramagnetism increases wit 
decreasing temperature. On tl 
other hand, the crossing point 
far away if the paramagnetism 
weak or temperature-independen 
It is possible, in the second ca» 
that J e (r) is negative every wher 
Using considerations of this typ' 
he arrived at the other curves < 
Fig. 16. It may be seen that in tl: 
cases of palladium and platinum 1: 
has concluded that the exchang 
integral is positive at the actui 
interatomic distances although th 
magnitude is small relative to tin 
for the truly ferromagnetic metali 

Among the properties of ferre 
magnetic metals that aro nicel 
explained in a qualitative way b 
Dehlinger’s picture is the fact tha 
their expansion coefficients chang 
near the Curie point. Consider th 


, ... , case of iron, for example. It follow 

, -I fa ? S*** th ® observed interatomic distance is on the lefl 
aS™ ? • + ! P - ea ? ° f the curves in this case that th 

moten^ + nUC 0106 arisin S from exchange when the magneti 
. . T" f 16 pa f a ^ kstead of antiparallel tends to pus! 

is amarimLlh 6 n OTCe f ° r the entire solid ^sing from this sourc 
tion h T aU SpmS are paraJleI and decreases as the magnetiza 

tmn decreases, such as when the substance is heated, for then an fncreas 
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ing number of atoms have opposite spin. Since the maximum change 
in magnetization occurs in the neighborhood of the Curie point, it may be 
expected that the greatest decrease in the interatomic repulsive force 
arising from ferromagnetism occurs in this region of temperature. This 
decrease, however, should compensate for at least a part of the interna 
pressure that causes the solid to expand when heated. Hence, it may be 
expected that the expansion coefficient would decrease near the Curie 
point. In some cases, such as in invar steel, which is an lron-mckel- 
carbon alloy, the two effects almost compensate for a range of tempera- 
ture, and the expansion coefficient is nearly zero. 

Shockley 1 2 has pointed out that the expansion coefficient of nickel 
increases near its Curie point, showing that in this case the actual inter- 
atomic spacing is to the right of the peak of the J.(r) curve, and is not as 
is shown in Fig. 16 d. A similar conclusion has been drawn by Bozorth 
from the fact that the Curie point of the iron-nickel system passes through 
a maximum as nickel is added to iron. It presumably is safe to conclude 
that the atomic spacing in cobalt, which lies between iron and nickel, 
corresponds to a point near the peak of the J e (r) curve. 


Table LXXXII — The Signs of the Exchange Integrals for Nearest Neigh- 
Boim Atoms and for Farther Neighbors in Close-packed Phases of a 
Number oi* Binary Alloys 



Pt 

Pd 

Ni 

Co 

Fe 

Mn 
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W 
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W 
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i ++ 
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+ + 
+ + 
- + 
- + 

-+ 

-+ 

-+ 

-+ 

— 

— 



Dehlinger extended this type of semiempirical work to substitutional 
alloys and predicted the rudimentary properties of th e J.(r) curves for a 

number of unlike atoms. The results of t ^ is ; nve ® t |^° n> ^e first 
discussed in more detail below, are listed in Table LXXXII. The first 
of the two signs in a given square represents the sign of J e ( ) 
neighbors in the binary alloy formed of the atoms associated with the row 
and column in which the square is situated. The othersignisthe srgn o 
J e (r) for all farther neighbors. Thus, according to this diagram, J* is 


1 W. Shockley, Tech. Pub. Bell Tel. System, 18, 645 (1939). 

2 E. M. Bozorth, Tech. Pub. Bell Tel. System, 19, 1 (1940). 
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positive for iron and nickel atoms that are separated by the nearest- 
neighbor distances of the iron-nickel alloys and is also positive for all 
larger distances. Similarly, J e is negative for first neighbors in nickel 
and chromium atoms and is positive for others in the nickel-chromium 
alloy system. The data in the squares lying in the principal diagonal 
a Pply to the interaction of pairs of atoms of the same kind and express 
nothing that is not contained in the curves of Fig. 16. If the conclusions 
contained in this table are correct, we should expect an alloy to be ferro- 
magnetic only if it contains platinum, palladium, nickel, cobalt, iron* 
manganese, or chromium. 

The method of deriving this information may be demonstrated by 
giving several examples. It is found that the saturation moment of 
nickel is raised when nickel atoms are replaced by iron. Thus, it may 
be concluded that the exchange integral is positive, for otherwise tin* 
magnetic moment of iron would set itself antiparallel to that of the nicked 
atoms and the magnetization would decrease. By assumption, the J c (*') 
curve has the form of Fig. 12; hence, J e (r) must be positive for larger 
distances. If small amounts of tungsten or chromium are added tu 
nickel, the saturation moment is decreased, a fact indicating that J e (r) 
is negative at least for the nearest neighboring nickel-tungsten and nickel- 
chromium atoms in the corresponding alloys. These two cases differ, 
however, inasmuch as the Curie temperature increases rapidly with 
increasing tungsten content in the nickel-tungsten system and remain?" 
practically constant in the nickel-chromium system. The reason tin 
Curie temperature does not fall is not difficult to understand. In bot h 
these cases, the nickel atoms immediately surrounding tungsten ot 
chromium atoms have parallel moments at absolute zero of temperature. 
In order to reverse its moment, one of these nickel atoms must do enough 
work to overcome not only the nickel-nickel exchange interaction but als< ■ 
the nickel-tungsten or nickel-chromium interaction. Hence, if the 
interaction for antiparallel moments is more than the nickel-nickel inter 
action for parallel moments, the Curie temperature should rise when 
tungsten is added, as is observed. It may be concluded from the behavior 
of the Curie temperature that the nickel-chromium exchange energy Is 
less negative than the nickel-tungsten energy. Dehlinger also concludes 
from the differences of the two cases that the nickel-tungsten exchange 
energy is negative for both nearest and more distant neighbors, whereisu’ 
the. chromium-nickel interaction is negative for first neighbors and 
positive for others. 

Dehlinger has used the results of this scheme to correlate a number of 
interesting and important properties of ternary ferromagnetic alloys such 
as the Heusler alloys. 
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146. Ferromagnetic Anisotropy. — A semiquantitative theory of the 
magnetic anisotropy of cubic ferromagnetic substances has been devel- 
oped by Van Vleck using an atomic model. 1 This anisotropy, which is 
made evident by the fact that there are easy and hard directions of mag- 
netization in cubic metals (see Sec. 2), cannot be explained on the basis of 
exchange coupling between the spins of electrons on different atoms it 
there is one or less than one magnetic electron per atom, as in the case ot 
nickel, for it may be shown 2 that this type of interaction always leads to 
isotropic expressions for the energy as a function of magnetization direc- 
tion. Van Vleck suggested that the anisotropy is due to a coupling 
between spin and orbital angular momentum not unlike that which gives 
rise to the inner multiplet splitting in Russell-Saunders coupling. _ this 
coupling would not lead to anisotropy if the electronic distribution in the 
d shells were isotropic, as in an S state of a perfectly free ion ; however, the 
d-shell wave functions are appreciably distorted because of crystalline 
binding, as we have seen in Sec. 99, which means that the d-shell distri- 
bution is anisotropic. Since this anisotropy is fixed relative to the 
crystal axes, the electronic spin becomes conscious of. its orientation 
relative to the crystal through the coupling with the orbital motion. 

Van Vleck assumed that the Hamiltonian for a ferromagnetic solid 
contains magnetic terms of the type 


-%JiA • d,- + • <*; + ' ri,) ’ 


( 1 ) 


in which d< and rm are the spin and orbital angular momentum operators 
of the electrons on the *th atom, r« is the radius vector connecting the 
ith and jth atoms, Ja is the exchange integral for the two atoms, A is 
the spin-orbit coupling constant, /„ is a polynomial expression in the 
arguments indicated, and the sums extend over all atoms. The first 
term evidently is the Heisenberg exchange term, which is responsible for 
ferromagnetism. The second term describes the coupling between spin 
and orbital motion, whereas the third term leads to an anisotropic 
electronic distribution. Van Vleck showed that the observed magnitude 
for nickel of the constant K, in Eq. (2), Sec. 2, may be exp aoned by 
use of the energy terms (1) with theoretically reasonable values of A 

The saturation magnetic moment in iron and cobalt is larger than 
one Bohr magneton per atom, and in these cases, it is possible to explain 
the magnetic anisotropy by using only the first term of ( ) , owe , 


1 J. H. Van Vleck, Phys. Rev., 62, 1178 (1937). 

»R. Becker, Z. Physik, 62, 253 (1930); see also ibxd. 


reference 36. 
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is likely that the higher terms also are important in determining the 
details of the anisotropy in these cases as well. 

Brooks 1 has recently shown that this topic may also be approached 
on the basis of the band approximation. 

The problem of magnetostriction is closely connected with the problem 
of anisotropy; however, we shall not discuss it here . 2 

1 H. Brooks, Phys. Rev., 57, 570 (1940). 

2 See J. H. Van Vleck, Phys . Rev., 52, 1178 (1937). 



CHAPTER XVII 

THE OPTICAL PROPERTIES OF SOLIDS 

146 Introduction.— The classical theory of the optical properties of 
solids is based upon Maxwell’s equations for an uncharged polarizable 
medium, namely, 

div (E + 4*rP) = o, div (H + 4rrM) = 0, 

j a it \ 

curl H 


1 d(H + 4ttM) 
curl E. = — - 


dt 


,i* a) 

C dt C dt c 


& 


( 2 ) 


where P and M are the electric and magnetic polarization intensities and 
J is the current per unit area. We shall be interested only in the case m 
which M is small enough to be dropped. In practically all applications 
of these equations, it is found possible to assume that P and J are related 
to E by the equations 

P = a • E, 

J = 3 • E, 

where a and a are the polarizability and conductivity tensors of the 
system. Maxwell’s theory does not give an explanation of the depend- 
ence of a and a upon frequency; the derivation of these relationships is 

the purpose of the atomic theory of solids. 

Maxwell’s theory of radiation is subject to direct experimental test 
whenever a and a may be measured without performing an optical 
experiment. Unfortunately, this includes only the long wave-length 
region of the spectrum that is employed in radio work For shorter 
waves (X « 1 cm), the results of Maxwell’s theory must be employed to 
determine the constants, in lieu of values determined by use of atomic 
theory. Although this may seem to be only an experimental difficulty, 
it should be realized that the size of the electrical circuit which can 
resonate to radiation having frequency 10“ cycles _ per second is of the 
order of atomic dimensions. For this reason, it is necessary to have 
intimate knowledge of the theory of atomic systems before the results 
of optical experiments can be interpreted in a way that throws hght 

upon the behavior of the charges in solids. T + „i 

The classical theory of a and 3 was developed farthest by Lorentz 
although important contributions have been made by other workers. 

>?; ZENER, Nature, 132, 968 (1933); R. ** L. Kronxo, 

Nature, 133, 211 (1934). 
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This wort * s still very useful since some of its most significant results 
have not been modified. The quantum treatment of the optical proper- 
ties is m principle just one of the fields of application of the theory ol 
radiation developed in Chap. V. From a purely formal standpoint, il 
should only be necessary to apply Dirac's theory in order to determine 
the optical behavior of any solid. This formal procedure actually 
has not been followed very closely, however, and the subject has devel- 
ope . uneven y. ndividual contributions have been made in order tc 
obtain reasonably correct equations in a simple way rather than tc 
obtain a self-consistent description of all properties. The reason foi 
this procedure is,, of course, that the rigorous theory is difficult to apply 
147. Classical Theory.— We shall discuss the solutions of Maxwell’s 
equa ions (1) for an isotropic or cubic medium in which the electrica 
polarizability and the conductivity are constants instead of tensors 
lne equations then are 


where 


diy E = 
curl E = 


0, 

_i aH 

c dt ’ 


div H = 0, 

curl H =-— + 

c dt T c 


d: 


e — 1 + 4ira 




is the dielectric constant. There is one important point that should be 
kept m mind for future reference. The quantity 


3E 

"IT 


(3) 


winch appears in the fourth of Eqs. (1) when . is replaced by use of (2), 
t , , t ^ aatUre 0 a cur jent— the polarization current. Maxwell believed 
Iw , be dlStmguished from the current J by the fact 

ifdtf er r SeS r^ 6 m0ti0n of ° bvious char S®. such as that in 
conductors, whereas the former arises from hidden charge. In adopting 

rrrr T T n0 l0nger abIe t0 ^S^h between the 
two types unambiguously; hence, we must be careful not to include the 
same current twice. 

Since we are interested in periodic solutions of Eqs. (1), we «h«.ll 
employ complex values of E and H of the form 


E.{x,y,z,t) = E' (x,y,z)e M ’* } 
H (x,y,z,t) = H'(x,y,z)e^. 


inteL&a- Tb l T f unctlons wlU be regarded as physically 

current^E/? *5 T I t trUe Current J and the Polarization 
current udE /dt evidently differ by 90 deg when « and <r are real. For 
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this reason, we may, if we choose, eliminate the term in J in the fourth 
of Maxwell’s equations by replacing a with the complex polarizability 

a c, 


a ‘ = “ + %dv 


(4) 


or we may eliminate the term adE/dt by replacing <r by the complex 
conductivity 

a- c = a 4- 2iriva. (®) 

The current defined by the equation 

J = <rE 

where a is real is always in phase with the electrostatic field; hence, it 
constantly takes energy from the field. The mean power per unit 
volume that is lost in this way is 

P = JT£ = o-P (6) 

where the line indicates the average value. This relation may be used 
to show that the absorption is proportional to <r. Now the absorption 
coefficient v is defined by the equation 

dW 


dx 


= - V W 


where W is the mean energy density and dW/dx is the decrease due to 
absorption alone. Since 


and 



(7) 


for a unidirectional wave, it follows that 

4irff 

v = ~r" 


The polarization current, on the other hand, is 90 deg out of phase with 

E and does not remove energy from the field. , 

The plane-wave solutions of Eqs. (1) m which we are interested may 
be taken in the form 

E = EoeK'-M 


H = H 0 e' 




( 8 ) 



632 


THE MODERN THEORY OF SOLIDS [Chap. XVI 

where Eo and Ho are constant vectors, no is a unit vector in the directio 
of propagation of the wave, and N is the complex index of refractior 
which may be written 


N -n — ik, (c 

in which n is the ordinary index of refraction and k is the extinctio 
coefficient. 

The imaginary part of N evidently measures the damping of th 
wave. The equations connecting the quantities in (8), which may b 
derived by substituting for E and H in (1), are 

no • Eo = 0,. no • Ho = 0, 

Nn 0 X Eo = Ho, IVno X H 0 = -^<= + i^E 0 . 

These relations show that E 0 and H 0 are orthogonal to n 0 and to on 
another. For simplicity, we shall take n 0) E 0 , and H 0 to he in the \ 
and z directions, respectively. The last two equations then become 


Hence, 


or 



(11 

(15 



(IS 


The phase angle between E and H is arctan k/n, which maybe expresse 
m terms of e and <r by solving (13). 

If 0 - is zero and e is positive, it follows that 


k ' — 0, n = \^e. 

Under these conditions, the wave is undamped, and E and H are in phase 
This case evidently corresponds to the propagation of light through 

6C ? y ?T P . arent medium havin g Mex of refraction n. On th 
other hand, if e is negative, 


n = 0, 


“if Wave ls damped in the direction of propagation. This dampinj 
not accompanied by absorption, however, for P in Eq. (7) vanishes i 
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a is zero. These conditions evidently can be satisfied only if the medium 
is totally reflecting, which is shown explicitly by the extension of the 
theory of light that takes into account the behavior of a plane wave that 
is incident upon a plane surface of a medium. 1 According to this work, 
the reflection coefficient for normal incidence is 


(14) 


(13a) 


(n - l ) 2 + W 

K ~ (n"+T ) 2 + * 2 

which is unity when n is zero. 

If a- is not zero, the solutions of Eqs. (13) are 

€ + \/e 2 + 4(<r/v) 2 1 

n 2 2 ’ 

-e ± V« 2 + 4(<r/r) 2 
fc i 2 . 

Thus, the medium is neither perfectly transparent nor perfectly reflecting. 
We shall discuss two cases of this type that are of particular interest. 

a. Lorentz Treatment of Absorption and Disperszon zn Insulators.— As 
early as 1880, Lorentz 2 showed that it is possible by use of a simple atomic 
model to account for the dispersive behavior of insulators near an absorp- 
tion line. He postulated that insulating materials contain electrons 
that are bound to equilibrium positions by Hooke’s law forces. We shall 
assume that these forces are isotropic and that the electrons aie subje 
to a damping force proportional to the velocity. The equations 
motion of an electron that is subject to a periodic electrostatic field 
directed along the y axis then is 


m g + + k V = 


-eEoe 2 ” pt 


(15) 


where y is the displacement of the electron along the y axis 2*m T * the 
damping constant, k is Hooke’s constant, and E 0 is the amplitude of the 
electrostatic field. The solution of this equation is 

eEoC 2 ”’' 4 


y = 


’4ir 2 wi[(vjj — v 2 ) + iy v l 
e Eoe 2 " 1 ^-^ 

“I SV(TW+^ 


(16) 


where 


Vo = 


\4ir 2 m 


1 See, for example, P. Drude, The Theory of Optics (Longmans, Green & Company, 

New York, 1902). 

2 Lorentz, op. dt. 
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is the natural frequency of the oscillator and 

<P — arctan ’ YV 




„ 2 ) 
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(17) 


is the phase angle between the electronic motion and the field intensity, 
lhe current per unit area associated with this motion is 

I . floe 2 2irve‘( ’'"*"2) 

_ ^ 2m v( v 2 0 - WT y v EoeW< * 18 ' 

where no is the number of oscillators per unit volume. Since the comples 
conductivity a, is the coefficient of E 0 e^‘ in this equation, we have 

<r = • _ n 0 e 2 2 iryv 2 , , 

4flr2m V(ro ~ J' 2 ) 2 + rV 9 4 ar 2 m (?g — p 2)2 -f. y 2 v »’ ( 19 ' 


CL = 




_ floe 2 (yg - „2) 


■ _ _ . fyyv 1 y** if l 

V(yg - V 2 ; 2 + T V 9 ~ 4ar*m (vg — v 2 ) 2 + T V‘ 


(20) 


It may be seen from Eq. (17) that v is ir or zero, depending upon the 
sign of v — v 0 , whenever 

I" - »o| >> y. 

The phase angle varies between these limits in the manner shown in Fig. 1 
as r passes through the value v 0 , the width of the transition region being 

of the order of magnitude y. Since a 

I — j 8 a PP re ciably different from zero only 

f J i / in ttl i s transition region, this is the 

only region in which light may be 
absorbed. The absorption coefficient 
4 tto-/c is plotted in Fig. 1 and has 

1 1 ft t 




wy* 
i ' 

X 

r 

4 

h 

V-+ 

Vo 




— — — v 

system of oscillators. 


Fig. 1. — The phase angle tp and 
the absorption coefficient 77 of the 
assembly of oscillators as functions 
of frequency. 

a peak of half width y , centered about y 0 . 

* JS? P° lari f biK y «> given by Eq. (20), changes sign as we pass 
through file absorption maximum because cos <p changes from positive 
to negative values. Its absolute value increases as 1/|„ 0 - „|, as v 
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approaches the absorption region, but does not go to infinity because 
of the term in 7 in the denominator of (20). The characteristic behavior 
of a is shown in Fig. 2. The dielectric constant e, which is of immediate 
interest for investigating the optical properties, is 


= 1 + 47 ra = 1 + 


n 0 e £ 


W - * 2 ) 


rmr (vl — v 2 ) 2 + 7 2 ^ 2 


( 21 ) 


Using these results and Eqs. (13), we may discuss the optical proper- 
ties of the system of oscillators. In the region on the long wave-length 
side of j-o where n ~ v is much greater than 7 , « is positive and greater 
than unity, and <r is negligible. Hence, nk is zero, and n 2 - k 2 is positive. 
We may conclude that 

( 22 ) 


k = 0, 


n 2 = e. 


Thus, the system is transparent and has a refractive index greater than 
unity This behavior is characteristic of most ionic and molecular 
crystals in the visible region of the spectrum. If we assume that no is 
of the order of 10 22 cm' 3 , which is a normal atomic density, and that 
vl - v 2 is of the order of 10“ sec' 2 , we find a - 1.7, or n ~ 1.3, which 
shows that this oscillator model can yield the correct magnitude for the 

opticai quantities^ abgorption regioil) n0 longer is zer0 . a is initially 
positive and passes through a maximum at 


It is readily found that 


" = " 2 


1 2 tv a 


in the region of this maximum. Equations (13) then become 

= 1 + 4xa, nk = 2vol. (23) 

The solutions of (23) show that n is larger than in this part of the 

absorption region and that k is of the order of magnitude V« for ar ge 
values of « and of the order of magnitude « for small values. It follows 
from Eq. (14) that the reflection coefficient approaches unity when a 

bCC AUhSnter of the absorption line, a is zero, whereas a has the maxi- 
mum value 


<Trn "" 


n 0 e 2 

2vmy 
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The values of n and k at this frequency are determined by the equations 

n* = L+ V1+ fc2 ^ -l + VI + ivi/vi 

As we pass to the other side of the absorption line, e decreases and 
reaches a minimum value at 


Both n and k decrease as this occurs. If a reaches the value — 1/47 t, sc 
that e is zero, n and k are equal to 


7i is less than k in the region where e is negative. 

When v — vo is much greater than y, a is again zero and the mediuir 

no longer is absorbing. Whethe) 
it is perfectly reflecting or trans 
parent here depends upon the sigi 
of e. Since a approaches zero a* 
— 1/0 — po), e is certainly positive 
for sufficiently high frequencies 
The medium is transparent in thii 
region although it is optically lesi 
dense than a vacuum, e may fo( 
negative, however, in the non- 
absorbing region near the absorp- 
tion line. When this happens, ? 
is zero, k is finite, and the mediurr 
is totally reflecting ( cf . Fig. 3). Wc 
shall see later that the optical properties of an ideal metal are similar t( 
those of the system of oscillators on the high-frequency side of the cento 
of the absorption line. 

According to Eq. (19), the shape of an absorption line is determinec 
by the function 



Fig. 3. — The polarizability and the four 
optical regions associated with an absorp- 
tion line. 


v 2 

(rg — y 2 ) a + v 2 y 2 ‘ 

Since this is appreciable only in the region where vo and v are nearly 
equal, we may write 

( v o ~ »' 2 ) 2 = Oo - v) 2 0o + vY = 4v 2 ( Vo - v)\ 
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We then obtain the relation 


V * ^ 1 1 _ 

- v 2 ) 2 + x'V — i (*o ~ v) 2 + (t/2) 2 ’ 


( 24 ) 


which is the same as the form (7) of Sec. 45 determined by quantum 

theory. . . 

It is not possible to make more than an order-of-magmtude estimate 

of the breadth y of the absorption line by means of classical theory. . A 
lower limit is determined by radiation damping. According to classical 
theory, 1 an oscillating charge radiates energy at the rate 



where p is the dipole moment, which is ey in the present case. F or strictly 
periodic motion, this may be replaced by 


which is equivalent to assuming a damping force 


2e\ 

3 c 3 


•3 /.3 y 3 


8irV e 2 . 


3 * 


Thus, the damping frequency is 

_ 4irr 2 e 2 

7 ~ 3 m3" 

As we remarked in Sec. 45, this is of the order of magnitude 10 s sec" 1 
for optical frequencies and is usually masked by the damping due to other 

sources, such as collisions. _ 

Before leav in g this topic, we should mention that the local held 
correction has been neglected in deriving the equations for the optical 
properties of the assembly of oscillators. This correction may be included 
by use of Lorentz’s theory when a is not too large. The macroscopic 
polarizability is related to the polarizability a a of a single oscillator by 
the equation 

„ = (25) 

a 4r 

1 OLa 

1 See, for example, M. Abraham and R. Becker, The Classical Theory of Electricity 
and Magnetism (Blackie <fc Son, Ltd., London, 1932). 

2 See Sec. 142. 
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When the medium does not absorb, 


[Chain XVI] 


or 


n 2 = « = 1 + 4jrct, 

n 2 - 1 
a = ~£r 


Thus, Eq. (25) may be transformed to 


ra 2 — 1 4nr 
»* + 2 ” ~3 no0ta ‘ 


(26 


In the absorbing case, we may write Eq. (12) in the form 

N 2 — 1 = 4fira c 

where a c is the complex polarizability. Equation (25) is then generalize* 
to 


a c 


7loOta,c 


1 4 7T 

1 "g’^0 Ota, a 


(27 


where %, e is the complex polarizability of an oscillator. When these tw 
equations are combined, the relation replacing (26) is 

N* - i _ 4r 

jyg I 2 3 M'OOla.c- (28 

We shall discuss the application of these equations to particular case 
below. 

6. The Drude-Zener Treatment of Perfectly Free Electrons— Th 
classical treatment of the optical properties of metals that is based 0 ] 
the assumption of perfectly free electrons was developed by Drude, 
Zener, 2 and Kronig. 8 The equation of motion for a free electron is 

+ 2 rrm 7 ^| = -eE 0 e 2ri '‘, (29 

which is identical with (15) except for the fact that k is zero. Thus, w> 
may anticipate that a system of free electrons behaves like a system o 
oscillators of frequency zero. In the present case, the damping tern 
arises from the resistance of the metal, as we shall see more definitely 
below. The stationary solutions of Eq. (29) are 

- _ e E 0 e 2rivt 
farhn — v 2 -f* iyp 

1 P. Dr-toe, op. dt. 

8 C. Zener, op. cU. 
z R. db L. Kronig, op. cti. 
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Sec. 147] 
from which we obtain 

_ e 2 2tt7 
a n °Ai r 2 m v 2 + 7 2 * 

<? 2 1 

a U °Ai r 2 m z> 2 + 7 2 

When v is zero, the first of these equations is 

— ■ <Cr 

Comparing this with Eq. (6), Sec. 126, we see that 



(30) 

(31) 


(32) 


where r is the mean time between collisions, which is of the order of 
magni tude 10 -1 ® sec at room temperature. 



I'm, 4 —The quantities n and fc as functions of frequency for a system of free electrons. 

Since Eqs. (30) and (31) are identical with Eqs. (19) and (20) when 
vo is zero, it follows that the optical properties of a system of free electrons 
should correspond closely to those of an insulator on the short wave- 
length side of the center of an absorption band. Thus, there should be 
an absorption region extending from zero frequency to v ~ y, which in 
case no is large enough should be followed by a nonabsorbing regionjn 
which e is negative ( cf . Fig. 4). Here, n is zero, and k is equal to v . *• 
Eventually, e should become positive, since |a| decreases as 1/V with 
increasing frequency, and the system should become transparent. 
Hence, the system should be highly reflecting until a is - 1/4 jt and should 
then behave like an ordinary transparent insulator. The frequency v 
at which this transition occurs is so much larger than y for ordinary 
densities of electrons that we may obtain it from Eq. (31) by setting y 
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equal to zero. Thus, 


[Chai. XVII 



(33) 


We shall now discuss the three optical regions. 

v ^ T- The optical relations corresponding to the absorbing 
region in which v is much smaller than y are 


.•^^-1 + vT + Wl ^,, 


‘ 2 Tin 7 2 


= fJl + VI + {y/vY] S , noeZ 


(34) 


2wmyv 

These may be simplified by use of Eq. (32), for they then reduce to 

a 


n = k = 

v 


(35; 


If these values are substituted in Eq. (14) for R , we find 


R = 1 - 2@*. (36; 

This relation has been tested experimentally in the far infrared region b 3 
Hagen and Rubens. 1 According to (36), the value of (1 - R)\/~c 
should be equal to 36.5/ Vx if X is measured in microns. Table LXXXII: 
shows the agreement between the observed and calculated values of this 
quantity for constantan. 


Table LXXXEII. — Values tor Constantan of (1 — R)y/ar 


X, microns 

Observed 

i 

Calculated 

4 

19.4 

18.25 

8 

13.0 

12.90 

12 

11.0 

10.54 

25.5 

7.36 

7.23 


v ™ v\ In the region near at which 4nra becomes unity, v is 
about one hundred tunes larger than y so that a / v in Eqs. (13) is negli- 
gible in first approximation. These equations then are 


n* - fe2 = i _ 
nk — 0 . 



1 E. Hagen and H. Rubens, Ann. Physik, 14, 936 (1904). 


(37: 
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As we mentioned previously, n is zero and k is V 3 * when ^ is less than 
v' and k is zero and n is V« when v is greater than v . Wood has found 
that the alkali metals, in which the valence electrons are nearly free, 
satisfy these relations closely. Table LXXXIV contams the observed 
wave lengths at which the transition from the reflecting to the trans- 
mitting state occurs. These were determined by observations on thm 
films of the metals. The values calculated from Eq. (33) by the use 
of the true electronic mass and electron density are tabulated for com- 
parison. In the cases of lithium and sodium, the values for the theoreti- 
cal effective masses are also given. 

Table LXXXIV 


Li 

Na 

K 

Rb 

Cs 


Observed, A 


1550 

2100 

3150 

3400 

3800 


Calculated, A 


1500 

2090 

2920 

3220 

3630 


1830 

2020 


3 / >> v >> T — The theoretical and experimental results do 
not seem to agree very closely in the visible and near ultraviolet region 

where 

v' > > v > > 7- + 

The values of <r and e, given by Eqs. (30) and (31), in this region are 

lo—V 1 ' (38) 

\27T mvj <T 0 


— n ° e2fy — ( noe2 
c ~~ 2'jrniv 2 


= 1 - 


ripe 2 

irmv 2 


(39) 


Forsterling and Freedericksz 2 obtained measurements of n and k for a 
number of metals, in the region from 1m to 15m, from which values of <r 
and e may be determined by means of Eqs. (13). The observed vaues 
of e usually agree with the theoretical ones determined from (39) 
within about 10 per cent whereas the values of <r disagree by a compara- 
tively large factor. It is found that the frequency dependence of the 
observed values is the same as that predicted by Eq. (38) , however, 
i R. W. Wood, Phys. Rev., 44, 353 (1933). See also R. W. Wood and C. Lmcrars, 

Phys. Rev.f 54, 332 (1938). 9 ™ /’ 1 Q 13 ') 

*K. Forsterling and V. Freedericksz, Ann. Physik, 40, 201 (1913). 
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value of co that is required to give the proper magnitude is much smallc 
than the actual static conductivity. The two values of <ro are listed i 
Table LXXXV. In addition, the value of the effective electron maf 
that gives the best fit between the observed and computed e curves 
given in the cases of copper, silver, and gold. 


Table LXXXV 



Ag 

Au 

Cu 

Pt 

Ir 

Value of (To for best fit 

1.4 

5.7 

1.07 

2.5 

4.2 

1.13 

1.0 

5.3 

2.56 

0.12 

0.85 

0.13 

1.7 

Actual value 

m*/m 



It should be pointed out 1 that the optical properties in this spectr 
region are determined by a thin surface layer of the metal The pen 
tration distance S, in which the light intensity drops to 1/eth of its initi 
value, is 



where X is the wave length. This is about 200l at 1m for silver, sin. 
k is 5.62. It is possible that the conductivity c 0 of a sheath of th 
thickness is considerably lower than that of the bulk material because 
surface contaminations. 

148. Quantum Formulation of the Optical Properties*.— We aWT no 
develop the equations for the optical properties of solids in three idealize 
cases, namely : (a) the case of a system of isolated atoms, (b) a case : 
which the excited state of the system may be described by exciton wave 
and (c) a system in which the electronic wave functions are determinan 
of Bloch one-electron functions. The results for the first two cas 
evidently may be applied to insulators such as molecular and ion 
crystals, whereas the results for the third should apply to metals. T1 
effect of nuclear motion will be neglected for the present. 

o. A System of Isolated Atoms . — When the atoms or molecules in 
solid are very loosely bound, its optical properties may be obtained fro: 
the equations that were derived for free atoms in Sec. 43. We saw the: 
that the effective atomic polarizability for dispersive scattering of quanl 
of frequency v is the tensor 


«o 



' MwMfto 2vk 0 
h vj 0 — v * 


0 


/rt 1 suggestion apparently was made first by A. H. Wilson, The Theory of Meta 
(Cambridge University Press, 1936). 






Sec. 148] THE OPTICAL PROPERTIES OF SOLIDS 643 

[cf. Eq. (33), Sec. 43]. Here, k is summed over all excited states, 

Mok = -J>o*(2eri)'Mr (2) 

is the matrix component of the atomic dipole moment, and 

Ek — Eo CfO 

no i w 

Similarly, the probability P,(0 that an atom jumps from a state * 0 to a 
state 'hj, if the energy density as a function of frequency is />„, is 


AM = 


n| 2 p^5l 


(M 5 - •) 


(4) 


in the 5-function approximation of Sec. 43, where n is the direction of 
polarization of the radiation. It should be possible to derive * and from 

Eqs. (1) and (4). , , , 

Since it is convenient to treat cases in which e and a are constants 

instead of tensors, we shall usually consider examples in which (1) and (4) 
are independent of the direction. In the present case, this is true if the 

atoms are in S states (c/. Sec. 43). , . , 

The individual terms of Eq. (1) are very similar to those derived 
in the last section for the polarizability of an oscillator in a nonabsorbing 
region, namely, 

e 2 1 

OikO ~ 


4ir 2 m viz — v * 

[cf. Eq. (20) in the case in which y is negligible], 
written as 


(5) 


In fact, Eq. (1) may be 


where 


ffeo = 


, = ^fkOOLkO 

(6) 

k 


^-^jVcoMofcMfco 
he 2 

(7) 


is the oscillator strength of the transition from to which evidently 
is a tensor quantity. A theorem of the theory of atonuc spectra states 
that for free atoms the sum of all the f M connecting two levels is a multiple 
of the unit tensor. For example, in the case in which the ground sta e 
is a % state, f M is nonvanishing only for a 'A state when the Russell- 
Saunders coupling scheme is valid. If the three degenerate substates 

i See for exam ple, E. U. ‘Condon and G. H. Shortley, The Theory of Atomic Spectra 
oee, ior example, 1Q oev q a TCnrff and G Breit, Rev , Modern Phys. } 

(University Press, Cambridge, 1935); S. A. Kortt ana v*. 

4, 471 (1932); G, Breit, Rev. Modern Phys 4, 504 (1932), 
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are chosen to be eigenfunctions of the three components of orbital angulai 
momentum, the sum of f*o for the three states is 


* " 1 k = 1 i = 1 i=l i=l 


I t»' 


where I is the unit tensor. In the same case, the sum of the time derivu 
tives of (4) for the transitions from the lowest state to the three dcgenor 
ate P states is 


dPia _ eV fio 
dt mh nf^ {via 


v), 


(U 


in which r !0 is the frequency v k0 and /zo is the coefficient of I in Eq. 18) 
The scalar coefficient of I in the equation corresponding to (8) fo 
any two levels l and to is usually designated by fi m and is called the/ fat* t o 
or the line strength for the two levels. The reason for the second design:* 
tion is that f !m generally occurs in the equation analogous to (9) and (,1m 
measures the relative line intensity. It follows that the fim may 1> 
determined from absorption and emission measurements. 

Another theorem of quantum mechanics 1 states that 


1 — 


(10 


in which l is summed over all levels and n is the total number of electron 
in the atom. . Since the v k o in Eq. (7) are positive for the lowest stub 
m the atom, it follows that the / factors for this level arc all positive 
Hence, in this case, (10) states that the sum of the /factors for absorptim 
from the lowest state is equal to n. The same conclusion cannot 1>< 
drawn for the absorption / factors of an excited atom, for there may In 
additional factors connecting this and lower levels. Since the cm is 
sion factors are negative, it follows that the sum of the absorption lim 
strengths of an excited atom usually is greater than n. This fact, is o 
importance in discussing the absorption / factors in the cases of mono 
valent atoms, such as the lighter alkali metals, in which the valence 
electron wave functions can be derived from an effective ion-core field 

tn dn’i , ave seen m Sec. 78. In this case, there is a theorem analogoui 
to (10) for the valence electron, namely, 


l^/zm — 1, 


(11 


KoorwT XXk Z mlS2)} m2); H ' A ’ KRAMERSj Jo1 ™' and T 
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where JL refers to the levels of the ion-core field. In lithium, the lowest 
state is a 2s function, and there are no lower p functions; hence, the fa 
for the 2s state are all positive, and the sum of the absorption strengths 
of the valence electron should be unity. In sodium, on the other hand, 
the lowest state is 3s. Thus, in this case there is a fictitious 2p state 
lying below the 3s for which there is a negative / factor. Hence, the 
sum of the absorption line strengths should be larger than unity. The 
same is true in any of the heavier alkali metal atoms whose levels may be 

obtained from an effective ion-core field. 

In atomic lithium, 1 the strengths for the valence-electron transitions 

have the values given in lable LXXXVI. 

Table LXXXVI 

Transition from 2s to q 7500 

' ’ 0.0055 

0.0047 

0.0025 

0.24 

Continuum — 

Sum 

Thus, 75 per cent of the oscillator strength is associated with the first 

excited level, and the sum of the /is close to unity. 

According to Eq. (26) of the preceding section, the index of refraction 
in a nonabsorbing region should be related to the atomic susceptibility ( ) 
by the equation 

n 2 — 1 _ no'SJi ft ° (12) 

n 2 + 2 " 3 Junm v 2 l0 - v 2 

i 

where l is summed over all excited levels. The / values of the rare gas 
atoms have been determined by expressing the observed index of refrac- 
tion of the gas in a series of the type (12). It is found 2 m this way that 
the total / value associated with the transition from the lowest level to 
the levels of the ls2p configuration is 1.12 for helium, which has two 
electrons. In the other rare gases, which have six p electrons m the 
outer shell, the corresponding numbers are as follows 

Ne 2.37 

Ar 4.58 

Kr 4.90 

Xe 5.61. 

F. K. H»™, *•"*«* 

Vol. XX. 
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The absorption coefficient in the absorbing region may be determined 
from Eq. (9). According to this, the energy loss per unit volume at a 
point where the energy density is is 1 

dW dP t ttoeV "sn../ v 

~w ~ 2^ n(hvi itt = — pr 2i^ vi ~ *> 

i i 

where n 0 is the number of atoms per unit volume. Comparing this witl 
Eq. (6) of the preceding section, we find 


' - S-2**- - * 


(i3: 


Hence, the absorption coefficient in this delta-function approximation h 


v{v) = i?2 /z5(i/z ~ v) (14: 

i 

according to which the absorption peaks should be infinitely narrow. 

Combining Eqs. (6) and (13), we obtain for the complex atomii 
polarizability 


= eta + 


- _* 2 ft 


, iirji8(v — Vi) 

2 rvi 47r 2 m-^j|_i^ — r 2 2v 


(15] 


It was found in Sec. 45 that the shape of an absorption line is giver 
by the function 


(vi - v y + r 2 0®- 

instead of by a delta function. Hence, we should replace the delta 
function in Eqs. (13) and (15). by the function (16) multiplied by ar 
appropriate normalization constant. Since the integral of (16) over al 
requencies is ir/T if n is greater than T, the delta function should be 


T/r 

(v, - v y + r 2 

or, if we use the approximation of Eq. (24) of the preceding section, hy 

2'Yv 2 /ir 

(^o ~ i' 2 ) 2 + ^ 2 7 2 (17) 

f, P aad a ^ 0inS aTe in tbeir lowest state, we may drop the subscript zero in 
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where y = 2T. At the same time, the coefficient I/O? - v 1 ) of the real 
part of (15) should be replaced by 

0? - *' 2 ) 


0? - v 2 ) 2 + 7*** 


(18) 


Thus, (15) becomes 


e 2 NT* . 0? - v 2 ) ~ iyv 

- v*y + -y 2 v 2 j 

7 


(19) 


e 

47r 2 m 


i2o? - v 


,2 ) + iyv 


which is analogous to the result that is obtainable from the classical 

equation (16) of the preceding section. . 

b The Case of Excitation Waves.— In treating the absorption and 
dispersion in a solid whose normal and lowest excited states are described 
by excitation waves, we must use the equations that were derived in 
Sec. 96 for extended atomic systems. We shall discuss a simple mode 
in which there is only one electron per atom. According to thediscussion 
of Sec 96, the normal-state wave function then is l/V-AH times a 
determinant of normalized one-electron functions of the atomic type 
*(r - r («)) that are centered about each of the atomic positions 

r (n) = Til'd + 'ii 2" 2 H 3 " 3 - ( 20 ) 

The normalized excited states have the form 


= 


VN* 


J g2irik*r (n)\jr 


n,£ 


( 21 ) 


where is the wave function derived from ¥ 0 by replacing * (r r(»)) 
by the excited atomic function ^<(r - r (n)) , and k ranges over e p 
of a single zone. A band of levels of energy 

E t ( k) = Ei + < 22) 

P 

is associated with each value of t where E t is the unperturbed energy of 

the state and h is an integral involving neighbonng^ed and 

normal atoms. We shall discuss a case m which the lowest atomic func 

tion is an S state. 

It was found in Sec. 96 that 

J* 0 grad V Ki dr = + S rad *‘ dT ) Sk '° 


(23) 
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where ^ is the normal atomic function and is the excited function for 
the same atom [cf. Eqs. (17) to (20), Sec. 96]. We may conclude from 
this that the only allowed transitions take place between the excitation 
bands corresponding to atomic states between which transitions arc 
allowed. The appearance of the factor S k , 0 in (23) implies that the 
excited states of the entire crystal must have the same wave number as 
the normal state in the reduced-zone sense, which is a generalization of 
the principle of conservation of momentum. 

Now, the conductivity associated with these transitions is 1 


<r(v) = 


e% 


24fir 2 vm 2 V 




'i'k.i grad 'S'dr 


S(voit,i — v). 


When the relation (23) is used, this becomes 


r(y) = 


noe^h 

24ir 2 ra 2 


2 |/ 


where 


Vi = 


'P grad \Mt 


E\ — Ed 


8(vi — v) 


(24) 


(25) 


in which E { and E 0 are, respectively, the unperturbed energies of 
and ¥ 0 . Equation (25) is identical with the expression for the conduc- 
tivity of a system possessing n a isolated atoms per uni t, volume. Thus, 
it may be transformed into Eq. (13) by use of Eq. (8) and the equation 


1 / 


^ grad Wr = 


2rmv. 


1 / 




(26) 


[cf. Eq. (24), Sec. 43]. 


■ A detailed development of Eqs. (24) and (27) is omitted for brevity. These 
equations may be derived by the use of the semiclassioal method by dividing the 
crystal into sections smaller than the wave length of light and larger than atomic; 
dimensions and treating these sections both as specimens of the bulk solid and ns 
molecular units to which the methods of Sec. 43 are applicable. Perturbed wave 

! wT may be , C01 T, ted for the case » ^ch a radiation field is present; and, from 
th^e.the power loss P due to transitions and the mean value J of the current operator 

i , , e< l" , ma ^ e . eva ua ted. The conductivity a and the polarizability a are 
related to these quantities by the equations 


P = <rE 2 and 


J - a • E. 


re S *•* Eqs - (24) and (27 > are valid only when the wave 
Sflw « long compared with atomic dimensions. The second term in Eq. 
(27) arises from the part of Eq. (8), p. 223, involving the vector potential 
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Sec. 148] * -- 

If Eq. (23) is substituted in the equation for the polarizability, 1 
namely, 

a = [ e 3 "S? V ^—i N f grad *o*Y - jJ—fio], (27) 

“ 1 24r 4 mVF^ v\,io - A J 6 / 4t r W J 

k,i 

and Eq. (26) is used to simplify the result, it is found that 

, , _ /2n 0 ^ , W _ n 0 e 2 \ 

“W - J%? - v 2 4ir 2 mj' 2 / 

i 

where 


a 

1 = 1 


(29) 


is the dipole matrix component. 

We may reduce this still further by use of the sum rule 

8ir 2 m 


2* - 2s’« - » 


for if we subtract the equation 


n^e 1 
4? r 2 mv 2 ' 




from Eq. (28), we obtain 


a 47r2 m _^j , 


4 7r 2 m _^Jj,2 _ „2 


(30) 


which is equivalent to the expression for the polarizability of a system 
of isolated atoms. 

We may conclude from the results of this part of the present section 
that the optical properties of a system that is described by means of 
excitation waves are the same as those of a system of free atoms. The 
absorption spectrum consists of discrete lines not because the energy 
levels do not form wide bands, but because the wave number of the 
exciton must be zero. 

c. The Case of Bloch Wave Functions— When the system may be 
described in the Bloch approximation, the lowest singlet wave function 
is a determinant of functions 

tot = Xk e 2rikmt , 


1 See previous footnote. 


(31) 
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in ■which each of N/2 fa of lowest energy appear once with each spin. 
The excited singlet states are determinantal functions that are derived 
from 'fo by replacing one or more of the fa by excited functions fa- 
Since the matrix components in which we are interested are integrals of a 
one-electron operator, the interesting excited states differ from SPo by one 
Bloch function. If the state derived by replacing fa^ with is desig- 
nated by '® r kk , i it follows from the discussion of Sec. 71 that 

grad! SMr = (Jxt* grad xkdr) 5^ +K . (32: 

Thus, as was pointed out in Sec. 71, the allowed optical transitions 
correspond to “vertical” jumps in the reduced-zone scheme. 

It should be noted that in the present case the electronic absorptior 
spectra of the entire solid consist of broad bands instead of discrete lines 
in contrast with the case of excitons. The reason for this is that in th< 
transition from * 0 to the excited electron and the hole it leaves 
e d move independently of one another. Thus, the only restriction oi 
electronic wave number is that the sum of the wave number k' of th< 
excited electron and the wave number -k of the hole be equal to i 
principal vector K in the reciprocal lattice, which may be satisfied for an'' 
value of k'. 

The polarizability, which is given by Eq. (27), is 

fr-fl-K ”1 

- ^IJxk+K* grad xkdr| 2 - (33; 

in the present case. The variable k extends over the occupied levels o 
the lowest state, once for each spin, and K is summed over all values of th< 
principal wave-number vectors. 

The sum rule for Bloch’s one-electron functions 1 is 





If this equation is multiplied by e 2 /4or 2 mv 2 , 
and is combined with (33), it is found that 


su mm ed over all values 


o 


a 


e 2 h 1/xk+g* grad xkdr\ 2 e 2 

2^r 4??2,2 ^-“ ^,k4-K(y 2 k,k+ : E — V % ) ^1 12*%V Ak€k 

Jj. 


The first part of this equation may be placed in the form 


(35 


e 2 

k* 


/fag 

"V+g - v 2 


1 See, for example, Wilson, op. eit. 


(36 
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where 


/k,K = 


jjxk+g* grad Xkrfr| a 


f’k.k+K 


Equation (36) is the counterpart of the polarizability of insulators since 
it is associated with transitions between the lowest zone and others. It 
approaches (30) in the limiting case of narrow bands in which the Xk 
become atomic functions. The last term in (35) may be transformed to 


n a e z 

" 4 r 2 m *!' 2 


by making use of the relation 


— * = oT-A^k). 
ra* 3 h 2 


Comparing Eq. (38) with Eq. (31) of the preceding section, namely, 


n 0 e 2 1 

4 ir 2 m v 2 + y 2? 


we see that they are identical in the case in which the resistance damping 
7 is neglected and m* is equal to m. Hence, (38) corresponds to the 
polarizability of free electrons. 

The expression (24) for the conductivity becomes 

<r« = 247rWy SlJ Xk+K * grad XkdT 5(l ' k ' k+K “ v) ’ (39) 

k,K 

which may be used to discuss the absorption associated with transitions 
between bands. This expression is not valid at zero frequency, for it 
does not allow for the fact that free electrons may be continuously 
accelerated in a static electrostatic field. In the present approximation 
in which damping is neglected, <r should have an infinite peak when v is 
zero. This term is absent because the perturbation scheme used in 
Sec. 43 was not applied properly in the aperiodic case of zero frequency. 
We need not discuss this case here, since it was treated extensively in 

Chap. XV. . 

149. Application to Metals.— We shall now discuss the application 
of the preceding theoretical results to metals. If the theory were applied 
accurately to all cases, we should be able to test it by comparing observed 
and computed values of n and k for a wide range of frequencies. This 
actually can be done only for several of the alkali metals and then only 
semiquantitatively. In other cases, we must be satisfied with a rough 
comparison of the peaks and minima of the observed absorption curves 
with those which should be expected from estimated levels of the band 
approximation. 
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a. The Alkali Metals .—. It was seen in Chap. X that the valence elec- 
trons m alkali metals are very nearly free, for the occupied electronic 
levels can be expressed in the free-electron form 

*« - 5P* 

where m* is a constant. The computed values of m/m* for lithium, 
sodium, and potassium are 


Li 

Na 

K 


Using the sum rule 


0.65 
1.07 
~ 1.6 . 


1 - = i _ Uxk+K* grad XkfiH 2 m_ 

* -^27 r 2 m 

K TT 




m* 


[c/ Eq. (34) of the preceding section], we obtain a relation between m* 
and the/ factors that determine the absorption probability for transitions 
from one band to another. In sodium, m/m* is very nearly unity so that 

/k ’ K is ver y smaU - This means that the oscillator strengths for tr ansi - 


%k 


N,K 


tions from the lowest band to higher bands are small and that we should 

expect the Zener-Kronig theory for 
perfectly free electrons to apply 
closely for this metal. This actu- 
ally turns out to be the case. 
Experimental and theoretical 1 
curves, which are shown in Fig. 5, 
agree closely down to 1850A except 
for the fact that the observed value 
of nkj although very small in the 
reflecting region, is several times 
larger than the value computed, 
from resistance damping by using 
the observed static resistivity. 
Since nk is proportional to the 
absorption coefficient, this fact 
implies that the absorption is higher 
than we should expect from the 
free-electron theory. It is possible 
that the discrepancy has the same 
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Fig. 5. — The quantities n , Jo, and nk, as 
functions of wave length, for sodium. In 
this case the agreement between observa- 
tion and the simple theory is excellent. 
( After Ives and Briggs.) 


i J _ vAioui cpauuy uaa tut; same 

explanation as that proposed for the cases discussed under 3, part (b), 
1 H. E. Ives and H. B. Briggs, Jour. Optical Soc. Am., 27, 181 (1937) 
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Sec. 147, namely, that the surface conductivity is less than the volume 
conductivity. It is also possible, however, that the volume absorption 
due to interband transitions begins in the visible region of the spectrum, 


for the energy-level diagram of sodi- 
um discussed in Sec. 99 (c/. Pig. 1) 
indicates that the lowest transition 
should occur at about 2 ev. In 
contradiction to this explanation is 
the fact that the peaks for the volume 
photoelectric effect lie far in the ultra- 
violet for the lighter alkali metals. 

The theoretical values of m/m* 
are appreciably different from unity 
for lithium and potassium. Hence, 
we not only should expect the absorp- 
tion coefficient to be greater for these 
metals but should also expect the 
frequency at which the dielectric 
constants become zero to be dis- 
placed relative to the value for per- 
fectly free electrons. There do not 
seem to be available measurements 



Wavelength in Angstroms 


Fig. 6. — The quantities n, fc, and nk 
for potassium. In this case the simple 
theory and experiment agree only if 
m* = 1.42m (see text). ( After Ives and 
Briggs,) 


on n and k for lithium; however, Ives and Briggs 1 have made very accurate 
observations on potassium. Figure 6 shows the observed values of n and 

k, which are compared with the 



1200 2000 2800 3600 4400 5200 6000 
Wave- Leng+h in Angstroms 


Fig. 7. — The transmission of several 
layers of cesium. The fall in trans- 
mission below 2800 A presumably implies 
nonvanishing interband transition prob- 
abilities. ( After Ives and Briggs.) 


theoretical curves obtained by use of 
Tn* = 772, and m* = 1.42m. The sec- 
ond set of curves agrees with the ex- 
perimental values much more closely 
than the first. Unfortunately, the 
corresponding value of m/m* is less 
than unity rather than greater than 
unity, a fact suggesting that Gorin's 
estimate of m* is not very accurate. 
As in the case of sodium, the observed 
value of nk is much larger than the 
theoretical one, although it is not 
possible to say whether or not the 
increase is due to internal absorption. 


We should mention in passing that Ives and Briggs 2 have also exam- 
ined the optical properties of cesium and rubidium. Transmission 


1 H. E. Ives and H. B. Briggs, Jour. Optical Soc. Am., 26, 238 (1936). 

2 H. E. Ives and H. B. Briggs, Jour. Optical Soc. Am., 27, 395 (1937). 
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curves obtained by these workers for three different layers of cesii 
are shown in Fig. 7. The rise in transmission on the long wave-leng 
side of the figure undoubtedly is related to the change in refiectivil 
however, the fall on the short wave-length side is presumably related 
interband absorption. 

b. Copper, Silver, and Gold . — The extent to which the optical prop 
ties of a metal specimen are sensitive to its previous history is shown 



Fig. 8 . The quantities n , k/n, and R in per cent for copper as determined by- vnrii 
workers. ( After Nathanson.) 


the curves of Fig. 8, which contains a compilation of values of n and k 
for copper measured by several observers. 1 The shapes of the measur 
curves are the same, but the absolute values vary considerably from cti 
to case. That the differences between the results for different cat 
are re ^ to the treatment the surfaces of the specimens have receiv 
seems to be established beyond doubt. Lowery, Wilkinson, a 

8 0Wn , ia tlle case of C0 PP er > for example, that k is increas 
Sf * ? . deorease d when the metal surface is polished mechanical] 
of thp in mc . reas ® s . during the polishing, it follows that the resistivi 
he layer m which the light is reflected is increased. This effect a 


(1938)^ & ° m ^ r6VieW b7 X R Nathanson, Jour. Optical Sac. Am., 28, 3 
* H. Lowiby, H. Wilk^sok, and D. L. Smash, Phil. Mag., 22, 769 (1936). 
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be understood if the surface layer is made less perfectly crystalline as a 
result of po lishin g, for then the electronic mean free path is decreased. 
It is generally postulated/ at present, that the polished surface possesses 

a polycrystalline layer. # 

Typical nk curves for copper, silver, and gold are shown 2 m Fig. 9. 
The product nk is about ten times larger for these metals than for the 
alkalies, as measured by Ives and Briggs, a fact showing that the absorp- 
tion is much larger in the former than in the latter. The peaks that occur 
near 25001 and 4500l in the case of copper are observed in almost all 
specimens, whereas the large rise that appears on the long wave-length 
side of 5700A is very sensitive to surface treatment. For this reason, 
it is supposed that short wave-length peaks are related to volume absorp- 



Fig. 9.— Typical nk curves for copper, silver, and gold (see text) . (.After Minor and Meier. 


tion which would occur in an ideal specimen, whereas the peak m the re< 
is associated with the ordinary resistivity. Mott and Jones 3 sugges 
that the peak near 45001 is due to transitions from the Med d bam 
to the vacant s-p levels and that the peak at 2500A. is due to transition 
from the occupied s-p levels to a higher valence-electron band. Thi 
interpretation, rather than the inverse one, is supported by the followin 
two facts: (1) Silver, which has s-p bands similar to those of copp( 
but which has different d bands, also has a peak at 2500A. (2) Tt 

peak at 4500.A shifts toward the blue as zinc is added to copper, and tr 
s-p band is filled higher. 4 Since gold and silver have similar valeno 
electron structures, it might also be expected that gold would have 
peak at 2500A. if the preceding interpretation is correct; however, th 
peak apparently does not occur. 


x See, for example, L, H. Germer, Phys. Rev,, 50, 659 (1936). 

2R. S. Minor, Ann. Physik , 10, 581 (1903); W. Meier, Ann. Physik , . 

.7 (1910). . , _ , 7 , 

8 N. F. Mott and H. Jones, The Theory of the Properties of Metals and Allc 


(Oxford University Press, New York, 1936). 

4 H. Lowery,* H. Wilkinson, and D. L. Smare, Proc. Phys. Soc ., 49, 345 (193 
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It seems natural to suppose that the large peak that is observed neai 
3700A m gold has the same origin as the peak in the visible region fo: 
copper, for the atomic d 10 $ and dV configurations lie very close togethe. 
m both cases. In any event, the presence of these peaks accounts fo 


silver explains the normal metallic 
color of this metal. 

Kronig has applied the free 
electron theory of Sec. 147 ti 
Freedericksz’s infrared optica 
measurements on copper, silvei 
and gold. The agreement was dis 
cussed under 3, part b, Sec. 147. 

c. Divalent Metals . — Since th 
divalent metals have nearly fillet 
overlapping bands, the absorptioi 
regions that correspond to transi 
, , . .... tions between the bands of thes< 

metals should he nearer the red end of the spectrum than the correspond 
mg absorption regions m the monovalent metals. The nk curve 1 for zinc 
which is shown m Fig. 10, seems to show that these regions actually extern 
into the infrared. This conclusion is not entirely safe, however, for it ii 
so possible that the resistivity of the specimen of zinc on which thi 
measurements of Fig. 10 were made is high. 




_ d ; °Sa r A Among the metals of higher valence with 

nearly filled bands, such as bismuth, antimony, white tin, and so forth, 
ere apparently are available measurements only for bismuth. The 
n curve for this metal, which is shown in Fig. 10, has a large rise in the 

1 See Minob, op. cit.; Meibb. ov. oil. 
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red, a fact suggesting that there is a peak in the infrared, as in the case 
of zinc. 

It should be added that reflectivity measurements 1 indicate that 
aluminum is highly reflecting farther in the ultraviolet than most other 
metals. A reasonable explanation of this fact is given by the n(e) 
curve for aluminum shown in Fig. 16, Chap. XIII, which indicates that 
all the valence electrons of aluminum are very nearly free. If we assume 
that they are free, the transition frequency v' given by Eq. (33), Sec. 147, 
is near 800i. Even if only one were free, however, the reflecting region 
would extend to about 1400 A. 

e. Transition Metals. The nk curves for a number of transition 
metals are shown in Fig. 11. All these metals absorb strongly in the 
visible and near infrared, as might be expected from the fact that the 
unfilled s-p and d bands overlap. 

150. Ionic Crystals.— The structure of the ultraviolet absorption 
bands of the alkali halides, which have been measured semiquantitatively 
by Hilsch and Pohl 2 and Schneider and 
O’Bryan, 3 are shown in Fig. 2, Sec. 95. 

At low temperatures, the regions of 
absorption consist of a number of 
narrow bands, each of which may be 
related to a transition between the 
lowest state and the state of wave- 
number zero in one of the excitation 
bands associated with the excited 
states of the halogen ion. According 
to the results of part 5, Sec. 148, the 
absorption bands would consist of 
sharp lines if the transitions were pure- 
ly electronic. As we have pointed out 
in Sec. 45, the observed width arises 
from the fact that lattice vibrations are 
stimulated during electron excitation. 

The refractive indices of some of 
the alkali halides in the transmitting 
visible and ultraviolet regions of the 
spectrum as determined by Gyulai 4 
are shown in Fig. 12. It may be observed that these curves exhibit the 

1 See, for example, the compilation of data in Landolt-Bomstein. 

2 R. Hilsch and It. W. Pohl, Z. Physik, 44, 421 (1927); 48, 384 (1928); 64, 
606 (1930). 

3 E. G. Schneider and H. M. O’Bryan, Phys. Rev. t 51, 293 (1937). 

4 Z. Gytjlai, Z. Physik , 46, 80 (1928). 



Fio. 12. — The refractive indices of 
a number of alkali halide crystals. 
(After Gyulai.) 
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sharp rises which are to be expected on the long wave-length side of a 
absorption maximum. 

Mayer 1 has attempted to correlate the measured absorption speetr 
and refractive indices of sodium chloride, potassium chloride, an 
potassium iodide by means of the theoretical results of Sees. 1 47 and 1 4-S 
We have seen there that the atomic conductivity <r a is related to t h 
line strengths by the equation 

°-°0) = - v ) o 

i 

whereas the atomic polarizability in transparent regions is 


= * 2 X 1 Ji 

47r 2 m^J v\ — v 2 


C i 


The second quantity may be expressed in terms of the first by meat' 
of the equation 



t /2 _ „ 


dv f 


(X 


which allows us to compute a a from measured values of the ubworptu >? 
The actual relationship between the index of refraction of a system t 
atoms and a a is complicated by the local field correction. We hav 
seen in Sec. 147 that in a transparent region 


n 2 (v) 


4x t . 47rn 0 ot a (v) 

T“ w " — 7sr~ 

1 Tf-noOLa 


ii 


if the Lorentz local field relations are employed [cf. Eq. (25)]. As %v 
approach a single absorption frequency v Q} a a becomes 




fo 


4nr 2 m v o — v 2 


so that a{y) becomes 


x(v) = 


n 0 e 1 
47 r 2 m / 


fo 


e l n o. 




oj — V 2 . 


(5 


Hence, the effective absorption peak in the composite system occurs n 

, ( j e 2 n 0 .V 

' = ' ™ fo ) ■ 


1 J. Mater, Jour. Chem. Phys., 1, 270 (1933), 


(6 
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This displacement is not negligible in an ordinary solid, for e 2 ~no/m 
may be as large as 10 16 sec" 1 in an ordinary crystal. Since the measured 
absorption peaks occur at these displaced positions, it is not allowable 
to compute a a from (3) by assuming that <r a is proportional to the observed 
absorption. Instead, Mayer assumed that 


a 




(7) 


where o-(/) is proportional to the observed absorption coefficient. Since 
only the relative absorption curves rj(v) are measured, we may place this 
equation in the form 

n\v) - 1 = (8) 

where C is a constant that is determined by comparing the observed 
and calculated values of n at one frequency. Mayer fitted the observed 
Schumann-region rj(v) curves analytically with a system of parabolic 
segments and one narrow rectangular peak. The height of this peak 
h was taken as an adjustable parameter which was determined along with 
C by fitting observed and calculated values of n. The resulting rj(v') 
functions were then used to integrate Eq. (8) analytically. In the final 
determination of C and h, a small correction to the observed dispersion 
was made for the contribution arising from the absorption peaks of the 
alkali ions in the soft X-ray region. The two observed values of n(v) 
used to fix these parameters were obtained from measurements in the 
visible and in the far ultraviolet regions, respectively. Table LXXXVII 
gives a comparison of the observed and calculated values of (w 2 — 1) at 
an intermediate frequency. 


Tajble LXXXVII 



NaCl 

KC1 

KI 

( n % — l)(obs.) 

1.720 (2312 A) 

1.245 (2312 A) 

1.914 (3130 A) 

(n 2 — l)(calc.) 

1 . 708 

1.258 

1.910 

/ 

3.25 

3.24 

4.00 


If we assume that these Schumann-region bands are associated with 
the electrons of the halogen ions, we may obtain the total optical strength 
f per ion from the equation 


( 9 ) 



660 


THE MODERN THEORY OF SOLIDS 


[Chav. XVI 


where n {) is the number of ions per cubic centimeter and Cy(v) is the fma 
curve obtained by fitting (8). This equation is a consequence of 
(5), (7), and (8). Calculated values of /are given in Table LXXXVI I 
It is interesting to note that the values for NaCl and KC1 arc clostdj 
alike, indicating that the optical strengths of the halogen ions are nearly 
the same in different compounds. 

Mayer has used the functions Of?(y), determined by the precedini 
method, to evaluate the constants that appear in London’s ami Marge** 
nau’s expressions for the van dor Waals interaction of halogen i oie 
As we have mentioned in Sec. 12, this procedure leads to larger va!ti«- 
of the interaction energy than are obtained by treating the halogens it 
though they had the same properties as neighboring rare gas atoms. 

The fact that the optical strength of the halogen ions seems to 1* 
constant may be compared with the principle* of additivity of refraetivi 
ties, which has been evolved 1 from a study of the experimental refract iv 
indices of ionic crystals. The molar refractivity of a crystal is defimu 
by the equation 


where n is the refractive index and Vm is the molecular volume*, It i 
evident from Eq. (26), Sec. 147, that It is a, universal constant times I h 
polarizability per molecule when the Lorontz equation for tin* local lode 
is valid. Values of R, corresponding to the extrapolation of n to intmif 
wave length, are usually designated by It„. It is found experimental!; 
that the valuta of R^ for a set. of four simple ionic crystals AX, AY, B X 
BY satisfy closely the additivity relations 

■^oc.AX Rqq,AY = /ffle.UX "* ^oo.»V* 

”* A'qq.HX R co . A V* ^ 

For example, the refraetivi ties of several alkali halides satisfy the rclatiox* 

RkCA ““ R K»r 8 . 18 , 

Riihci “ Rm>)\r 8 . 28 , 

R{'*a “ Rctiih -- 8.21. (Jll 

This result suggests that we may speak wit h some significance of t La 
refractivity of individual ions in the simpler ionic* crystals. 1‘sing Im; 
(6), Sec. 148, we obtain 


R = 

60 farin' 

i 

1 K. Fajanta and O. Joos, 7>. Phyaik , 23, l (1923). 
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Hence, if the absorption frequencies v] lie sufficiently close to one another, 


37r mv 2 


where / is the total optical strength per ion and v 2 is the mean value of 
the \/v\. Since the position of the Schumann-region absorption bands 
in those halides having the same halogen ion are nearly the same, it 
follows that the additivity of the refractivities implies that the /factors 
for separate ions are additive. 

By choosing the value 0.50 for the refractivity of the sodium ion, for 
reasons which we shall not discuss here, Fajans and Joos 1 have obtained 
the ion refractivities given in Table LXXXVIII from observed differences 


TabIjE LXXXVIII. — The Refractivities of Ions (after Fajans and Joos) 



of the type (10). When the value 9.00 for Cl“ is substituted in Eq. (11) 
along with the value = 2.4 ■ 10 16 sec - 1 for the approximate center of 
gravity of the absorption bands of the alkali chlorides, it leads to 


fa = 3.4, 

which is to be compared with the value 3.25 derived by Mayer (c/. 
Table LXXXVII). The corresponding values for I" agree to about the 
same degree of accuracy. 

151. Semi-conductors. — It was pointed out in Sec. 6 that there are 
two types of semi-conductor, namely, monatomic crystals such as silicon 
and selenium that contain impurities, and ionic crystals that either are 
impure or contain a stoichiometric excess of one constituent. Most 
prominent among the semi-conductors of the second kind are alkali 
halides with F centers, phosphorescent zinc sulfide, and similar alkaline- 
earth oxides and sulfides. The impurity or stoichiometric-excess atoms 
in all these semi-conductors have their own characteristic absorption 
bands that lie in the visible or near ultraviolet part of the spectrum. In 
the case of natural semi-conductors, such as silicon and the natural 
sulfides, which may have as much as 1 per cent of impurity, this absorp- 
tion band may show up as an appreciable peak in the nk curve determined 
from reflection, even though it may overlap the fundamental absorption 


i Ibid. 
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band of the substance. For example, Fig. 13 shows the nk curves fo 
silicon and natural stibnite, M 0 S 2 . The peaks that occur in the nea 
ultraviolet are probably due to the impurities whose thermally or opticall; 
freed electrons make these substances semi-conductors. In mos 
artificial semi-conductors, on the other hand, the number of impurit; 
atoms is comparatively low so that they do not give rise to nk peak 
of this magnitude. The absorption may be detected, however, by trans 
mission measurements if the bands do not overlap the fundaments 
region. 

The theory of dispersion has been applied to the F-center bands 0 
the alkali halides by Smakula, 2 in order to determine the density 0 

centers. It may be recalled that thes 
bands probably arise from the excitatioi 
of electrons in vacant halogen sites ii 
crystals containing an excess of alkal 
metal atoms, the absorption transitioi 
being analogous to the ls-2p transition ii 
atomic hydrogen (cjf. Secs. 110 and 111) 
Since the electrons are coupled to th 
lattice, the observed absorption bands ar 
much wider than the lines of free atom 
at room temperature. The extinctioi 
coefficient of the bulk material is zero ii 
the vicinity of the F-center bands, sinci 
these bands usually are far from th 
fundamental absorption region; moreover, the refractive index of the pun 
salt is usually constant in the vicinity of the F bands. We shall designate 
this constant by n'. For these reasons, Smakula assumed that th 
polarizability of the bulk material is given simply by the quantity 

1 (1 

4ir n' 2 + 2 1 



2,000 3^000 


$000 


Fig. 13 . — nk curves for silicon and 
natural MoSa. 


In addition, he assumed that the complex polarizability of the electron! 
in the F centers may be represented by the corresponding polarizability 
function for a single absorption line, namely, 


n Q e 2 f 

4rr 2 m v% — v 2 + 


Here, n 0 is the density of F centers, v F is the frequency at the cente: 
of the absorption band, v' d is the damping frequency which is of the orde: 
of magnitude of 10 14 sec" 1 , and f is the oscillator strength of the transi 

1 Minor, op. cit.; Meier, op. cit. 

1 A. Smakula, Z. Physik, 59, 603 (1930). 
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tion. Since only one absorption peak is observed, we may expect that 
practically all the optical strength of the stoichiometric-excess electrons 
is centered in this band and that f should be near to unity. Using 
Eq. (28), Sec. 147, for the relation between the complex index of refrac- 
tion and the polarizability, we obtain 


(n — iky — 1 _ ft/ 2 — 1 riofe 2 

i'2 _L O “ 


+ 2 3x771 (v 2 F — V 2 ) + iv' d v 


(3) 


(n — iky + 2 
If we now set 

n — W + An and v = v F + Av 

where A n is a small quantity, we obtain for the real and imaginary parts 
of (3) 

An B ( ft 72 + 2 ) 2 


b = ^o/ g2 ( n ' : 2 + 2 ) 2 
187rm n' 


Ap(2vf -f Av) 
b Av) 2 + v r 
v d {v F + Ay) 


18x771 7i' Av 2 (2 vf + Av) 2 + v' 2 d (vp + A v) 2 ’ 


(3a) 

18x771 Yi f Av 2 (2vf + Ay) 2 -f - v n d(vF “1" A i') 2 ^ ^ 

The observed k curves, which are measured directly by the extinction 
of transmitted radiation, may be fitted 
closely by a function of the form (36), as 
is shown in Fig. 14. 

v d may be eliminated from (3 6) by 
expressing this quantity in terms of the 
value Av\ of Av for which k is half its 
maximum value k m . When the resulting 
equation is solved for n Q f, it is found 
that 


£ 

a 250| 


n Q f = 


Qhnn'mvF t Avj(2vp + Aiq) 


x(7i' + 2) 2 e 2 ( vf + Av\) 2 
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In making practical use of this equation, 
it is convenient to express the frequencies 
in electron volts and to express k in 
terms of the constant a(v) appearing in 
the equation 

~ — e~ a ^ d 
io 


400 


500, 600 


Wave Length(m,u) 

Fig- 14. — A comparison, of the 
observed a curve for the F-centers of 
KC1 and the curve of the form (36) 
that fits it most closely. ( After 
Kleinschrod.) 


(5) 


which expresses the decrease in intensity of light after it passes through a 
crystal of thickness d. The relation between fc and a is 

a\ 
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When this is done, Eq. (4) becomes 

n 0 / = 1.31 • 1Q17 ( n / 2 _|_ 2 y amAvi VF + Avi W 

where a m , the value of a at the center of the absorption band, is expresseci 
in inverse centimeters and the frequencies are expressed in electron volts. 

If is much greater than v$, as at low temperatures, we may simplify 
this equation to 

Yl! 

nof = 1.31 • 10» (fl/> - ^ 2 a m W (8) 

where W is the width of the k curve at half maximum in electron volts. 

Equation (7) has been used by Hilsch and Pohl 1 and their collab- 
orators to determine the value of n 0 f for F centers and for impurity 
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Fig. 15. — The impurity-induced 
a curve of a potassium chloride 
crystal containing thallium. ( After 
Koch.) 
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Fig. 16. — The curve obtained by 
plotting the optically determined values 
of a m in crystals of KC1 containing 
thallium as a function of the chemically 
determined number of impurity atoms. 


atoms of other kinds. It has also been found possible to measure n 0 by 
direct chemical means in several of these crystals so that values of / may 
be determined by combining the results. Thus, in the case of F center* 
in KC1, Kleinschrod 2 has found that / is 0.81. The fact that this is not 
exactly unity indicates that the ^-center electrons lose some optical 
strength because of interaction with the closed shells of the atoms present 
Koch 3 has combined optical and chemical measurements in a similar 
way to determine the / factors for the absorption bands of impurity 
thallium atoms in alkali halide crystals. It is found that small quantities 
of thallium halides may he dissolved in the alkali halides and that thr 
resulting mixed crystals exhibit narrow absorption bands 4 in the ultra- 


1 See the survey by R. W. Pohl, Physik. Z., 39, 36 (1938). 

2 F. G. Kleinschrod, Ann. Physik , 27, 97 (1936). 

3 W. Koch, Z. Physik , 57, 638 (1930). 

4 An interpretation of these peaks has been given by the writer, Jour. Chem. Phys „ 
6, 150 (1938). 
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violet below 3000 A, A typical absorption curve is shown in Fig. 15. 
In each case, there are two large peaks that seem to be closely related 
to the energy levels of free monovalent thallium ions. Figure 16 shows 
the dm versus n 0 curve obtained by combining optical and chemical 
measurements. From the slope of these, Koch obtains / ^ 0.1 for the 
long wave-length band and / ~ 0.6 for the short wave-length band. 

152. The Infrared Spectra of Ionic Crystals. — All polar compounds 
possess infrared absorption bands that are associated with the stimulation 
of oscillational motion of the atoms or ions. Although the interatomic 
forces in ionic crystals are comparable with electronic forces in atoms, the 
vibrational spectra lie in the infrared because ionic masses are of the 
order of magnitude 10 4 times larger than the electronic mass. This fact 
is made evident by the relation between the frequency v and mass m 
of an oscillator having force constant #c, namely, 

v = (1) 

In order to discuss the optical effects associated with the lattice 
vibrations, it is first necessary to obtain the expression for the dipole 
moment of the lattice as a function of ionic displacements. If we 
arbitrarily define the dipole moment as zero when all the ions are at their 
equilibrium positions r a (ri), the dipole moment when the ions are at 
positions R«(n) relative to the equilibrium positions is 

M = £e a R a (n). (2) 

a, n 

Here, a extends over the ions in the unit cell, n extends over the cells 
in the lattice, and e a is the charge on the ath ion. The variables R a (n .) 
may be expressed in terms of normal coordinates of the form 

3 n 

121 

S~ 1 <T 

when the potential energy is a quadratic function of displacements ( cf . 
'Sec. 22). Here, a a (d) is the amplitude of the normal mode of wave 
number 6 in which the atix atom is polarized in the direction &*,«(<*), and 
N is the total number of unit cells in the lattice. We shall employ the 
reduced-zone scheme so that d extends over a single zone and s takes 
values from 1 to 3 n, where n is the number of atoms in the unit cell. 
When Eq. (3) is substituted in (2), it is found that 


( 4 ) 
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Thus, only the modes of vibration associated with zero wave number it 
the reduced-zone scheme contribute to the dipole moment. The reasot 
for this is that the contributions to M from different cells cancel on* 
another in the other cases, since they have different phases. 

Let us consider a cubic crystal such as sodium chloride that has tw* 
oppositely charged ions per unit cell. In this case, three of the norma" 
modes associated with zero wave number are purely translational an d 
for this reason, do not contribute to the dipole moment. Hence, th* 
dipole moment is determined by the remaining three modes, whicJ 
correspond to the maximum frequency v m and represent oscillations it 
which the positive and negative ions move in opposite directions. Thus 
the crystal is equivalent to a system of ZN diatomic oscillators of fre- 
quency v M . Since the polarizability of an oscillator is the same in quan- 
tum and in classical mechanics, it follows from the results of Sec. 14'J 
that 


« - 1 

47rV (j^ — V 2 ) + iyv ' J 

where n 0 is the number of molecules per unit volume, p is the reduced 
mass of the ions, e ( is the ionic charge, and y is the damping frequency. 
As in the case considered in Sec. 147, this complex polarizability implies 
an absorption line of half-width y at v m . Since an atomic mass rather 
than the electronic mass appears in the denominator of this equation, the 
polarizability arising from ionic oscillators is of the order of magnitude 
10 -4 times as large as the polarizability that would arise from an equal 
density of electronic oscillators of comparable frequency. For this 
reason, the index of refraction in the transparent visible and ultraviolet 
regions of most ionic crystals is determined almost entirely by the elec- 
tronic absorption bands in the far ultraviolet. 

In an ideal harmonic approximation, the damping frequency y would 
be determined entirely by radiation damping and would have the value 

y = 

T 3 /xc 3 

which is of the order of magnitude of 1 sec -1 , or about 10” 14 ev for 
ordinary ionic crystals. The observed widths actually are far greater 
than this. For example, Fig. 17 shows observed 1 transmission curves 
for several specimens of sodium chloride at room temperature. It may- 
be seen that the width of the peak is of the order of 5 • 10 12 sec” 1 , or 
about 0.01 ev. It should also be observed that the transmission curves 
show more structure than should be expected from a single absorption 

1 R, B, Barnes, R. R, Brattain, and F, Seitz, Phys, Rev n 48, 582 (1935), 
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line. Even more complicated structure has been observed under higher 
dispersion in magnesium oxide, which has the same lattice structure as 
sodium chloride. 

A qualitative interpretation of this large damping and the accompany- 
ing structure was first given by Born and Blackman 1 on the basis of 
classical mechanics. They related the structure to cubic terms in the 
expression for the potential energy of the ions that couple the optically 
active modes of vibration to other modes. Their work was later extended 



Fig. 17. — Infrared transition curves of several specimens of sodium chloride. The 
abscissa is the wave length in microns. The numbers accompanying the curves are the 
crystal thicknesses. ( After Barnes and Braitain.) 


by the use of quantum mechanics . 2 Although this -work provides the 
machinery for a more complete theoretical investigation of the topic, a 
thorough experimental treatment of the transmission properties of a 
simple crystal over a range of temperatures is lacking at present. For 
this reason, it is not possible to say that the structure may be completely 
interpreted in terms of anharmonic potential terms. We shall present 
briefly the principles employed in this theory. 

>M. Bobn and M. Blackman, Z. Phytik, 82, 551 (1933); M. Blackman, Z. 
Phytik, 86, 421 (1933). 

a Barnes, Bbattain, and Seitz, op. tit. 
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In the quadratic approximation, the vibrational wave functions of 1! 
crystal have the form ( cf . Sec. 1 18) 

t,<r 

A«( • * • , * * • ) = JJX n/ ( (r )(o!^(d)) (j 

where the X„ ((<r ) are harmonic oscillator wave functions and the n t ( 
are integers. The energy of this state has the same form as for j 
assembly of oscillators, namely, 

+ 0A^(d). (' 

t,<r 

During absorption, the system changes its state from A„ to the slai 
A«+i in which all quantum numbers are the same except for that of ot 
of the optically active modes, which increases by unity. The cnerg 
difference between A„ and A n+ i is clearly hv m . 

The cubic perturbing potential has the form 


Vc - ^c i ;fta t(i) (<}(f))a < o)(<j(j))a«(A)(<i(/c)) (S 

i,j,k 

where the c#* are constants. The limitations on the combinat ions of 
that can occur in this series, which may be obtained from group theory 
will not be discussed here. 

In the perturbed scheme, the new wave functions A' have the form 


A„ A n “f” A w ' ^ 

n' 

where the a n , n > are given by the equations 

„ J A71' V cAndr 

an ' n ’--E^E^’ («<>: 

in which the integration extends over the coordinate space of the variables 
ai(<{)^ Since V a is the sum of cubic terms and the A„- are products <>i 
one-dimensional oscillator functions, it follows that each statu A„ is now 
coupled with states in which three quantum numbers differ from those ot 
A n by one unit. Thus, if the system is in the state A', it may make an 
optical transition not only to A' +t but to any other state in which a wave 
function A„ + j appears in the sum in Eq. (9). For this reason, the optical 
strength of the absorption process is distributed throughout, many sf ates 

wt:t abSOTP r ba * d 18 broader than in the quadratic approximation.’ 
. “ y expect tbe Wldth of thls absorption band to increase with increas- 

ing temperature because the amplitudes «,(*) in (8) increase with increas- 
ing temperature. This effect has been observed qualitatively. 
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163. Special Topics. — There are a number of interesting topics con- 
cerning the optical properties of solids that limitations on space do not 
permit us to discuss in detail. For the benefit of readers who are inter- 
ested, we shall outline several of these topics briefly and give the principal 
references. 

a. The Photoelectric Efect in Metals— In the interior of a metal, the 
only allowed optical transitions take place between bands in accordance 
with the selection rules discussed in the previous section, namely, that the 
transition must be vertical in the reduced-zone scheme. Tamm and 
Schubin 1 have pointed out that additional absorption may take place 
near the surface since the wave functions are not periodic in this region 
and the selection rules employed in Sec. 149 are not valid. Although 
the second type of absorption is relatively unimportant in a discussion 
of the optical properties of metals, since only about one quantum in five 
hundred is absorbed in this way in passing through the surface, it is 
extremely important for the photoelectric effect, for electrons that are 
excited near the surface are in an excellent position to get out of the metal. 
The first detailed treatment of the surface photoelectric effect was carried 
through by Mitchell 2 and has been extended by several workers. 3 We 
shall discuss a treatment given by Hill that is closely patterned after 
Mitchell's work and has been applied to the case of the alkali metals. 

Hill assumed that the electronic potential is a constant — W a inside 
the metal and that the electrons are restrained from pouring out ty a 
barrier at the surface. In the detailed computations, he considered two 
types of barrier, namely, a square barrier for which the potential jumps 
abruptly from —W a to zero, and an image-force barrier of the form 

( «! X>Q 

7(a) = < 4x + e*/W a 

(— W a X £ 0 

(sec Fig. 9, Chap. IV). Since the internal optical absorption is zero 
in this model, because the electrons are free, it can be used only for a 
discussion of the surface effect. Experimental work on the alkali 
metals seems to show that, even when the spectral peak for the volume 
photoelectric effect is appreciable, it lies so much farther in the ultra- 
violet than the peak for the surface effect that the two do not overlap. 
For this reason, the two effects can be discussed separately in these simple 
metals. In addition, wc know from the work of preceding chapters that 
the properties of alkali metals usually conform closely to those of the 

1 1. Tamm and S. Schubin, Z. Physih , 68, 97 (1931). 

2 K. Mitchell, Proc. Roy . Soc., 146, 442 (1934); 153, 513 (1936); Proc. Cambridge 
Phil Soc., 31, 416 (1935). 

3 R. D. Myers, Phys. Rev., 49, 938 (1936); A. G. Hill, Phys . Rev., 53, 184 (1938). 
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simple free-electron model so that it should apply to them. Recent 
experimental work on the photoelectric effect in barium by C ashman and 
Bassoe 1 * shows that the surface and volume peaks of this metal overlap. 
Thus, the two effects would have to be discussed simultaneously in this 
case; moreover, a more complicated model would have to be employed, 
for the electrons in divalent metals are not nearly free. 

To begin with, Hill computed the energy distribution function of 
electrons that are emitted by light of a given frequency and compared 
the computed function with observed ones for the case of sodium. 
Although the two types of curve agree well at the high-energy end, the 
agreement at low energies is poor, for the theoretical curves start out 
linearly whereas the observed curves start out nearly quadratically. 
The most reasonable explanation of these discrepancies is that the sur- 
face on which the measurements were made was sufficiently contami- 
nated so that either the work function varied from point to point or the 
electronic transmission coefficient was different from the computed value. 
The way in which these quantities can affect emission was discussed in 
connection with thermionic emission at the end of Sec. 30. 


In addition, Hill compared the observed and calculated spectral 



Fig. 18 . — Comparison of the com- 
puted and observed spectral distribution 
curves for the photoelectric yield in sodi- 
um. I is the experimental curve and II 
is the theoretical curve. ( After Hill.) 


distribution functions, that is, the 
functions giving the dependence of 
the total current per unit light in- 
tensity on the frequency of the 
radiation. The observed curve 
possesses a peak that is much sharper 
than the peak of the theoretical 
curve, as may be seen from Fig. 18. 
A possible explanation of this dis- 
crepancy lies in the fact that the de- 
tailed optical properties of the metal 
were neglected in Hill’s treatment. 
This possibility was first realized by 
Mitchell, but Schiff and Thomas* 
have furnished more direct evidence' 


for its importance in a computation that is based on a semiclawsical 


treatment of radiation. This topic has also been discussed, more recently , 
by Makinson. 3 


6. Breadth of Optical Absorption and Emission Bands.— It the atoms 
of an insulating crystal were held rigidly during a change in electronic 


l B» J. C ashman and E. Bassoe, Phys. Rev., 55, 63 (1939). 

*L. L Schut and L. H. Thomas, Phys. Rev., 47, 860 (1935). 

3 R. E. B. Makinson, Proc. Roy. Soc., 162, 367 (1937). 
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state involving absorption and emission of radiation, the frequency 
distribution of absorbed or emitted light would have only the natural 
width (see Sec. 148, part b). The actual emission and absorption 
spectra of solids exhibit a broadening that increases with increasing 
temperature. The primary source of this breadth is the fact that the 
vibrational modes of the crystal also may be stimulated during an elec- 
tronic transition. Since the amount of vibrational energy that may be 
involved has a finite range, the allowed optical emission or absorption 
frequencies also extend over a finite range. 

A rudimentary treatment of the theory of broadening has been given 
by Peierls; 1 the salient points of his work are as follows. The elastic 
constants and the equilibrium atomic positions are usually different for 
the normal and excited electronic states of an insulator. For this reason, 
the systems of vibrational wave functions for the normal and excited 
states are not identical. If the difference between the atomic potential 
energies for the normal and excited states is designated by AE(£ U ••■,£/) 
where Sn ■ • • , ?/ are the configurational coordinates of the atoms, the 
vibrational wave functions x» for the excited electronic state may be 
expressed in terms of the vibrational wave functions Xm for the normal 
state by means of the perturbation equation 


X» = X» 


, fx m *AE Xn dr 

^ Xm E n - E m 


( 1 ) 


The indices n and m correspond to sets of vibrational quantum numbers. 
Now, if xm is the vibrational wave function of the system before the 
transition, the final state may be any state x' n for which the integral 

hm*x!jr ( 2 ) 

does not vanish, if we assume that the electronic transition is allowed. 
The integration in (2) takes place over the configurational coordinates. 
According to (1), the integral (2) is equal to 

Jx m*AE X ndr 
E n -E n ‘ 


An analysis of this integral that is based on a power series expansion of 
A E shows that at low temperatures the absorption or emission bands 
should consist of a sharp strong line which has a companion band on its 
long wave-length side whose shape is simply related to the vibrational 
frequency spectrum. At high temperatures, the structure is more 
complicated. 2 

l R. Peierls, Ann. Physik, 13, 905 (1932). 

2 A treatment of this problem for the case of metals has been given by T. Muto, 
Sei. Papers Inst. Phys. Chem. Res., 27, 179 (1935). 
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c. The Fluorescence of Crystals .— Many simple crystals fluores< 
when illuminated with ultraviolet light or bombarded with electron 
Although a large number of these phosphors have been prepared f< 
commercial purposes, only a very few have been investigated wit 
sufficient thoroughness to make a discussion of the mechanism of lumines 
cence feasible.* Three substances in the second class are the zin 
sulfide phosphors, willemite, which is a form of zinc silicate, and tb 
alkali halide thallium phosphors, which are alkali halide crystals contair 
ing a small amount of thallium halide. We shall discuss briefly the prop 
erties of the first of these, which is typical of the set. 2 

The zinc sulfide phosphors are prepared most simply by heatin 
zinc sulfide alone or with a small amount of another heavy metal sulfide 
such as the sulfides of copper, silver, and manganese. The pure phospho 
fluoresces with a light-blue color under near-ultraviolet light, whereas th 
other materials have different colors that depend upon the impurit.' 
atoms. The quantum efficiency of this luminescence usually is nearl; 
unity at room temperature. The materials usually are strongly phos 
phorescent; that is, some of the light is emitted after excitation ceases 
The length of time required for emission of this stored light increase: 
as the temperature is lowered. 

It is found that these fluorescent zinc sulfide materials are photo 
conducting and that the spectral sensitivity curve for stimulating 
photoconductivity extends over essentially the same region as th< 
corresponding curve for stimulation of luminescence. On the basis oi 
facts of this kind and a knowledge of the behavior of impurity atoms ir 
semi-conductors (c/. Secs. 110 to 112), it has been concluded that the 
stimulating ultraviolet light liberates electrons from neutral interstitial 
atoms of the impurity metal, or of zinc in the pure phosphor, and thal 
light is emitted when the electron and interstitial ion recombine, the 
color of the emitted light depending upon the kind of interstitial atom 
that does the emitting. 

Since the freed electron may be trapped before returning, the crystal 
is phosphorescent. The decay of phosphorescence is temperature- 
dependent, since the trapped electrons must be freed thermally. On the 
basis of a detailed examination of this decay, Johnson 5 has concluded 
that there are at least two types of trapping center. 

The zinc sulfide phosphors may be stimulated to a lesser extent by 
ultraviolet light that lies in the fundamental absorption band of zinc 

1 See the reviews by F. Seitz, Trans. Faraday Soc., 36, 74 (1939); H. W. Leverenz 
and F. Seitz, Jour. Applied Phys., 10, 479 (1939). 

s This picture was presented independently by A. Schleede, Angeui. Chem., 60, 
908 (1937), and by the writer, Jour. Chem. Phys., 6, 454 (1938). 

5 R. P. Johnson, Jour. Opt. Soc. Am., 29, 387 (1939). 
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.sulfide or by bombardment with cathode rays. Although the energy 
efficiency of this type of excitation is of the order of one-tenth the effi- 
ciency of near-ultraviolet excitation, it is about one thousand times 
higher than it would be if only the centers that are ionized by direct 
absorption were responsible for the light. If the absorption of energy 
in the fundamental absorption band produces excitons, as in the case of 
the alkali halides, we may conclude that a fraction of the excitons eventu- 
ally give their energy to the interstitial atoms by a process analogous 
to a collision of the second kind. It is possible in zinc sulfide, however, 
that absorption in the fundamental region produces free electrons instead 
of excitons and that these excite the interstitial atoms by a collision of the 
first kind. 

The wave length of the emitted radiation is always longer than that 
of the exciting radiation; the reason for this is probably that given in 
Sec. 108. In addition, the emission band consists of a broad band at 
room temperature. This band becomes narrower as the temperature is 
lowered 1 and usually consists of a single sharp line and several weak 
satellites at very low temperatures. The explanation of the sharpening 
undoubtedly is that given in part b of this section; however, the fine 
structure has not yet been completely interpreted, although it probably is 
also connected with the stimulation of the vibrational modes of the 
crystal. 2 

Willemite resembles the sulfide phosphors closely, for photoconductiv- 
ity 3 accompanies luminescence in this case as well. The alkali halide 
phosphors, however, belong in a different category, for they are not 
photoconductors. 4 A fuller discussion of these materials may be found 
in the articles listed in footnote 2, page 672. 

d. The Photolysis of Crystals . — Many crystals become colored or 
decompose when they are irradiated with light of suitable wave length. 
In this connection, we have already discussed the discoloration produced 
in alkali halides by X rays ( cf . Sec. Ill), which is due to the transfer of 
electrons from inner shells to vacant negative-ion sites. 

The most important and useful photolytic process occurring in a 
simple crystal is that responsible for the latent photographic image in 
silver halide crystals. If silver chloride or silver bromide crystals are 
exposed for a short time to light lying in the visible or near ultraviolet 
region of the spectrum, a visually imperceptible change is produced in 
them; however, when the crystals are placed in certain reducing agents, 

1 J. T. Randall, Nature 142, 113 (1938); Trans. Faraday Soc., 36, 2 (1939). 

2 F. Seitz, Trans. Faraday Soc.j 36, 1 (1939). 

3 R. Hofstadter, Phys. Rev., 64, 864 (1938). 

4 See Jour. Chem. Phys., 6, 150 (1938). 
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known as “developers,” the irradiated parts of the crystal proceed t 
decompose with the production of free silver and the correspondini 
halogen. The same decomposition may be produced by continuou 
irradiation without development — a process known as the “print-ou 
effect.” 

The credit for unraveling the fundamental processes in the darkeninj 
of the silver halides belongs to a large number of workers whose contrihu 
tions extend over many years of intensive work. 1 After it had booi 
definitely established that the decomposition products of the print-ou 
effect are free silver and halogen gas, Fajans suggested that the funda 
mental action of the light is to transfer an electron from a halogen ion to i 
silver ion, producing free silver in accordance with the reaction 


Ag+ + Br — > Ag+ + Br + electron — > Ag -f Br. (3) 


This hypothesis was supported by the observation of Toy and Harrison 
(c/. Sec. 135) that photoconductivity accompanies the absorption ol 
light in the region of wave lengths in which the latent imago is produced. 
After the development of the zone theory of solids, Webb employed this 
scheme to describe the freeing of electrons and their subsequent trapping 
in the lattice. Although this work went a long way toward explaining 
the initial steps in the darkening process, it left unexplained the manner in 
which the silver ions migrate to a given point in order to form a clump 
of free silver. The final steps were developed by Gurney and Mott 5 
who were able to give a fairly complete description of the darkening 
process. Briefly, the picture is as follows: 

1. After being freed, the photoelectron wanders about through the 
crystal and ultimately becomes trapped at a point near the surface. 
It is believed that the most likely trapping center is a speck of silver 
sulfide, the reason for this being that extensive chemical work has shown 
that the gelatin of photographic emulsions must contain a small amount 
of a sulfur compound if the latent image is to be produced. Presumably, 
a small amount of this substance is used in the production of silver 
sulfide. ^ Gurney and Mott suggest that the work function of silver 
sidfide is enough larger than the work functions of the silver halides so 
that a small speck of the former substance should be a good trapping 


2. The trapped electron attracts the silver ions in its vicinity, and 

n h r^r g r te t0Ward h by the ordinar y Process of ionic conductivity. 

Droducino-^nJr 101 ? r cheS l he tra PP ed electron and is neutralized, 
produemg an atom of silver. This is the essential point in Gurney and 

\ n e w e ^ UrV6yby S' Webb ’ Jour - Avv - Ph V 8 ‘> n ’ 18 (1940). 

R. W. Gtoney and N. F. Mott, Ptoc. Roy. Soc., 164, 151 (1938). 
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Mott's picture and is supported by the fact that the silver halides have 
an appreciable ionic conductivity at room temperature (c/. Fig. 66, 
Chap. I) . It is assumed that there are only one or two trapping posi- 
tions in the small crystals that occur in ordinary photographic emulsions, 
so that practically all the free electrons produced in a given crystal go 
to the same point. Thus, one atom of free silver is formed at the trapping 
center for each photoelectron released. It is believed that small specks 
of silver formed in this way represent the latent image. 

3. It should be added that the free halogen atoms produced during 
the formation of the latent image presumably diffuse out of the crystal. 
The probability that they will run into the latent image and interact 
with it is small. 

4. Gurney and Mott suggest that in the early stages of the formation 
of the latent image the trapped electrons have an appreciable chance of 
evaporating and returning to the halogen atoms from which they were 
originally released, thereby reversing the process. As the amount of 
free silver grows, however, the work function of the trapping centers 
should approach the value of about 4 ev for metallic silver, making it 
more and more difficult for reversal to occur. According to the most 
reliable measurements it requires between five and ten quanta per grain 
to form a stable latent image under the most favorable conditions. This 
fact indicates that the work function of a clump of five or ten silver 
atoms is sufficiently large to prevent reversal at ordinary temperatures. 

5. Extensive experimental investigation by Webb and others has 
shown that the efficiency for producing the latent image decreases with 
decreasing light intensity at very weak intensities. 1 This fact is an 
immediate consequence of the possibility of the reversal discussed under 4, 
for if the light intensity is sufficiently weak each silver atom may dis- 
sociate thermally before another is formed. The efficiency for producing 
the latent image does not continually increase with increasing light 
intensity, however, for it is found to fall at high intensities. Limited 
ionic conductivity presumably is responsible for this effect. Unless the 
charges of the trapped electrons are neutralized as fast as they are 
trapped, some of the electrons will be repelled from the trapping center 
and will recombine with the holes. In this connection, Webb 2 has shown 
that the efficiency for production of the latent image attains a low value 
that is independent of light intensity at liquid-air temperature. Presum- 
ably, both the probability of thermal dissociation of the silver atoms and 
the ionic conductivity are vanishingly small at this temperature so that 

1 This type of change of efficiency with intensity is related to reciprocity-law 
failure of ordinary photographic plates for exposures with light. 

* J, H. Wbbb and C. H, $yans, Jour, Optical Soc , Am 28, 249 (1938)* 
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the light simply charges the centers to a point where all other electron 
are repelled. When the crystal is warmed, enough silver ions migrat 
to the electrons to neutralize the charge, which happens to be sufficien 
to form a latent image. If it were not sufficient, no latent image would b 
formed as a result of low-temperature illumination. 

6. If illumination is continued after the latent image lias formed, th 
amount of free silver continues to grow and eventually an apprecinbl 
fraction of the crystal is decomposed corresponding to the results of thi 
print-out effect. 

7. Since the latent image is near the surface of the crystal, it comes ii 
contact with the developer when the crystal is immersed. Apparently 
the silver atoms of the latent image oxidize the developer molecule's anc 
thus obtain a negative charge which attracts silver ions and causes tin 
amount of free silver to grow just as if illumination had been continued. 

Another type of darkening process which has been studied ext ensi vely J 
is that occurring in zinc sulfide which has been suitably heated. Miner 
zinc sulfide is most commonly used either as a paint pigment or as a 
luminescent material, this darkening usually is a disadvantage. 


1 This work is reviewed in a paper by N. T. Gordon, 1<\ Seitz, and b\ Quinlan, Jour, 
Chem. Phys., 7, 4 (1938). 



APPENDIX 

DERIVATION OF HARTREE’S AND FOCK’S EQUATIONS 

a. Hartree’s Equations. — Hartree’s equations are based upon an 
eigenfunction of the type 

* = ' • ■ ^»(r„), (1) 

in which it is assumed that the \ pi satisfy the normalization condition 

[\M 2 dri = 1 (2) 

but are not necessarily orthogonal. 

From the variational theorem, we should expect the “best” to be 
those for which 


SS^HVdrfa, fi, r.) - 0 (3) 

with the auxiliary condition (2). We shall write H in the form 

•••,») (4) 

i i,j 

where Hi depends only upon the variables r< and is the same function of 
these as //, is of r,-. Equation (3) may then be written in the form 


1 3 3,k 

^i(ri) * * * dr' + 

2 J[^i*(r,) • * • fc_,*(r*_ 1 )*m*(r« fl ) ■ ■ • W*(r<) • 

i 

^2 + dr> ~ ( 5 ) 


When integrated, this reduces to 


2 M2 J *•***» + n. 

Hi + + (a symmetrical expression in 5^*) = 0. (6) 

3 
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The variational equivalent of (2) is 

hiMi + J S\pi*ipidr) — 0. 

The result of adding (7) to (6) with Lagrangian multipliers, X<, is 


M< 


3, Mi 


Tjk 


-drj -f 


Hi + 2 + x < 


+ 


(a symmetrical expression in 5^<*) = 0. (I 

If the condition that H is Hermitian is used, the position of 5^ and \p 
may be reversed in the written term of (8). Since and 5^* a: 
independent variations and are independent of the variations of 8\[/ k ar 
8\l/ k *(k j* i), the necessary and sufficient condition that (8) be satisfio 
is that the coefficient of each 8\pi and each be zero. These conditioi 
are 

H$i + 'l'i*H\pjd,Tj + 




jjvH&l; 


i,k*i 


r,-h 


drjk + X,- 


ij'I'i = 


0 (1 


and 


Hfl/i* + (2'J^V+Cs/ \p*H\pjd,Tj + 


Mi 


3, Mi 


r ih 


)+<* = 


Obviously, only one of these need be considered since the two equatior 
are complex conjugates. We obtain Hartree’s equations 


Beh + (SjW*#)* + = 0 (1C 


by setting 


(2/ 


Mi 


+i*Wl*r, + + x< 


&3 ' i.kfSi 

If wo require, in addition to (2), that 

I'l'i*'l'idT — Sij 


) - *. 


(11 


(12 



APPENDIX 679 

and if we add the variational equivalent of this to (8), we find that a term 
is added to (11). 

b. Fock’s Equations. — The derivation of Foek’s equations may pro- 
ceed along exactly the same lines as those employed in part a with the 
exception that the basic wave function is 


*=— '?(■ 
Pv 


■l) p "P,[\pl{Ti) ■ ■ ■ MrJrntiQ 


1.0 (13) 


where 


= ^ 2 , ^3 = ^ 4 , • • * , i'n - 1 = tn 


and the spin functions 77 are opposite for the members of each of these 
pairs of equal functions. In this case, we have 



Pv 






(U) 


We shall substitute this in the equation 

5/¥*ff*'dr = fVHWdT + SM*HVdr = 0 (15) 

where H is given by (4). After integrating, summing over spin, and 
using the condition J^*(r)^(r)dr = 0, for \pi ^ \pj, and /|^| 2 dr = 1, we 
obtain 


2J(* i*(rx) [2/ ^•*(r 2 )H2^,(r 2 )dT2 + 

2^-J J ns 

j\k 

1 ^ ' , f ^*(rO»**(r 1 )^(r > )^(r,) J + 

2 J r-23 


+ 


j,k 

| spins 


+ x;,] - 

| spins 


+ 


J ^i*(r2)H 2 iMr 2 ) + + 

[a symmetrical expression in 5^{*(ri)] = 0. (16) 



680 


THE MODERN THEORY OF SOLIDS 


The A;, are the Lagrangian multipliers for the orthogonality and normt 
ization conditions. We shall set 



^ - K + ]£f Vi*(r2)F 2 ^(r 2 )dr 2 . (li 

3 

We find, upon equating the coefficient of «ft(n) to zero, as before, thal 

+ (19 

ii J ‘- J 

II splqs 

Equation (19) is valid only for those states of zero multiplicity whicl 
correspond to a complete set of paired ft. In other cases, these equation 

w 1 m a Way that depends upon the type of wave function 

We shall not discuss these cases since the one leading to (19) is sufficiently 
general for our needs. 
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A 

Absorption coefficient, 631#, 635, 646#. 
alkali metals, 652 
semi-conductors, 662 
transition metals, 656 

Absorption spectra, alkali halides, 410, 
446, 657#. 

F centers, 662 
infrared, 665 
ionic crystals, 408#. 
metals, 651#. 
semi-conductors, 661#. 

Acceleration in band scheme, 315#. 

Accidental degeneracy, 290 

Activation energy, reactions in solids, 
474, 550 

semi-conductors, 459#. 

Additivity, atomic heats, 38 
ionic radii, 51 
ionic susceptibilities, 59 
refractivities, 660 

Adiabatic approximation, 470#. 

Alkali halides, absorption spectra, 408#., 
446 

bands, 441 

charge distribution, 444 
cohesion, 80#. 
conduction levels, 446 
discoloration, 460 
F centers, 457 
Hall effect, 563 
ionic conductivity, 55, 385#. 
lattice defects, 548#. 

Madelung constants, 78 
optical properties, 657#. 
photoconductivity, 413, 446, 459, 563 
semi-conductors, 457 
vacancies. 458#. 

Alkali metals, Bloch functions, 350#. 
cohesion, 348#., 366 
correlation energy, 366 
coulomb field, 349 
effective mass, 353 


Alkali metals, elastic constants, 116 
electronic structure, 420#. 
exchange energy, 359, 421 
ion-core field, 348 
level density, 366 
optical properties, 423, 652 
paramagnetism, 599 
simple treatment, 382 
specific heat, 116, 421 
total wave function, 308#. 
work function, 399 

Alkaline earth metals, bands, 424#. 
level density, 424 

Alkaline earth salts, absorption spectra, 
408# 

cohesion, 81# 
excitation states, 413# 

Hall coefficient, 467 
photoconductivity, 413 

Allotropy, carbon, 484 
cobalt, 8, 487 
helium, 485 
ionic crystals, 89#. 
iron, 8, 487 
metals, 2 
sulfur, 484 
theory, 473#., 478# 
tin, 8, 483 

Alloys, 25#, conductivity, 541#. 

Curie point, 45, 624 
diamagnetism, 595 
diffusion, 495 

equilibrium conditions, 500 
exchange integral, 624 
ferromagnetism, 45, 623#. 
filling of levels, 434, 501 
heat of formation, 38 
Hume-Rothery rules, 28, 30#. 
interstitial, 25# 

magnetic susceptibilities, 42#., 595 

ordered, 37, 502 

phase boundaries, 499 

phase changes, 500 

quenching of magnetization, 44#. 
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Alloys, resistivity, 39#, 43# 
substitutional, 25# 
thermal properties, 37 
Angular momentum, orbital, 426, 578 
spin, 206#, 232, 426, 577 
Anisotropy, 21, 627# 

Antisymmetric states, 209, 236, 243 
molecular helium, 264 
two electrons, 232, 260 
Approximate methods, 329# 

Atomic dipole moment, 218 
Atomic heat (see Specific heat) 

B 

Band scheme, 251, 271# 
alkali halides, 441 
alkali metals, 348, 420# 
anisotropy, 628 
Boltzmann’s equation, 319 
conductivity, 274 

connection with Heitler-London 
scheme, 337 
diamond, 452 
excited states, 407, 408 
ferromagnetism, 339 
holes, 317 
ionic crystals, 441 
level density, 307# 
metals, 420# 
narrow bands, 303# 
overlapping, 296 
rules concerning, 274#, 295# 
transition metals, 426#, 468 
Barkhausen effect, 25 
Beryllium, 371#. 
level density, 371, 437 
work function, 400 
Beryllium atom, 247#. 
energy, 248 

Beta brass, 35#., 506 - 1 ? 

specific heat, 37 . ■ 

Bismuth, 425 - _ 

diamagnetism, 595 
effective mass, 596#., 599 
optical properties, 656 
Bloch functions, 272#. 
accuracy, 312 
alkali metals, 348, 350# 
approximate, 273,. 294, 303#., 331# 
excitation waves, 647# 
free electrons. 272 


Bloch functions, narrow bands 
Approximate methods) 
symmetry, 275 

Bloch scheme (see Band scheme) 
Boltzmann’s equation of state, 168#. 

in band scheme, 319, 516#., 526 
Boltzmann’s theorem, 99 
entire solid, 479 
Bond functions, 210 
Bom-Mayer equation, 87, 96 
justification, 445 
Bom-Oppenheimer equation, 470 
Bom-von Kdrm&n boundary condit 
118, 121, 126, 272 
Bound electrons, 274 
Brass system, 30, 43 
Breaking strengths, 98 
Brillouin functions, 581 
Brillouin zones, 284, 287#., 294#., 

C 

Cp — C v correction, 136#. 

Carbon atom, 249 
Carbon dioxide, 394 
Carborundum, 2, 61, 63 
Cauchy-Poisson relations, 94, 376 
Cellular method, 329 
alkali metals, 349 
empty-lattice test, 332 
Cellular polyhedron, 330#., 352 
Characteristic temperature, ionic ci 
tals, 57, 114, 134# 
metals, 108, 109# 

Chemical constant, 403 
Chemical reactions, 470 
Closed shells, 228, 247, 26?#., 302#, 3 
346 

copper, 367 
diamagnetism, 582 
ionic crystals, 388 
rare gases, 393 

Closed-shell interaction, 262 # 
alkali metals, 360 ' /■ 

metals, 376 ‘ 

Cobalt, allotropy, 8, 487 " ‘ 

Coherent scattering, 542 
Cohesion, 345#. 
alkaline earth salts, 81# 
alkali metals, 348, 366 
alloys, 38, 271#, 378 
carbon dioxide, 393 
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d-electron band, splitting, 429 
transition metals, 426/ 
widths, 158 

Demagnetization factor, 603 
Density of levels, 143, 153/ 

Density matrix, 244 
Determinantal wave functions, 237 
molecules, 263 
solids, 302 

Diamagnetism, alloys, 595 
bismuth, 595 
closed shells, 582 
free electrons, 583/., 594 
narrow bands, 590 
Diamond, 2, 61 
allotropy, 484 
bands, 452/. 

Dielectric breakdown, 319, 562 
Dielectric constant, 629, 635 
Diffusion, 494/., 548/ 
alloys, 495 
interstitial, 495/ 
ionic conduction, 548/, 557 
jump frequency, 495, 548 
Dipole-dipole interaction ( see van der 
Waals interaction) 

Dipole layer, 396 
Dipole moment, atomic, 218 
surface, 396 

Dipole-quadrupole interaction, 86/ 
Dislocations, 98 
Dispersion, 220, 633/ 

Displacement distance, 565 
Displacement operator, 591 
Domain theory, 20/ 

Drift terms, 169, 525 
d shells, 2, 16, 420/ 
ferromagnetism, 614 

Dulong and Petit's law, 14, 38, 103, 138, 
487 

E 

Effective electron mass, 141, 153, 316 
alkali metals, 354 
bismuth, 596/, 599 
ionic solids, 441, 445 
negative, 316 
optical, 653 
theory, 350 

transition metals, 158/, 536 
Eigenfunction, 197 
antisymmetric, 209 


Einstein function, 103 
Einstein’s theory of specific heat, 99 
Elastic constants, 94/ 
alkali metals, 116, 373 
Cauchy- Poisson relations, 94, 376 
change with ordering, 503 
component parts, 375/ 
ionic crystals, 95, 391 
isotropic media, 106, 377/ 
theory, 373/ 

Elastic waves, 129 
Electric polarization, 607 
Electromagnetic theory, 203, 210/ 
Electron affinities, 46 
halogens, 49, 80/ 
negative ions, 80/, 414/, 448/ 
Electron-atom ratio rule, 30/ 

Electron coupling, 535 
Electronic distribution, 231 
alkali halides, 443 
zinc oxide, 447 

Electron-electron collisions, 535, 540 
Electronic conductivity, 62 
ionic crystals, 554 

Electronic specific heat, alkali metals, 421 
aluminum, 152 
classical, 144 
copper, 152 
free electrons, 422 
free energy, 487 
iron, 158 
nickel, 15 
palladium, 158 
platinum, 158 
silver, 152/ 
zinc, 152/ 

Electron magnetic moment, 203 
Electron mobility, 183 
Electron spin, 203/, 232 
Dirac theory, 203 
magnetic moment, 207 
Pauli theory, 204/ 

Electrostatic energy, 77 
Electrothermal effects, 178/, 191 
Emission probability, 218/ 

Entropy, ferromagnetism, 608 
lattice vibrations, 481 
mixing, 458, 499 
ordering, 504/, 509 
solid, 476 

superconductors, 546 
vacancies, 458, 461 
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Exchange correlation, 240 
narrow bands, 334 
Exchange energy, 240 
alkali atoms, 350 
alkali metals, 359, 421 
beryllium, 371 
copper, 367 

Fermi-Thomas theory, 385 
ferromagnetism, 612/., 618, 623 
free electrons, 339 /. 
ionic crystals, 388 
metals, 398 
narrow bands, 334/. 

Exchange function, 340, 398 
Exchange integral, 240 
alloys, 624 

ferromagnetism, 612j(f., 618, 623 
Excitation function, 561 
Excitation spin waves, 620 
Excitation waves, 413, 414/., 617/ 
alkali halides, 413 
conductivity, 413, 416 
decomposition, 563, 575 
insulators, 451 
metals, 408 
molecular solids, 468 
narrow bands, 416 
normalization, 415 
optical properties, 647/. 

Excited states of solids, 407/. 
atomic arrangement, 451 
band scheme, 407, 408/. 
ionic solids, 409 
metals, 409/. 
semi-conductors, 414 
Exciton (see Excitation waves) 
Expansion coefficients, 380 
ferromagnetism, 625 
Extinction coefficient, 632/. 

F 

F centers, 459, 565 
absorption, 459 
free energy, 458 
levels, 463 

optical properties, 565, 662 
F 7 centers, 567 
Fermi energy, 355 
alkali metals, 355 
copper, 369 

Fermi-Dirac distribution, 145 


Fermi-Thomas theory, 368, 376, 384/. 
Ferromagnetism, 156 
alloys, 45, 434, 623 
anisotropy, 22, 627 
critique of theory, 622 
domain theory, 20/. 
entropy, 615 
free electrons, 602 
gadolinium, 25 
Heisenberg theory, 612 
Heusler alloys, 45 
ionic crystals, 60, 623 
partition functions, 615 
specific heat, 611 
spin-wave theory, 617 
Weiss theory, 608 
/ factor, 643/. 

F centers, 662 
ionic crystals, 658/. 
rare gases, 645 
sum rules, 649 
Filling of levels 
alkaline earth metals, 424 
alloys, 434/., 501 
magnetic field, 587 
semi-conductors, 456/. 
transition metals, 429, 535 
Fluctuations, 478 
Fock operator, 245 
Fock scheme, 227 
Fock’s equations, 242/., 252, 677 
connection with Hartree’s, 335, 397 
molecular hydrogen, 260 
solids, 302, 313, 335, 347 
solutions, 246/. 

Forbidden region, 273/. 

Free electrons, correlation, 242 
diamagnetism, 583, 594 
ferromagnetism, 602 
magnetic field, 584 
metals, 139 

optical properties, 638/. 
wave functions, 241, 272 
Free energy, carbon, 484 
electronic, 487 
F centers, 458 
lattice vibrations, 480 
rare-gas solids, 492 
semi-conductors, 466 
solid, 479 
vacancies, 458 
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Free rotation, 511 
Fowler's theory, 513 
Pauling's theory, 511 
Fundamental absorption band, 411, 575 

G 

Gamma brass, 30# 
zone boundaries, 433 
Gibbs-Helmholtz equation, 483, 487 
Glasses, 476 
Goldschmidt radii, 92# 

Graphite, 61, 455 
allotropy, 484 
Group theory, 275, 297 
Gruneisen’s function, 533, 540 
Gruneisen's law, 138#. 

Griineisen's theory of metals, 379 
Gyromagnetic ratio, 426 

H 

Hagg's rules, 35 
Hagen-Rubens relation, 640 
Hall constant, metals, 181#., 318 
photoconductors, 563 
positive, 182, 183, 194, 318 
semi-conductors, 68#, 192, 563 
zinc oxide, 467 

Halogen ions, electron affinity, 46, 80#., 
414#. 

Hamiltonian operator, 197, 199, 202, 
212#, 227, 245 
complete, 470 
crystals, 345# 
hydrogen molecule, 258 
hydrogen molecule ion, 254 
ionic crystals, 387 
magnetic field, 576 
mean value, 229, 236 
Hamilton's equations, 213 
Hartree fields, 251, 333 
Hartree functions, 234 
Hartree's equations, 235, 677 
connection with Fock's, 335 
solids, 329#, 335, 347 
solutions, 246# 

Heat of formation ( see Cohesion) 

Heat of sublimation, 3 
Heitler-London scheme, 251, 254#, 263 
accuracy, 312 

connection with band scheme, 337 


Heitler-London scheme, connection with 
Hund-Mulliken scheme, 252, 263, 
301 

excited states, 408 
ferromagnetism, 612 
ionic crystals, 441# 
metals, 348, 420#. 

Helium atom, 231# 

Helium interaction, 264, 269 
Hermitian matrix, 129, 199 
Heusler alloys, 44 
High pressure, 374, 382# 

Holes 

in bands, 155#, 317, 430 
ionic crystals, 446 
semi-conductors, 457 
Hume-Rothery rules, atomic size, 28 
electron-atom ratio, 30#, 434 
solubility limits, 28 

Hund-Mulliken scheme, 251, 254#, 263 
connection with Heitler-London 
scheme, 252, 263, 301 
Hydrogen interaction, 268 
Hydrogen molecule, 258 
Hydrogen-molecule ion, 254 

I 

Image-force barrier, 162 
Impurity levels, 325, 456#. 

Inelastic collisions of electrons, 523 
Infrared spectra, ionic crystals, 665 
width, 666#. 

Inner shells, 272 
diamagnetism, 601 
Interstitial alloys, 25# 

Hagg's rules, 35 

Interstitial atoms, conductivity, 547#. 

diffusion, 495 
Invar, 625 

Ion-core field, 330, 383 
Ionic conductivity, 64#. 
mean free path, 554 
mechanism, 550#. 
theory, 547# 

Ionic crystals, 1, 46# 
absorption spectra, 408#. 
allotropy, 89#. 

characteristic temperature, 57, 114 
cohesion, 46#, 78, 80#., 88#, 385# 
conductivity, 55, 548# 
effective i mass, 441, 445 
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Ionic crystals, elastic constants, 95, 
391 

equilibrium arrangement, 451 
exchange, 388 
excited states, 409 
Hamiltonian, 387 
holes, 446 

infrared spectra, 665 
magnetic properties, 59#. 
mean free path in, 558 
photoconductivity, 446 
radii, 82, 91#. 
specific heats, 57#., 99#. 
structures, 49#. 
total wave function, 442 
transport numbers, 56, 65 
work function, 400#. 

Ionization levels, 413 

Iron, allotropy, 9, 487 
band scheme, 428#. 
expansion coefficient, 625 
magnetization, 20#., 610 
specific heat, 15, 158 

J 

Jump frequency, 495, 548 


K 

k space ( see Wave-number space) 
Kinetic energy, 229 
Koopmans* theorem, 313#., 408 
Kopp-Neumann law, 38 
Kronecker delta function, 128 
Kronig- Penney model, 282, 321 

L 

Lagrangian parameter, 202 
Lambda point, 485 
ammonium chloride, 511 
crystals, 511# 
specific heat, 512 
Land<$ factor, 581 
Latent image, 675 
Lattice defects, density, 556 
relative energy, 551 
, silver halides, 556 
types, 551 


Lattice vibrations, assembly of oscillators, 

100 # 

Born-von Kdrm&n boundary condi- 
tions, 133, 275# 
change during ordering, 505 . 
coupling, 667, 672 
damping, 451 
diatomic lattice, 121 
free energy, 481 

frequency distribution, 103#, 121, 135 
general theory, 476 
Hamiltonian, 131 
kinetic and potential energy, 131 
normal modes, 105#., 119, 127 
optical properties, 665# 
scattering by, 518#. 
velocity, 120, 123 
wave functions, 477#., 521 
Laue’s conditions, 288 
conductivity, 518 

Level density, alkali metals, 366, 437 
alkaline earth metals, 424 
alloys, 433 
anomalous, 439 
bands,. 307# 
beryllium, 371, 437 
complex metals, 425 
from X rays, 436# 
transition metals, 427, 440 
Line breadth, 223#., 646#. 
natural width, 224 
vibrational broadening, 226, 670 
Liquid helium, 269, 485 
lambda point, 485 
specific heat, 485 
Liquid state, 475#, 488#. 
helium, 485 
supercooled, 475 
Liquidus curve, 27 
Lithium hydride, 390#. 
bands, 444 

Lithium molecule, 262 

Local field correction, 603#, 637#., 658 

Long-distance order, 507 

Lorentz force, 170, 213, 317 

Lorentz theory of collisions, 170 

Luminescence, 452, 573, 672 

M 

Madelung constant, 78 
Madelung energy, 363 , , , ; 
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Madelung energy, alloys, 378 
ionic crystals, 388 
Magnesium-antimony system, 33 
Magnetic anisotropy, 22 
Magnetic moment, electronic, 203, 207, 
426 

Magnetic susceptibility, above Curie 
point, 617 
additivity, 59 
alloys, 42#, 44 # 
atomic, 605 

dependence on strain, 18 
diamagnetic, 577 
ionic crystals, 59#. 
metals, 16, 159#. 
theory, 159#., 576#. 

Magnetization, 16 
curves, 20#. 
quenching, 44#. 
saturation, 23#. 
temperature dependence, 19 
theory, 576#. 

Many-body problem, 227#. 
Maxwell-Boltzmann statistics, 139 
Maxwell's equations, 211, 629#. 

Mean energy of electrons, 144 
Mean free path, 139 
alloys, 541 

electrons in ionic crystals, 558 
high temperatures, 527 
ionic crystals, 554#. 
low temperatures, 531 
metals, 172, 184, 190, 518# 
photoconductivity, 565#., 568 
semi-conductors, 190 
theory, 516#., 518#., 526 
Mean value, 198 
Hamiltonian, 229 
Melting, 475#., 488# 
conductivity change, 491 
latent heat, 490 
Mott theory, 490 
rare-gas solids, 492 
Metallic hydrogen, 367 
Metals, allotropy, 5 
alloys, 25# 
atomic radii, 9 
band theory, 272#, 420# 
cohesion, 3, 348# 
conductivity, 9, 516#, 532 
elastic constants, 393#. 
electronic structure, 420# 


Metals, excited states, 407#. 
Fermi-Thomas theory, 368 
free-electron theory, 139# 
high pressures, 374, 382 
iron group, 427 
magnetism, 16# 

mean free path, 184, 190, 516, 526 
optical properties, 638#., 649 
resistivity, 9 
simple, 2 

simplified theory, 379#. 
specific heats, 13#. 
structures, 4#. 
superconductivity, 12, 545 
total wave function, 308#. 
transition, 2 
work function, 395#. 

X-ray emission, 436#. 

Metastable states, 452 
Miller indices, 20 
Mobility, electronic, 68, 183, 565 
Molecular binding, 254#. 

Molecular crystals, 1, 72#. 
cohesion, 391#. 
levels, 468# 

Molecular notation, 254# 

Molecular wave functions, 253, 254#. 
Multiplet, 579 
Multiplicity, 210, 242 

N 

Neon interaction, 265, 393 
Nickel, band scheme, 428#. 
electronic specific heat, 15, 157 
expansion coefficient, 625 
magnetization curve, 20#. 
optical properties, 656 
Noble metals, monovalent, 367, 423#. 

optical properties, 655 
Normal modes of vibration, 105#, 121 
127, 275#., 476 
distribution, 135 
energy, 131# 

Hamiltonian, 131 
Lagrangian, 131 
optical properties, 665 
Nuclear-motion, equations, 470# 
Nucleation, 515 

O 

One-electron scheme, 227#, 233, 272# 
280 
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Operators, 195#. 

Hermitian, 199 

Optical properties, alkali halides, 408#., 
446, 657#. 

alkali metals, 423, 652# 
alkaline earth salts, 450 
Bloch functions, 649 
excitation waves, 647# 

F centers, 459 
free electrons, 638#. 
ionic crystals, 657#. 
metals, 638#., 649, 651#. 
monovalent noble metals, 424, 649 
quantum formulation, 642# 
semi-conductors, 459, 661# 
Order-disorder, 35#., 41, 486, 502 
amalgams, 503 
beta brass, 35#, 506 
change in elastic constants, 503 
conductivity, 35#, 504 
dependence on vibrational frequencies, 
505 

entropy change, 504# 
magnetism, 608 
specific heat, 37 
theories, 508#. 

Order parameters, 36, 505# 

Oscillator strength, 645#. 

{See also f factor) 

Oxygen atoms, 250 

P 

Paramagnetic salts, 603 
Paramagnetism, alkali metals, 599# 
contribution from exchange and corre- 
lation, 600 

above Curie temperature, 610, 617 
free ion, 580# 
valence electron, 599 
Partition function, 101 
ferromagnetism, 615 
lattice vibrations, 482 
magnetic field, 580, 586 
spin waves, 618 
Pauli principle, 141, 208#., 231 
Peltier effect, 179 
Penetration distance, 642 
Periodic boundary conditions ( see Bom- 
von K&rmdn boundary conditions) 
Periodic wave functions, 272, 280# 
Permeability, 17 


Permutations, 208# 

Perturbation methods, Bardeen’s, 520 
Herring and Hill’s, 332 
Schrodinger, 284, 289 
semiclass leal, 560# 
time-dependent, 216, 521#. 

Phase changes, 470#, 473#. 

Phase diagrams, 26# 
brass, 30, 502 
copper- aluminum, 31, 502 
copper-gold, 33 
copper-silver, 33 
iron-cobalt, 34 
magnesium-antimony, 33 
Phase space, 143 
Photoconductivity, 558#. 

alkali halides, 413, 446#., 459, 563 
darkening, 574 

decrease at low temperatures, 566 
displacement distance, 565 
mean free path, 569, 572 
quantum yield, 565#. 
silver halides, 574 
Photoelectric effect, 153#, 670 
Photographic theory, 674# 

Photolysis, 673 
Plasticity, 98 

Polarizability, 629, 634, 639 
atomic, 267, 649# 
complex, 631#, 642 
Polarization current, 570#., 630#. 
Polarization energy, 463 
lattice defects, 551 
Polymorphism (see Allotropy) 

Potassium chloride, anomalous specific 
heat, 57 

Potential in metal, 140 
Primary current, 565 
Primitive translations, 15, 125 
Principal lattice vectors, 285, 298 

Q 

Quantum mechanics, 195# 

Quantum statistics, 209 
Quantum yield, photoconductivity, 464, 
565 

Quenching, 27 

R 

Radiation field, Fourier resolution, 212# 
Hamiltonian, 212# 

Interaction with matter, 213 
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Radiation theory, absorption probability, 
218# 

damping, 224 
Dirac theory, 215 
dispersion, 220 
emission probability, 218# 
line breadth, 223 # 
natural width, 223 

Schrodinger-Gordon- Klein theory, 215 
selection rules, 225, 326, 418, 423 
Radii, atomic, 9 
ionic, 51, 82, 91# 

Raman scattering, 221 
Rare-gas solids, free energy, 492 
melting, 492 

Reaction rates, 470, 494, 497 
Reciprocal lattice, 294, 327 
Rectification, 575 
Reduced mass, 232 

Reduced-zone scheme, 122, 287, 292, 328 
Reflection coefficient, electrons, 165# 
light, 633, 640 
Refractive index, 632# 
alkali halides, 657 
Refractivity, 660 
Relativistic electronic theory, 203 
Repulsive potential, ionic crystals, 79#., 
96 

Residual resistance, 541 
Resistivity, alloys, 39#., 43#. 
high temperature, 12 
low temperature, 12 
measurement, 64 
metals, 9#. 

. residual, 541 

(See also Conductivity) 

Resonance, 217 

Richardson-Dushman equation, 165 
Russell-Saunders coupling, 578 

S 

Saddle point, 474 
Scalar potential, 211 
Schottky effect, 162#. 

Schrodinger equation, 198#. 

Screening, 261 
Secondary current, 569#. 

Seeback effect, metals, 180 
semi-conductors, 193 
Selection rules, band scheme, 326 
electronic collisions, 521# 


Selection rules, excitation waves, 418 
648# 

X-ray emission, 438 
Self-consistent fields ( see Hartree fields) 
Self-energy of charge, 361 
Semi-conductors, 1, 62#. 
activation energy, 459#. 
conductivity, 63#, 189#, 457, 461, 465 
dependence of conductivity on vapor 
pressure, 70, 192, 465 
electronic transport, 62# 
free electrons in, 188 
Hall constant, 68#, 192, 456 
holes in, 457 
impurities in, 456 
ionic transport, 64# 
levels 414, 457 
mean free path, 190 
optical properties, 661#. 
theory, 186# 
vacancies, 458 
Short-distance order, 507 
Silica, 456 

Silver-gold system, 28, 40 
Silver halides, ionic conductivity, 64 
lattice defects, 556 
photoconductivity, 574 
Simple metals, 2 

Sodium chloride, cohesion, 385# 
effective mass, 441, 445 
energy levels, 442# 
infrared absorption, 666 
work function, 400 
Solid types, 1 
electronic structure, 420# 
transition between, 74 
Solidus curve, 27, 32 
Solubility limit, Hume-Rothery rule, 28 
theory, 502 

Specific heats, alkali metals, 116, 422 
alloys, 38 
aluminum, 152 

anomalous, 57, 99, 100, 111, 116#, 136, 
512 

benzene, 115 

Blackman's treatment, 99, 116, 120, 
133# 

Bom-von K4rm4n theory, 99 
C v — C p correction, 136# 
copper, 152 
Debye's theory, 104# 
diamond, 484 
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Specific heats, Dulong and Petit’s law, 
38, 103 

Einstein’s theory, 103 

electronic, 15, 117, 144, 422, 487 

Fermi-Dirac theory, 150#. 

ferromagnetism, 611 

ionic crystals, 57# 

iron, 15, 158 

liquid helium, 485 

metals, 13#., 432 

nickel, 25, 157 

ordered alloys, 37 

palladium and platinum, 158 

silver, 152# 

sulfur, 484 

theory, 99#. 

tin, 483 

zinc, 152#. 

Sphere approximation, 349, 362#. 
Spherical harmonics, 330 
Spin angular momentum, 205#., 426* 
577 

Spin matrices, 205 
Spinor, 204#. 

Spin waves, 617 
excitation, 620 
partition function, 618 
State function, 195#. 

Statistics, classical, 139, 141, 517 
Einstein-Bose, 486 
Fermi-Dirac, 141, 144#., 209 
Maxwell-Boltzmann, 139, 141 
Structures, ionic crystals, 49# 
metals, 4#. 
molecular crystals, 72 
valence crystals, 60# 

Substitutional alloys, 25#., 502 
bands, 432# 
diffusion in, 495# 
order-disorder, 502# 

Sulfur, allotropy, 484 
specific heat, 484 
structure, 74 

Sum rules, atoms, 644, 649 
Bloch functions, 650 
/ factors, 644 
Superconductivity, 545 
Surface energy, 96, 515 
Surface properties, 395 
Surface resistivity, 642 
Surface states, 320#. 

Surface tension, 98 


T 

T z law of specific heats, 99, 533 
deviations, 120 

Theory of conduction, critique, 534 
Lorentz, 190#, 516 
metals, 170#., 516# 

Sommerfeld, 174, 517 
Theory of radiation (see Radiation 
theory) 

Thermal conduction, theory in metals, 
174# 

Thermionic emission, 161#, 402# 
Thermodynamics, 80, 402 

Clausius- Clapeyron equation, 402 
equilibrium conditions, 476, 479, 500 
Gibbs-Helmholtz equation, 483, 487 
Thomson effect, 179 
Tin, allotropy, 8, 483 
disease, 483 
gray, 61 

specific heat, 483 

Total electronic-wave function of solids, 
308# 

alkaline earth salts, 448 
divalent metals, 312 
excited states, 311, 407# 
insulators, 309 
ionic solids, 409#, 442 
metals, 308#., 407#., 420# 
semi-conductors, 407#., 414# 
Transition between solid types, 74, 469 
Transition metals, 2, 426 
allotropy, 487 
alloys of, 434# 
atomic heat, 15 
bands, 426# 
cohesion, 427# 
conductivity, 535# 
electronic heat, 153, 155, 432 
holes in, 430 
level density, 427, 440 
magnetic properties, 426# 
optical properties, 656 
Pauling’s theory, 429, 441 
tungsten, 426 
Transparent region, 635 
Transport numbers, 65#., 465 
Trapping centers, 565 
Tungsten, 426# 
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U 

Unallowed region (see Forbidden region) 
Uncertainty relation, 230 
Unit cells, 15, 332 


V 


Vacancies, 458, 461 
alkali halides, 460 
. conductivity, 547#. 
cuprous oxide, 467#. 
density, 550 
diffusion, 495#, 547#. 
entropy, 458 
free energy, 458 
Valence binding, diamond, 455 
molecules, 270 
solids, 421 

Valence crystals, 1 , 60#. 

Valence forces, 270#. 
van der Waals interaction, 82, 84#., 262# 
ionic crystals, 389 
metals, 360 
molecular solids, 391# 
rare gases, 492 

Variational theorem, 200#, 227, 242 259 
262, 473 ’ 

Vector potential, 211, 577 
Velocity, band scheme, 315# 
excitation waves, 417 
group, 315, 417 
sound, 109, 123 


Wave functions, surface, 320 
total of solid, 308#, 420# 
two electron, 232, 260 
Wave packets, 315 
Wave-number components, 107 
Wave-number space, 273, 294 
density of points, 294 
Wave-number vector, 107, 212 
electronic, 272#. 
principal, 285, 298 
Wiedemann-Franz law, 178 
Work function, 145#, 166, 404 
alkali metals, 399 
beryllium, 400 
internal contribution, 397 
nonmetals, 400#. 
sodium chloride, 400# 
surface contribution, 397 
temperature dependence, 402 
theory, 395# 

Wronskian, 279 
Wulfif's theorem, 97 

X 

X-ray absorption, 407 
X-ray diffraction, 288, 296 
X-ray emission, 344, 407, 413 
bands in metals, 436# 
transition probabilities, 438 

Z 


Vibrational broadening, 226 
W 

Wave functions, antisymmetric, 209, 236 
Bloch, 251, 272 
determinantal, 237, 302 
excitation waves, 414# 
excited states, 311#., 412 
free electrons, 241, 272 
Heitler-London, 251 
Hund-Mulliken, 251 
hydrogen molecule, 258 
impurity levels, 325 
lattice vibrations, 477#, 518#, 521 
magnetic field, 584#., 591# 
molecular, 253, 254# 
one electron, 227, 233 
periodic, 272, 278# 


Zero-point energy, 86 
Zinc oxide, 2, 464 
conductivity, 70, 192, 549 
diffusion, 496 
Hall effect, 193 
impurity levels, 414, 447# 
Seebeck emf, 193 
Thomson effect, 193 
Zone boundaries, 273, 595 
Zone scheme, 122, 273 
Zones, 273, 290 
bismuth, 425 
Brillouin, 284, 287# 
figures, 298# 
gamma brass, 433 
mapping, 288 

rules concerning, 274#, 295# 
X-ray diffraction, 288, 296 
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Cohesion, copper, 367 
Fock approximation, 368 
ionic crystals, 46/., 78, 80/., 88/, 271, 
385/ 

lithium hydride, 390/ 
metallic hydrogen, 367 
metals, 3, 271/., 367/ 
molecular solids, 73, 391/ 
molecules, 254/ 
solids, 271/ 
transition metals, 427/ 
valence crystals, 61, 271/ 

Collision terms, 169, 525, 538 
Competition of energy terms, 230 
Compressibility, 76, 138 
ionic crystals, 391 
theory, 373/ 

Conductivity, alkali halides, 55, 64 
alloys, 544 

band theory, 274, 297/ 
change with melting, 491 
change with order, 41, 504 
classical theory, 190 
critique of theory, 534 
cuprous oxide, 65 

dependence on vapor pressure, 70, 461 
excitation waves, 416 
ionic solids, 55/ 
low temperature, 531 
magnetic field, 184/ 
metals, 9, 170/, 174/, 190, 425, 516/ 
optical region, 631/, 635/, 648 
semi-conductors, 63, 189/, 457, 461, 
465 

simple metals, 535/ 
surface, 642 
transition metals, 535 
Copper, bands, 367, 423/ 
cohesion, 367 

optical properties, 424, 654 
Copper-gold system, 33, 36, 503 
Copper-silver system, 33 
Correlation of electrons, 231 
exchange, 240 
free electrons, 242 
hydrogen molecule, 259 
metals, 420 
narrow bands, 339 
solids, 339 

Correlation energy, 231, 234 
alkali metals, 366 
atoms, 247/ 


Correlation energy, beryllium, 373 
free electrons, 342/ 
narrow bands, 339 
Coulomb energy, 346, 357 
alkali metals, 363 
Cross section, alloys, 543/ 
angular dependence, 528/ 
electronic collisions, 169, 320, 526 
541/., 545 
ionic crystals, 554 
low temperature, 531 
Cuprous oxide, 2 
conductivity, 65 
levels, 467/ 
rectification, 575 
vacancies, 467/ 
work function, 401 
Curie law, 581, 606 
Curie temperature, 23, 25 
alloys, 45, 624 
dielectric, 607 
theory, 610, 616 
Curie-Weiss law, 24 
theory, 610 

Current operator, 221/., 417 
D 

Damping, lattice vibrations, 666/ 
radiation, 633, 637 
Darkening, silver halides, 672 
zinc sulfide, 672 
Debye function, 109, 152 
Debye’s theory of specific heats, 104/ 
deviations, 117, 120, 134 
modification, 112/, 124 
Degeneracy, 210 
accidental, 290 
diamond, 453 
excited states, 411/ 

Fock’s equations, 302 
lattice vibrations, 479 
magnetic field, 583/, 617 
orbital, 579 
spin, 579 
spin waves, 617 
d electron band, 153/ 
copper, 423 
fiUing, 156 
holes, 155/ 
noble metals, 423/ 

Pauling’s theory, 429 



560 


THE MODERN THEORY OF SOLIDS 


[Chap. XV 


a slightly different constant for the coefficient of e/r 2 , but the simple 
value 1/n 2 is at least as accurate as theirs, in the writer’s opinion. 

Let us suppose that an electron moving with velocity v passes at a 
distance b from an ion having charge Ze. The force / normal to the 
direction of the electron velocity at time t is 

/-I b 

' n*b 2 + v 2 t 2 

in which the origin of t is chosen as the time of closest approach. The 
total impulse p transferred to the ion by the electron is the time integral 
of (7), namely, 


„ _ 2 Ze 2 
n 2 vb ’ 

which is equivalent to the energy 


( 8 ) 


. - pL - 2 Z2e3 

* 2M n 4 Mb 2 v 2 

where M is the ionic mass. Thus, the amount of energy that the electron 
loses to those ions lying within a cylindrical shell of radius b and thickness 
ab m traveling unit distance is 



( 9 ) 


m which d is the distance between like ions. If the lattice is of the 
tpe such as sodium chloride, that is symmetrical in two types of ion ' 
the total differential energy loss then is the sum of terms of type (9) for 
both types of ion. Setting w 


1 


= ±+± 
M ! ^ Ms 


TffisTum Inthe form" ^ ““ ° f ^ ^ ° f i0D ’ ™ ^ 


j/w\ = 2 

\ dS ) n 4 iib 2 v 2 


Z 2 e* irbdb 
d* ' 


( 10 ) 

Ltlt? { r % ^ , (1 ? that sm/js> « v&, wha* S ho™ 

En Cim ^ h S* eIeotron P 333 *- Hence, we may integrate 

tiniious. Tta 8 “ »»Ud as though con- 



